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Problem Setup

y
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G

S H
ucGcyc

wczc

Gc :





















ẋc(t)
zc(t)
yc(t)





















=





















Ac Bc1 Bc2

Cc1 Dc11 Dc12

Cc2 0 0









































xc(t)
wc(t)
uc(t)





















xc(t) ∈ Rn, wc(t) ∈ Rm1 , uc(t) ∈ Rm2 , zc(t) ∈ Rp1 , yc(t) ∈ Rp2

S : yc 7→ y; y[k] = yc(kh)

H : u 7→ uc; uc(kh + θ) = u[k], θ ∈ [0, h)
Sampled-Data H∞ Control – p.3/34

Problem Formulation
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ucGcyc
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Sampled-Data H∞ Control Synthesis Given G

Find Kd such that

eig(Ac`) ⊂ D
‖F` (G, Kd)‖L2→L2

< 1

Note that ‖F` (G, Kd)‖L2→L2
=

∥

∥

∥

∥

F`
(

Ĝ, K̂d
)

∥

∥

∥

∥∞
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Special Case: Gc11 = 0

Assumption

Gc11 = 0

→ D11 = 0

y

Kd

u

G

S H
0

Gc

wczc

T̂[Z] = Cc` (ZI − Ac`)−1

Bc`

= [

C1 D12

]

F`
(

Ĝ0, K̂d
)

B1

Ĝ0[Z] :=





















I
0

C2





















(ZI − A)−1
[

I B2

]

+





















0 0
0 I
0 0
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Idea for Special Case: Gc11 = 0

Lemma Given L ∈ Rp×n, R ∈ Rn×m, p > n, m > n

∃L̄ ∈ Rn×n, R̄ ∈ Rn×n such that σmax(LR) = σmax(L̄R̄)

σmax

































L
R

































= σmax

(

L̄ R̄
)

Proof: One such pair is L̄ := Σ
1
2
LUT

L , R̄ := UT
RΣ

1
2
L where

LTL = ULΣLUT
L , RRT = URΣRUT

R (SVD)

Note that ΣL, UL, ΣR, UR ∈ Rn×n
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Solution to Special Case: Gc11 = 0 (1/3)

Fact:
∃Bs1 ∈ Rn×ms1 (ms1 ≤ n) such that

Bs1BT
s1 = B1B∗1 ∈ Rn×n

∃Cs1 ∈ Rps1×n, Ds12 ∈ Rps1×m2 (ps1 ≤ n +m2) such that
[

CT
s1

DT
s12

]

[

Cs1 Ds12

]

=

[

C∗1
D∗12

]

[

C1 D12

]

∈ R(n+m2)×(n+m2)

Define:

Ĝs[Z] :=
[

Cs1

C2

]

(ZI − A)−1
[

Bs1 B2

]

+

[

0 Ds12

0 0

]

Note: Adjoint operator 〈Tx, y〉 = 〈x, T∗y〉
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Solution to Special Case: Gc11 = 0 (2/3)

y

Kd

u

G

S H
0

Gc

wczc
Gsy

Kd
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Lemma Given G with Gc11 = 0, Kd

F` (G, Kd) is internally stable
⇔ F` (Gs, Kd) is internally stable

Supposing stability

‖F` (G, Kd)‖L2→L2
=

∥

∥

∥

∥

F`
(

Ĝs, K̂d
)

∥

∥

∥

∥∞
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Solution to Special Case: Gc11 = 0 (3/3)

Sketch of Proof: Suppose eig(Ac`) ⊂ D
Fix θ ∈ [0, 2π), w0 ∈ L2[0, h] and define z0 ∈ L2[0, h] by

z0 := F`
(

Ĝ, K̂d
)

[e jθ]w0

Noting that F`
(

Ĝ, K̂d
)

=
[

C1 D12

]

F`
(

Ĝ0, K̂d
)

B1

‖z0‖22 = z∗0z0 = w∗0
(

F`
(

Ĝ, K̂d
)

[e jθ]
)∗

[

C∗1
D∗12

]

[

C1 D12

]

F`
(

Ĝ, K̂d
)

[e jθ]w0

= w∗0
(

F`
(

Ĝ, K̂d
)

[e jθ]
)∗

[

CT
s1

DT
s12

]

[

Cs1 Ds12

]

F`
(

Ĝ, K̂d
)

[e jθ]w0

Hence
∥

∥

∥

∥

F`
(

Ĝ, K̂d
)

∥

∥

∥

∥∞
=

∥

∥

∥

∥

[

Cs1 Ds12

]

F`
(

Ĝ0, K̂d
)

B1

∥

∥

∥

∥∞

Dual manipulation implies
∥

∥

∥

∥

[

Cs1 Ds12

]

F`
(

Ĝ0, K̂d
)

B1

∥

∥

∥

∥∞
=

∥

∥

∥

∥

F`
(

Ĝs, K̂d
)

∥

∥

∥

∥∞
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Idea for General Case: Loop Shifting (1/2)

Lemma Ĝ[Z] = C(ZI − A)−1B+D. SAE

eig(A) ⊂ D and
∥

∥

∥Ĝ
∥

∥

∥∞ < 1

σmax(D) < 1, eig(Ā) ⊂ D and
∥

∥

∥ĜLS
∥

∥

∥∞ < 1

ĜLS[Z] := C̄(ZI − Ā)−1B̄,
[

Ā B̄
C̄ 0

]

:=
[

A + BR−1DTC BR− 1
2

(I −DDT)−
1
2 C 0

]

where R := I −DTD > 0

Remark:
∥

∥

∥Ĝ
∥

∥

∥∞,
∥

∥

∥ĜLS
∥

∥

∥∞
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Idea for General Case: Loop Shifting (2/2)

Sketch of Proof: Let U: unitary
[

z̄
w

]

= U
[

w̄
z

]

⇒ ‖z̄‖22 − ‖w̄‖22 = ‖z‖22 − ‖w‖22

Uw

G

z
z̄ w̄

∥

∥

∥Ĝ
∥

∥

∥∞ < 1 ⇔ ‖z̄‖22 − ‖w̄‖22 < 0 ⇔ ‖z‖22 − ‖w‖22 < 0 ⇔
∥

∥

∥

∥

F`
(

U, Ĝ
)

∥

∥

∥

∥∞
< 1

GLS is recovered by UD =

[

−D (I −DDT) 1
2

(I −DTD)
1
2 DT

]
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Reduction to Discrete-Time Problem (1/3)

Suppose ‖D11‖ < 1 ← otherwise no H∞ control exists

Fact: (I −D∗11D11)−1, (I −D11D∗11)−1 are weill-defined and PD
∃Bs1 ∈ Rn×ms1 (ms1 ≤ n) such that Bs1BT

s1 = B1(I −D∗11D11)−1B∗1 ∈ Rn×n

∃Cs1 ∈ Rps1×n, Ds12 ∈ Rps1×m2 (ps1 ≤ n +m2) such that
[

CT
s1

DT
s12

]

[

Cs1 Ds12

]

=

[

C∗1
D∗12

]

(I −D11D∗11)−1
[

C1 D12

]

∈ R(n+m2)×(n+m2)

Define:

Ĝs[Z] :=
[

Cs1

C2

]

(ZI − As)−1
[

Bs1 Bs2

]

+

[

0 Ds12

0 0

]

where
[

As Bs
]

:=
[

A B2

]

+ B1(I −D∗11D11)−1D∗11

[

C1 D12

]
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Reduction to Discrete-Time Problem (2/3)

y

Kd

u

G

S H
Gc

wczc
Gsy

Kd

u
zs ws

Theorem Given G with ‖D11‖ < 1, Kd. SAE

F` (G, Kd) is internally stable and ‖F` (G, Kd)‖L2→L2
< 1

F` (Gs, Kd) is internally stable and
∥

∥

∥

∥

F`
(

Ĝs, K̂d
)

∥

∥

∥

∥∞
< 1

Message: G and Gs are “equivalent” in H∞ control sense
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Reduction to Discrete-Time Problem (3/3)

Sketch of Proof:

Step 1: Eliminate D11

Define U: unitary

U :=
[

−D11 (I −D11D∗11) 1
2

(I −D∗11D11)
1
2 D∗11

]

∥

∥

∥

∥

F`
(

Ĝ, K̂d
)

∥

∥

∥

∥∞
< 1 ⇔

∥

∥

∥

∥

F`
(

U, F`
(

Ĝ, K̂d
))

∥

∥

∥

∥∞
< 1

Notice F`
(

U, F`
(

Ĝ, K̂d
))

= F`
(

U ? Ĝ, K̂d
)

(U ? Ĝ)[Z] =
[

(I −D11D∗11)− 1
2 C1

C2

]

(ZI − As)−1
[

B1(I −D∗11D11)−
1
2 Bs2

]

+

[

0 (I −D11D∗11)− 1
2 D12

0 0

]

Step 2: Invoke Lemma for special case

U

Gy

Kd

u
z w

w̄ z̄
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Rest of Our Task

What we know: ∃ DT system equivalent to SD one

What we don’t know: How to

check if ‖D11‖ < 1
compute

B1(I −D∗11D11)−1B∗1
[

C∗1
D∗12

]

(I −D11D∗11)−1
[

C1 D12

]

B1(I −D∗11D11)−1D∗11

[

C1 D12

]

or





















B1 0

0
[

C∗1
D∗12

]





















[

I −D∗11
−D11 I

]−1 











B∗1 0
0

[

C1 D12

]
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Systems with Two Point Boundary Conditions

SSBC (State-Space Systems with Two-Point Boundary Conditions)

Σ :
[

ẋ(t)
y(t)

]

=

[

A B
C D

] [

x(t)
u(t)

]

, Ωx(0) + Υx(h) = 0

well-posed (u = 0⇒ x = 0)⇔ Ξ := Ω + ΥeAh: nonsingular

L2[0, h]→ L2[0, h]

Impulse Operator Iθ
R

n 3 v 7→ Iθv := δ(t − θ)v
ΣIθ: Rm → L2[0, h] if D = 0

Sample Operator Sθ
C[0, h] 3 f 7→ Sθ f := f (θ)

SθΣ: L2[0, h]→ Rp if D = 0
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SSBC Representation

Fact: SSBC is a generalization of operators in lifted systems
In fact

[

A B1 B2

C1 D11 D12

]

=

[

Sh 0
0 I

]

ΣGc





















I 0 0
0 I 0
0 0 ΣHI0





















where

ΣGc :





















ẋc(t)
xc(t)
zc(t)





















=





















Ac I Bc1 Bc2

I 0 0 0
Cc1 0 Dc11 Dc12



















































xc(t)
ξ(t)
wc(t)
uc(t)































, xc(0) = 0

ΣH :
[

ẋH(t)
uc(t)

]

=

[

0 I
I 0

] [

xH(t)
v(t)

]

, xH(0) = 0
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Formulas for SSBCs (1/3)

Adjoint system:

Σ∗ :
[

ẋ(t)
y(t)

]

=

[

−AT CT

−BT DT

] [

x(t)
u(t)

]

,

eAThΥT(ΞT)−1x(0) +ΩT(ΞT)−1eAThx(h) = 0

Inversion: Exists iff det(D) , 0 and det(Ω +Υe(A−BD−1C)h) , 0

Σ−1 :
[

ẋ(t)
y(t)

]

=

[

A − BD−1C BD−1

−D−1C D−1

] [

x(t)
u(t)

]

,

Ωx(0) + Υx(h) = 0
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Formulas for SSBCs (2/3)

Addition:

Σ1 + Σ2 :





















ẋ1(t)
ẋ2(t)
y(t)





















=





















A1 0 B1

0 A2 B2

C1 C2 D1 +D2









































x1(t)
x2(t)
u(t)





















,

[

Ω1 0
0 Ω2

] [

x1(0)
x2(0)

]

+

[

Υ1 0
0 Υ2

] [

x1(h)
x2(h)

]

= 0

Multiplication:

Σ1Σ2 :





















ẋ1(t)
ẋ2(t)
y(t)





















=





















A1 B1C2 B1D2

0 A2 B2

C1 D1C2 D1D2









































x1(t)
x2(t)
u(t)





















,

[

Ω1 0
0 Ω2

] [

x1(0)
x2(0)

]

+

[

Υ1 0
0 Υ2

] [

x1(h)
x2(h)

]

= 0
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Formulas for SSBCs (3/3)

For Σ with D = 0
(ΣIθ)∗ = SθΣ∗
(SθΣ)∗ = Σ∗Iθ
ShΣI0 = CeAhΞ−1ΩB
S0ΣIh = −CΞ−1ΥB

For Σ with D = 0 and CB = 0
S0ΣI0 = CΞ−1ΩB
ShΣIh = −CeAhΞ−1ΥB

Proof: Use the fact

y(t) =
∫ h

0
K(t, s)u(s) ds +Du(t), K(t, s) :=

{

CeAtΞ−1Ωe−AsB, 0 ≤ s < t ≤ h
−CeAtΞ−1ΥeA(h−s)B, 0 ≤ t < s ≤ h
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Computational Formula for Gs

Theorem Given G with ‖D11‖ < 1, Dc11 = 0




























Bs1BT
s1

[

As Bs2

]















AT
s

BT
s2





























CT
s1

DT
s12





























CT
s1

DT
s12















T





























=



























Γ11 Γ12 Γ13

0 0 −I

Γ41 Γ42 Γ43





















































0 I 0

0 0 I

−Γ−1
33 −Γ−1

33 Γ31 −Γ−1
33 Γ32



























where 





































Γ11 Γ12 Γ13 0

0 I 0 0

Γ31 Γ32 Γ33 0

Γ41 Γ42 Γ43 I







































:= exp





























Au −BuBT
u

CT
uCu −AT

u















h





























Au Bu

Cu ∗















:=



























Ac Bc2 Bc1

0 0 0

Cc1 Dc12 ∗
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Idea to Check ‖D11‖ < 1 (1/3)

Suppose ∃U: unitary such that

UD∗11D11U∗ =
K

K

0

0
+
L∗

L∗ M L L

and I −K > 0

I −D∗11D11 > 0 ⇔

I −K

I

0

0
− > 0

0

K
−
L∗
L∗ M L L
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Idea to Check ‖D11‖ < 1 (2/3)

I −K

I

0

0
− > 0

0

K
−
L∗
L∗ M L L

⇔

I − > 0
0

K
−
V∗
L∗ M L V := L(I − K)−

1
2

⇔

I − V∗
I

0

0












 > 0
K

0
−

I
L∗ M L I













 V
I
0

0
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Idea to Check ‖D11‖ < 1 (3/3)

I − V∗
I

0

0












 > 0
K

0
−

I
L∗ M L I













 V
I
0

0

⇔

ρ

([

I 0
0 W

] ([

K 0
0 0

]

+

[

L∗

I

]

M
[

L I
]

))

< 1

W :=VV∗ = L(I −K )−1L∗
∃U ?

How to compute W, K, M, L ?
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Preliminaries for Algorithm (1/3)

Suppose σmax(Dc11) < 1 ← otherwise ‖D11‖ ≥ 1

Given θ ∈ [0, 2π). Let Ψ : L2[0, h]→ `2,

(Ψ f )[k] :=
1√
h

∫ h

0
e− jωkt f (t) dt,

ωk :=
2πvk + θ

h
, vk := { 0, 1, −1, 2, −2, . . .}

Claim: Ψ is unitary
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Preliminaries for Algorithm (2/3)

Lemma Suppose e jθ < eig(A). y = ΨD∗11D11Ψ
∗u

































y[0]
y[1]
y[2]
...

































=

































































K0 0
K1

K2

0 . . .

































+

































L∗0
L∗1
L∗2
...

































M
[

L0 L1 L2 · · ·
]

































































u[0]
u[1]
u[2]
...

































Kk := Ĝ∗c11( jωk)Ĝc11( jωk), Lk :=















−( jωkI − Ac)−1Bc1

( jωkI − Ac)−∗CT
c1Ĝc11( jωk)















M :=
1
h















Q e jθ(e jθI − A)∗

e− jθ(e jθI − A) 0















, Q :=
∫ h

0
eAT

c tCT
c1Cc1eAct dt

Proof: (complicated but) straightforward
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Preliminaries for Algorithm (3/3)

AH :=















−AT
c −CT

c1Cc1

0 Ac















+















−CT
c1Dc11

Bc1















(I −DT
c11Dc11)−1

[

BT
c1 DT

c11Cc1

]

Lemma Let Ω := {ω : ω ∈ R, jω ∈ eig(AH) }

If Ω , ∅ then I − Kk > 0, ∀k ≥ N + 1 where N ∈ Z+ satisfies

|ωN+1| > max{ |ω| : ω ∈ Ω }, |ωN+2| > max{ |ω| : ω ∈ Ω }

else (Ω = ∅), I − Kk > 0, ∀k ∈ Z+.

Proof: σmax(Dc11) < 1 ⇒ I − Kk > 0 for k� 1

σmax(Gc11( jω)) = 1 for ω ∈ Ω
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Algorithm to Check ‖D11‖ < 1 (1/2)

Algorithm Step 0: If σmax(Dc11) ≥ 1 then ‖D11‖ ≥ 1. Stop

Step 1: Fix θ ∈ [0, 2π) so that e jθ < eig(A), e jθ < eig(eAHh)

W∞ :=
1
2

[

0 −I
I 0

]

(e jθI − eAHh)−1(e jθI + eAHh)

− 1
2

[

I 0
0 (e jθI − A)−1

]∗ [
0 −(e jθI + A)

−(e jθI + A)∗ 2Q

] [

I 0
0 (e jθI − A)−1

]

Step 2: If Ω , ∅, fix N as above.

K :=





























K0 0
. . .

0 KN





























, L :=
[

L0 · · · LN

]
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Algorithm to Check ‖D11‖ < 1 (2/2)

WN := −
N

∑

k=0















[

CT
c1Cc1 ( jωkI − Ac)∗

jωkI − A 0

]

+

[

−CT
c1Dc11

Bc1

]

(I −DT
c11Dc11)−1

[

−CT
c1Dc11

Bc1

]T












−1

+

N
∑

k=0

[

I 0
0 ( jωkI − Ac)−1

]∗ [
0 I
I −CT

c1Cc1

] [

I 0
0 ( jωkI − Ac)−1

]

Γ :=





























K 0

0 0















+















L∗

I















M
[

L I
]





























I 0

0 W∞ −WN















Otherwise (Ω = ∅), Γ :=MW∞

Step 3: If ρ(Γ) < 1 then ‖D11‖ < 1 else ‖D11‖ ≥ 1

Proof: Straightforward. Note that
∞
∑

i=0

( jωi − Ac)−1 =
1
2

(e jθ − A)−1(e jθI + A)
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Recap

Procedure for Sampled-Data H∞ Control Synthesis:

Step 1: Check if ‖D11‖ < 1
Step 2: Compute Gs

Step 3: Discrete-time H∞ control synthesis for Gs
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