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Problem Setup Problem Formulation
G G
[ B [ B
G. Gc

Xell) Ac B Ba || x() Sampled-Data H., Control Synthesis | Given G
Ge:| ze(t) [=| Ca Dar Deaa || we(t)
ye(t) Co O 0 uc(t) Find K, such that

m eig(Ay) C D
B |[Fe (G, Ka)llp,—1, <1

x(t) € R", we(t) € R™, uc(t) € R™, z.(t) € R, y.(t) € RP?

S:ye Y ylkl = ye(kh) ~ s
L H:uw u;  ukh+6)=ulk], 6 €0, h) |  Note that 7 (G, Koy, = Hﬂ (G' Kd)”m -
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Special Case: G.11 =0

Assumption 2, 0 w,
Gar =0 Yoe Ge e -
- D11 = 0 : :
L
ﬁ (GOI Kd)
e
T([Z] Ce (zI Acf) 1 = [ C, Du ]
00
Golz] := 0 (zZI-A)Y T By |+|0 I
| < L] 00 ]
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Idea for Special Case: G.1 =0

| B

Lemma | GivenL e R, Re R™", p>n,m>n

AL e R™", R € R™" such that omax(LR) = 0max(LR)

I = Gmax()

Gmax

Proof: One such pair is L := ):% U/, R:= UZEZE where
L'L=U, X U], RR"=UrZrUy (SVD)

| Notethat &y, Uy, Tg, Ug € R™ |
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Solution to Special Case: G.; =0 (1/3)

| B

Fact:
m B, € R™™ (my < n) such that

ByB], = B1B} e R™"
m ICy € R, Dypp € RP™ (pg < 1+ mp) such that

T *
[ CT ][ C.i Dupy ] _ [ C*l ][ C, Dp ] € [Rr+m2)x(n+ms)
Dle D12

Define:

GS[Z] = [ %21 ](ZI—A)_l[ le B> ]+ [ 8 D(s)lZ ]

. Note: Adjoint operator (Tx, y) = (x, T"y) B
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Solution to Special Case: G.1 = 0(2/3)

c B

0| p———uw Zs < < — Ws

Lemma | Given G with G.1 =0, K;

m ¥, (G, K;) is internally stable
o Fr(Gs, Ky) is internally stable

m Supposing stability
72 (G, Kalll, = || (G Ro)

S
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Solution to Special Case: G.; = 0 (3/3)

| B

Sketch of Proof: Suppose eig(A.) € D
Fix 6 € [0, 2n), wy € L,[0, k] and define zy € L,[0, k] by

zo == F¢ (G, Ki) [e/Tewy
Noting that 7, (G Kd) = [ C, Dp ]ﬁ(éo Ki)Bl

lzolly = zpz0 = wj (72 (G, Kd)[efg])‘[[fﬁ ][a Dy, |7 (G, Ra) [eTws
12
T

= (ﬂ (G' Kd) [ejg])*[ DC%1 ][ Csa Dsz ]7'7(@, Kd) [T,

512
Hence H?‘—} (G, Kd)”m = ”[ Ca Daz |F2(Go, Rd) 31”00
| Dual manipulation impies I o Daz |72 (Co, Ka)Bi|| = |72 (. Kz)M
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Idea for General Case: Loop Shifting (1/2)

| B

Lemma | G[z] = C(zI — A)"'B+D. SAE

m cig(A) cDand |G| <1

B Omax(D) < 1, eig(A) c D and ||Gis|| . < 1
A B A+BRID'C BR™:
C o (I-DD"):C 0

Gislz] := C(zI — A)7'B, [
where R:=I-D'D>0

Remark: |G|, #||Gus||,

L |
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Idea for General Case: Loop Shifting (2/2)

| B

Sketch of Proof: Let U: unitary

z w
[ ]:u[ ] = 2R = 1l = 1218 — [l

4

z w

w z

lGll, <1 & 1Bl <0 & I3 -l <0 & ||7 (U ¢)

<1

00

_ _ T\1
Gis is recovered by Up = [ D (I-DD"): ]

(I-D'D): DT

]
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Reduction to Discrete-Time Problem (1/3)

| B

Suppose ||D11]| <1« otherwise no H, control exists
Fact: (I - D},Du1)™", (I - DuuDj,)™" are weill-defined and PD
B 7B, € R™" (mg < n) such that BBl = By(I - D};D11)"'B; € R™"

B ICy € RP", Dypp € RP™ (pg < n + my) such that

T -
[ Ca ][ Ca Dslz]=[ ;3 ](I—Dnngl)-l[ Ci Dp | & RUmmaxtrm)

D;Z 12
Define:
A1 | Ca Y 0 Ds2
Gs[z]'—|:c2 ](ZI—AS) [le B52]+[0 0 ]

where [ A, B. |:=[ A B, |+Bi(I-DyDu)'D} [ G Dy, |

L |
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Reduction to Discrete-Time Problem (2/3)

Theorem | Given G with ||D11]] < 1, K;. SAE

m 7, (G, K;) is internally stable and ||, (G, Ky)llp,-1, <1

® 7;(G,, K,) is internally stable and H(Fg (GS, Kd)

<1

Message: G and G; are “equivalent” in Hy, control sense

L |
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Reduction to Discrete-Time Problem (3/3)

fSketch of Proof: P g z |
Step 1: Eliminate D, |: :|
Define U: unitary z
U = [ —Dy 1 (I—Dlth)% ] G
(I =Dy, Dn)> Dy,

w
“7‘? (G, Ki)”w <1 & ”5‘—} (U, 7—}((;, Kd))H <1 .4—|

00

Notice 7 (1L, 7 (G, Rq)) = F¢ (U * G, Ky)

(U * G)[z] = | (I=DuDy)2 Gy
@)

+ [ 0 (I- Dlth)_%Du ]

0 0

LStep 2: Invoke Lemma for special case J
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Rest of Our Task

| B

What we know: 7 DT system equivalent to SD one
What we don’t know: How to
m check if ||D11]| < 1
m compute
By(I — DLDH)‘lB;
[ < ](I—DnDh)l[ C, Dp ]

DlZ

Bl(I—Dian)_th[ C1 D ]

B 0 [ I -D, ]‘1 B, 0
Dy I 0 [c1 D12]
]

%
orl [ G ]
k
D12
Sampled-Data Hoo Control - p.18/34

L

Systems with Two Point Boundary Conditions

| B

SSBC (State-Space Systems with Two-Point Boundary Conditions)
x(t) A B x(f)
X = , Q Yx(h) =
[y(t) ] [ c D H up |1 O =0
m well-posed (1 = 0= x =0) & E:=Q+ Ye': nonsingular
u LZ[O/ h] - LZ[O/ h]

Impulse Operator Iy
mR">0 - JTgv:=06(t—0)v
mYTg:R" - L0, h]if D=0

Sample Operator Sy
mC[0,h] > f Sof := f(O) J
Sy L0, h] > RFifD=0
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SSBC Representation

| |

Fact: SSBC is a generalization of operators in lifted systems

In fact

[ A B; B, S, 0 o0

€, Dy Dp | | 0 1]%|0 1 0O

| C1 11 12 00 Zul,
where

_ xc(t

xc(t) Ac I Bcl Bcz E((t))
Yo.:|x@® |=| I 0 0 0 ol «(0)=0

ot Ca 0 Da1 D, ¢

| zc(f) 1 11 12 ()

A x@® [0 I || xu(®) _
ZH‘| () ]‘[1 o” o(h) ] *1(0) =0

L |
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Formulas for SSBCs (1/3)

m Adjoint system:
S x| [ -AT CT ][ x()
"1yt | | =BT DT || u@®) |’
AMYT(EN1x(0) + QTET) e ix(h) = 0

m Inversion: Exists iff det(D) # 0 and det(Q + YeA-BD"Ok) % o

sl xt) | [ A-BD'C BD |[ x(t)
“lytv | | -D'C D' ||u® |

Qx(0) + Yx(h) = 0

]
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f m Addition:

Y1+ 2

Formulas for SSBCs (2/3)

B

[ %1(8) A 0 By x1(f)
Xf) [=] 0 Ay B, xo(t) |,
| y(t) C G ‘ D1+ D, u(t)

[ Q1 0 ][ x1(0) N Y 0 |[ xi(h) 0
| 0 Q|| x2(0) 0 Yo || xh) |

m Multiplication:

PP

L

[ () A1 BiCy | BiD; || x(t)
() |=1 0 Ay | By xo(t) |,
| () Ci DiC | DiDs || u(h)

(O 0 [xm©@] [ 0 ][xam]_
| 0 Qz][Xz(O)]+[ 0 TZHxZ(h)]‘OJ
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Formulas for SSBCs (3/3)

B

m For X withD =0
(EZo)" = SpX-
(S@Z)* = Z*J-g
STy = CeM=E10B
SoXI, =-CE'YB

m ForXwithD=0andCB=0
SoZIO =CE10OB
SyXI), = -Ce=E71YB

Proof: Use the fact

CeME"10Qe 4B, 0<s<t<h

h
y(t) = j(; K(t, syu(s)ds + Du(t), K(t, s) := { _CeMEIYeAl9B, 0<f< Sﬂ
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Computational Formula for G,

—

B

Theorem | Given G with ||D11]] <1, D1 =0
ByB]| [ As By ] I'i T2 Ths 0 I 0
-~ T -
Al (GUN | el =l 0 0 -I 0 0 I
B, DI, || DI, | Iy T Ty T3 | T3l —TTs
where I'i T T3 O
0 I|0 o0 A, —B,B!
= exp . T h
I I |33 0 C,C, A,
Iy T Ty I
A B
C * B
L ! Ci Daz| = J
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Idea to Check ||D1;]| <1 (1/3)

Idea to Check ||D11]| < 1 (2/3)

Suppose U: unitary such that T f 1l o ﬁ L* T
- - 0
K| o 0lI-% 0 L g
uD;, DUl = + -
0| K < _
] P i
andI-K >0 I - P > 0
0 V
[-D;Di1>0 & L
(=4
[ o ﬁ Ilo ﬁ | L | I | Il o
- - >0 -
0lI-% 0 =1yl 0 o] ¥ ] >o0
L | L
Idea to Check ||D11]| < 1 (3/3) Preliminaries for Algorithm (1/3)
f 110 [ ﬁ | L|1] ] 11 o T fSuppose Omax(De11) <1« otherwise |[Dy]| > 1 T
I- 0l 0 0 ¥ >0 Given 0 € [0, 2n). Let W : L,[0, h] — ¢,
= 1 " — jwit
N = — [ et
o w6 0]+ 5 Joate )< "
’ 0w 00 I 2nor + 0
Wy = , v:=1{0,1,-1,2,-2,..}
W:=VV = LI-K)' L h
= Claim: W is unitary
m How to compute W, K, M, L ?
L | L |
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Preliminaries for Algorithm (2/3)

| B

Lemma | Suppose e/? ¢ eig(A). y = WD}, D11 ¥*u

y[0] Ko 0 Ly u[0]
yl[1] Ky u[1]
yi21 | = K + Li MLy L Ly ] ul2]
) o . )

Ky == Gy (jor)Gen(jox), Ly ==

—(jowrl — A)"'Ba
(jard = Ae)™CT G ()

1 Q e/f(e/01 — Ay B o "
M= h e 19(e/0T — A) 0 , Q= j(; e’ CyCae dt
LProof: (complicated but) straightforward J
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Preliminaries for Algorithm (3/3)

B

~AT —CTC4q
c c1-¢
DT,Ca |

0 Ac

Ay = ~ClDeny

, (I - D;rlchll)_l [ B;r]
c

Lemma

Let Q:={w: weR, jw < eig(An)}

IfQ+#0thenI—-Ki>0,"k>N+1where N € Z, satisfies
lwn| > max{|w|: w € Q}, |wnio > max{|w|: we Q}
else (Q=0),I-K;>0,"keZ,.

Proof: omax(De11) <1 = I-K>0fork>1
Omax(Ge1(jw)) = 1 for w € Q

]
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Algorithm to Check ||Dq1]| < 1 (1/2)

| B

Algorithm | Step 0: If omax(Dc11) = 1 then ||Dq1]| = 1. Stop

Step 1: Fix 0 € [0, 2n) so that e/? ¢ eig(A), e/? ¢ eig(e?")

1[o -1],, :
— jOT _ JAphy=1(,j0 Ayh
We : 2[1 0—(eI e )T (el"] + et

1[1 0 0 —Eef1+A) [ I 0
T2 0 (eP1-A)1 || —(eI+A) 20 0 (e%1—A)!

Step 2: If Q # 0, fix N as above.
Ko 0

K:= , L=[Le - Ly |
0 Ky

]
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L

Algorithm to Check ||D11]| < 1 (2/2)

N ) Y
= Cl—lcﬁl (]wkl - AC)* _CLDCU T -1 _CLDCH
Wy = — ;]‘ [[ P 0 | g [0-DlDay o

. i I 0 H 0 I H i 0 ]
|0 (ol = A)™! I —ClCa || 0 (joxI—A)™
L I 0
+ M[ L I ]

|

Otherwise (Q =0), T' := MW,

K 0
0 0

[E—)

Step 3: If p(I') < 1 then ||Dy1]| < 1 else ||Dy1]| > 1

Proof: Straightforward. Note that
Y (i = A = 5 - AT+ 4) -
i=0
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Recap

| B

Procedure for Sampled-Data H., Control Synthesis:
m Step 1: Check if |[Dy1]| < 1
m Step 2: Compute G;
m Step 3: Discrete-time H., control synthesis for G;

L |
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