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PROOF OF WEAK CONSISTENCY
OF
PEANO’S ARITHMETIC SYSTEM

Abstract At first we introduce a definition of weak consistency of deductive systems
by the well-known interpretation . Hence we can prove that Peano’s Arithmetic Sys-
tem is consistent in traditional sense .

1. Terminology

Let C, N, A, K, E denote connectives of implication , negation , disjunc-
tion , conjuction and equivalence respectively . PF¥(t,...,1;) are atomic
formulas . By Aty = {p},pi, ..., p3, 13, ..., ¥, p&, ...} we denote the set of all
propositional variables . Hence Sj is the set of all well-formed formulas |,
those are built in the usual manner from propositional variables by means
of logical connectives . Sp denotes the set of all well-formed formulas of
Peano’s Arithmetic System . v f(a)(a € Sp) denotes the set of all free vari-
ables occuring « . Hence Sp = {a € Sp: vf(a) = 0} . Rg, denotes the set
of all rules over Sp ( see [1] ) . For any X C Sp,R C Rgp, Cn(R, X)
is the smallest subset of Sp containing X and closed under the rules
of R . The couple (R, X) is called a system, whenever X C Sp and
R C Rg, . 7, denotes modus ponens and r; denotes the generalization
rule. R, = {r,,7+}. We use =, <, A, V,V, 3 as metalogical symbols . Ly
and A, denote the set of all logical axioms and the set of all specific axioms
in Peano’s Arithmetic System respectively . Hence (R,., Lo U A,) is
Peano’s Arithmetic System .

We define the function i : Sp — Sy as follows :



a)

( (P (tlv . tk‘)) pn(pn S At@) )

(b) i(Na) = Ni(a)

(c) i(Fap) =i(a) Fi(B) ,

(d) i(Aza) =i(Vza) =i(a)

where o, 3 € Spand F € {C,A,K,E} .

Definition 1. (R, X) € Cns! &
& (Va € Sp)la ¢ Cn(R,X)V Na ¢ Cn(R,X)] .

At last Mg denotes here the fixed logical matrix, where 0 is the fixed
nondistinguished element of the matrix My ( for details see [2] ) . Thus,

Definition 2. (R,;, L U X) € Cns* <
& (Va € Sp)(VB € X)|[a € Cn(Rys, Lo U{B}) =
= (Yv: Aty — | Mg |) h*(i(CBa)) # 0] ,

where X C Sp, 8= K...Ka...a and aq, ..., € Sp .

2. THE MAIN RESULT
LEMMA . (R,,,LyUA,) € Cns® = (R,, Ly U A,) € CnsT

Proof . Elementary and Combinatorical .

THEOREM . (R,,,LyUA,) € Cns”

Proof by LEMMA . ( Elementary and Combinatorical , cf. [3] ) .
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