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Tl Model for Discrete-Time Periodic System (1/2)
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Motivating Example: Discrete-time 2-periodic system

Ag By || x[k] )
G'[x[k+1]]_ [co DOHu[k]] (k: even)
Loylkl | ) [ A By || xlk] ,
[Cl Dl][u[k]] (k : 0dd)
Alternative representation:
x[2k + 2] A1Ay | A1By By x[2k]
y[2k] = Co | Do O u[2k]
y[2k+ 1] C1A0 ClBO D1 M[2k+1]
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Tl Model for Discrete-Time Periodic System (2/2)
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Lifting Continuous-Time Signals (1/2)
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Lifting: function — sequence taking values in function space

f()
function: f € Lye[0, o)
t

Lifting £ | k > 0 (parameter)
¢lk] | ‘ ‘
sequence: \ } |
¢ Zy = L,[0, h] l | l
GIKI(0) = f(kh + 6) 0 nQ h)Q  k
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Lifting Continuous-Time Signals (2/2)
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Theorem

B feL0, ) & Lf€lb(Z,, L0, h))
= ||f], = [|£f], if either f € Ly or Lf € ¢, holds

Proof:

(o) 00 Y1 00
K| = *(kh+0) f(kh+0) d0 = » d
;||<Lf>[ 11K kZ: fo £ (ki+0) f(kh+6) j; £ f0
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Lifting Sampled-Data Systems (1/6): Setup

xc(t) Ac Bcl BCZ xc(t)
Ge:| z(t) | =| Ca Dear Dez || we(t)
]/c(t) Co O 0 uc(t)

| xxlk+1] | | Ax Bx || xxlk]
SR e
S : ylk] = y.(kh)
L H:u(kh+6) = ulk], Y0el0,h) _
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Lifting Sampled-Data Systems (2/6)
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Lifting Sampled-Data Systems (3/6)
[ ¢ B

Claim | G is time-invariant

x[k + 1] A By B; x[k]
G: z[k] =| C1 Dy D1 || wlk]
ylk] G 0 0 ulk]

L x[k] := x.(kh) J

Time-Invariant Model of Sampled-Data Systems - p.11/20

L

Lifting Sampled-Data Systems (4/6)

B

h
A=t B,:= f eAf‘EBcz dé, C,:=Ca
0
h
By :Ly(0, k], R™) > R", Byw:= f AU-DB 0(E) di
0

C1:R" - Ly([0, h], R""), Dy : R™ — Ly([0, k], RP"),

([¢1 Du o)) =] Ca Dclz]exp([ ’?)C BSZ]G)

D11 . Lz([o, h], ]le) - Lz([o, h], IRpl),

o
(D11w)(6) = Ca f e OB w(&) dE + Deyw(0)
0

]
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Proof:

xfk +1]

z[k](0)

Lifting Sampled-Data Systems (5/6)

Ax[k] + Byw[k] + Boulk]

+ Dcnwc(kh + 9) + Dopulk]

0
+ (Ccl f e“BodE + D12)M[k]

0

B

1

I
Alak] + f By, (kh + £) A& + f e By déulk]
0 0

0 0
Ca (eAr@x[k]+ f eO-IB w (kh + &) d& + f eAngcszu[k])
0 0

0
Cae™Ox[k] + C f e O-OBw (kh + &) A& + Deqwe(kh + 6)
0

(C1x[k])(0) + (D11w[k])(0) + (D12u[k])(0) |
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Lifting Sampled-Data Systems (5/6): Closed-Loop
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Ace B ]':
Ccf Dct’

Xeelk + 1]

z[k]

B

Z <-4

G
Y < U
! I
! I

L___'

<--w

Acf Bc€ [ xcf[k]] [ X[k] ]
= , xeelk] =
] [ Cee Dee ] wlk] eIl xk[k]
A 01 By B2 0 e el G 0o
0 0] 0 |+] O I B. A 0 1o
Ci 0|Di| [Di O KooK

LNote: Operators are bounded: eig(A,;) CID = L,-stable J
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Z-Transformation of Lifted Signals

Definition

B

Given lifted signal f

flzl = Zifilel = )| flkl™
k=0

m Natural extention of Z-trans. for vector-valued signals

m f:C— Ly([0, 1], C")
cf. f: C — C" for vector-valued signal f

]
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Transfer Function of Sampled-Data Systems H..-Norm of Sampled-Data Systems (1/3)
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Z ~ - c ——w Notation
|:Xcg[k+1]]_[AC[ Bchxcg[k]] l/lr— < U mD:={z|z€eC, |z <1}
- |
z[k] Cee D || wlk] :__) o mJD:={z|z€C(C, |z71=1} 7 Re
. mD,:={z|z€C(, |z[>1}
Z-transformation
s~ F-a
ZXCZ[Z] _ A B ﬁcf[Z] :9 i G - ”Tu”Z
4 7| e o || 12 :’ | "EET| TR M Lal0 M st <o
|__, _
l m GivenTe B, |[T]|:= sup il
u#0 ||u”2

2lz] = (Cerll = Act) 'Bes + Do) wl2] = F¢ (G, Ry) [2lvlz]

L transfer function J L J
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H..-Norm of Sampled-Data Systems (2/3) H..-Norm of Sampled-Data Systems (3/3)
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Definition Theorem | Suppose eig(A.) € D

(i) Ho(D., B) := { T ‘ Tzl € B, "z e D,; sup || T1z]|| < oo}
ZeD.

2 Ger HKaS)laor, = 172 (G, Kidlleur, = |72 (G, R

[ee]

(i) Given T € Ho (D, B),

17, = sup TL=]] | 7¢(Ge, HKsS)]
zeD,

L

(G, K) =] (G, Ky
m eig(A) cID = T € Ho(D,, B)
| = sup ||[T12]|| = el
o= sp el = e el L |
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Property | Tlz] = Cer(zl — Aee) 'Bee + Dyt

L m Given T € Ho(D,, B),




Frequency Response of Sampled-Data Systems

| B

w T zZ
w[k] = woejek Z[k] =?7?

m Response to sinusoidal input w:

wlk] = wee!™,  wy € Ly[0, K]

k-1
k k-1-¢ jo¢ 0k
CCgAchcg[O] + Cqp Z AC[ B.rwoe’”" + D pwpe’
=0

z[k]

e/ Jwoe!™ + Cer AL, (xeel0] = (71 = Act) ™ Berawy)

m Claim: z[k] ~ T[e//Jwoe/®* if eig(A) c D and k > 1
m Frequency response: T[e/?], 0 € [0, 2n) J
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