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TI Model for Discrete-Time Periodic System (1/2)

Motivating Example: Discrete-time 2-periodic system

G :
[

x[k + 1]
y[k]

]

=































[

A0 B0

C0 D0

] [

x[k]
u[k]

]

(k : even)
[

A1 B1

C1 D1

] [

x[k]
u[k]

]

(k : odd)

Alternative representation:




















x[2k + 2]
y[2k]

y[2k + 1]
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A1A0 A1B0 B1

C0 D0 0
C1A0 C1B0 D1









































x[2k]
u[2k]

u[2k + 1]





















Time-Invariant
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TI Model for Discrete-Time Periodic System (2/2)

u G

Periodic

y

f̃ [k] := (Ld f )[k] =
[

f [2k]
f [2k + 1]

]

ũ L−1
d

u
G

y
Ld ỹ

Time-Invariant
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Lifting Continuous-Time Signals (1/2)

Lifting: function→ sequence taking values in function space

function: f ∈ L2e[0, ∞)

f (t)

t
Lifting L h > 0 (parameter)

sequence:
φ: Z+ → L2[0, h]
φ[k](θ) = f (kh + θ)

φ[k]

k0 1 2

0 h 0 h 0 h
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Lifting Continuous-Time Signals (2/2)

Theorem

f ∈ L2[0, ∞) ⇔ L f ∈ `2(Z+, L2[0, h])
∥

∥

∥ f
∥

∥

∥

2 =
∥

∥

∥L f
∥

∥

∥

2 if either f ∈ L2 or L f ∈ `2 holds

Proof:
∞
∑

k=0

∥

∥

∥(L f )[k]
∥

∥

∥

2
2 =

∞
∑

k=0

∫ h

0
f ∗(kh+θ) f (kh+θ) dθ =

∫ ∞

0
f ∗(t) f (t) dt
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Lifting Sampled-Data Systems (1/6): Setup

GcycSy

Kd

uH
uc

wczc

Gc :





















ẋc(t)
zc(t)
yc(t)





















=





















Ac Bc1 Bc2

Cc1 Dc11 Dc12

Cc2 0 0









































xc(t)
wc(t)
uc(t)





















Kd :
[

xK[k + 1]
u[k]

]

=

[

AK BK

CK DK

] [

xK[k]
y[k]

]

S : y[k] = yc(kh)

H : uc(kh + θ) = u[k], ∀θ ∈ [0, h)
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Lifting Sampled-Data Systems (2/6)

Periodic

S

Kd

H
Gc

wczc

f = L f

Time-Invariant

S

Kd

H
Gc

wc
L−1 wzc

Lz
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Lifting Sampled-Data Systems (3/6)

G

H
uc

GcycSy

Kd

u

zc
Lz wL−1wc

Claim G is time-invariant

G :





















x[k + 1]
z[k]
y[k]





















=





















A B1 B2

C1 D11 D12

C2 0 0









































x[k]
w[k]
u[k]





















x[k] := xc(kh)
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Lifting Sampled-Data Systems (4/6)

A := eAch, B2 :=
∫ h

0
eAcξBc2 dξ, C2 := Cc2

B1 : L2([0, h], Rm1)→ Rn, B1w :=
∫ h

0
eAc(h−ξ)Bc1w(ξ) dξ

C1 : Rn → L2([0, h], Rp1), D12 : Rm2 → L2([0, h], Rp1),
([

C1 D12

]

v
)

(θ) :=
[

Cc1 Dc12

]

exp
([

Ac Bc2

0 0

]

θ

)

D11 : L2([0, h], Rm1)→ L2([0, h], Rp1),

(D11w)(θ) = Cc1

∫ θ

0
eAc(θ−ξ)Bc1w(ξ) dξ +Dc11w(θ)
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Lifting Sampled-Data Systems (5/6)

Proof:

x[k + 1] = eAchx[k] +
∫ h

0
eAc(h−ξ)Bc1wc(kh + ξ) dξ +

∫ h

0
eAcξBc2 dξu[k]

= Ax[k] + B1w[k] + B2u[k]

z[k](θ) = Cc1

(

eAcθx[k] +
∫ θ

0
eAc(θ−ξ)Bc1wc(kh + ξ) dξ +

∫ θ

0
eAcξBc2 dξu[k]

)

+ Dc11wc(kh + θ) +Dc12u[k]

= Cc1eAcθx[k] + Cc1

∫ θ

0
eAc(θ−ξ)Bc1wc(kh + ξ) dξ +Dc11wc(kh + θ)

+

(

Cc1

∫ θ

0
eAcξBc2 dξ +D12

)

u[k]

= (C1x[k])(θ) + (D11w[k])(θ) + (D12u[k])(θ)
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Lifting Sampled-Data Systems (5/6): Closed-Loop

Gy

Kd

u

z w

[

xc`[k + 1]
z[k]

]

=

[

Ac` Bc`

Cc` Dc`

] [

xc`[k]
w[k]

]

, xc`[k] :=
[

x[k]
xK[k]

]

[

Ac` Bc`

Cc` Dc`

]

:=





















A 0 B1

0 0 0
C1 0 D11





















+





















B2 0
0 I

D12 0





















[

DK CK

BK AK

] [

C2 0 0
0 I 0

]

Note: Operators are bounded: eig(Ac`) ⊂ D ⇒ L2-stable
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Z-Transformation of Lifted Signals

Definition Given lifted signal f

f̂ [Z] = Z{ f }[Z] :=
∞
∑

k=0

f [k]Z−k

Natural extention of Z-trans. for vector-valued signals

f̂ : C→ L2([0, h], Cn)
cf. f̂ : C→ Cn for vector-valued signal f
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Transfer Function of Sampled-Data Systems

[

xc`[k + 1]
z[k]

]

=

[

Ac` Bc`

Cc` Dc`

] [

xc`[k]
w[k]

] Gy

Kd

u
z w

Z-transformation

[

Zx̂c`[Z]
ẑ[Z]

]

=

[

Ac` Bc`

Cc` Dc`

] [

x̂c`[Z]
ŵ[Z]

]

Ĝŷ

K̂d

û
ẑ ŵ

ẑ[Z] =
(

Cc`(ZI − Ac`)−1Bc` +Dc`
)

ŵ[Z] = F`
(

Ĝ, K̂d
)

[Z]ŵ[z]

transfer function
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H∞-Norm of Sampled-Data Systems (1/3)

Notation

D := { Z | Z ∈ C, |Z| < 1}
∂D := { Z | Z ∈ C, |Z| = 1}
D+ := { Z | Z ∈ C, |Z| > 1}

Re1

Im

D

∂D
D+

B :=
{

T

∣

∣

∣

∣

∣

∣

T : L2[0, h]→ L2[0, h], sup
u,0

‖Tu‖2
‖u‖2

< ∞

}

Given T ∈ B, ‖T‖ := sup
u,0

‖Tu‖2
‖u‖2
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H∞-Norm of Sampled-Data Systems (2/3)

Definition

(i) H∞(D+, B) :=
{

T̂

∣

∣

∣

∣

∣

∣

T̂[Z] ∈ B, ∀Z ∈ D+; sup
Z∈D+

∥

∥

∥T̂[Z]
∥

∥

∥ < ∞

}

(ii) Given T̂ ∈ H∞(D+, B),
∥

∥

∥T̂
∥

∥

∥

∞
:= sup
Z∈D+

∥

∥

∥T̂[z]
∥

∥

∥

Property T̂[Z] = Cc`(ZI − Ac`)−1Bc` +Dc`

eig(Ac`) ⊂ D ⇒ T̂ ∈ H∞(D+, B)

Given T̂ ∈ H∞(D+, B),
∥

∥

∥T̂
∥

∥

∥

∞
= sup
Z∈∂D

∥

∥

∥T̂[Z]
∥

∥

∥ = sup
θ∈[0, 2π)

∥

∥

∥T̂[e jθ]
∥

∥

∥
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H∞-Norm of Sampled-Data Systems (3/3)

Theorem Suppose eig(Ac`) ⊂ D

‖F` (Gc, HKdS)‖L2→L2
= ‖F` (G, Kd)‖`2→`2 =

∥

∥

∥

∥

F`
(

Ĝ, K̂d
)

∥

∥

∥

∥

∞

F` (Gc, HKdS)

F` (G, Kd) F`
(

Ĝ, K̂d
)Z

L
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Frequency Response of Sampled-Data Systems

w
w[k] = w0e jθk

T z
z[k] =???

Response to sinusoidal input w:

w[k] = w0e jθk, w0 ∈ L2[0, h]

z[k] = Cc`Ak
c`xc`[0] + Cc`

k−1
∑

`=0

Ak−1−`
c` Bc`w0e jθ` +Dc`w0e jθk

= T̂[e jθ]w0e jθk + Cc`Ak
c`

(

xc`[0] − (e jθI − Ac`)−1Bc`w0

)

Claim: z[k] ≈ T̂[e jθ]w0e jθk if eig(A) ⊂ D and k >> 1

Frequency response: T̂[e jθ], θ ∈ [0, 2π)
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