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Consider the Klein-Gordon equation, with constant or variable coefficients in IR", n > 2,
{ (2, 8) = Y (0 — i4;(2))%ule,t) - mP u(a, ), = € R”, "

U|t:0 = UO(iE), ,[/’|t:0 = ’1)0(113)-

Here m > 0, (Ai(z),..., An(z)) a vector potential of a magnetic field; we assume that functions
A;(z) vanish outside a bounded domain. The solution u(z,t) is considered as a complex-valued
function. Denote Y (t) = (u(-,t),%(-, %)), Yo = (uo,v0) . The initial date Yy is a random element of
a complex functional space  consisting of states with a finite local energy, ||Y'||}; = [, <p(lu(2)*+
|Vu(z)|? + |v(z)]*)dz < oo, VR > 0. Given t € IR, denote by p; the probability measure that
gives the distribution of Y (¢), the random solution to (1). We study the asymptotics of u; as
t— foo.

We identify € = IR? and denote by ® tensor product of real vectors. We assume that the
initial correlation matrices Qéj(:e, y) = E(YOZ(:I}) ® YOJ(y)) z,y € R"®, ¢,j7=0,1, have the form

ql—ﬂ(a3 - y)a LnyYn < —a.

éj(m,y) _ { ‘ﬁ(a3 —Y)s T, Yn > a,
Here q;j (z — y) are the correlation matrices of some translation-invariant measures py with zero
mean value in H, ¢ = (21,...,2,), ¥ = (¥1,..-,¥) € IR™, @ > 0. The measure pg is not
translation-invariant if ¢*/ # ¢7 .
We also assume that the measure gy has zero mean and the initial mean ‘energy’ density is
uniformly bounded: E[|ug(z)|? + |Vuo(z)|* + |vo(z)|?] = tr( Oz, z) +[Vae - VyQ%z, y)]ly=z+

(e, :r:)) < 00, a.a. ¢ € IR”. Finally, we assume that measure y satisfies a mixing condition

of a Rosenblatt- or Ibragimov-Linnik type, which means that Yy(z) and Yy(y) are asymptotically
independent as |z — y| — oo.

Our main result is the (weak) convergence p; — oo, t — 00, to an equilibrium measure g,
which is a translation-invariant Gaussian measure on H . A similar convergence holds for t - —co .
We construct generic examples of the initial measures pg satisfying all assumptions imposed. An
explicit formulas are then given for the correlation matrices of measure . .

The proofis based on the Bernstein ‘room-corridor’ argument and oscillatory integrals estimates.
The application to the case of the Gibbs measures g1 = g4 with two different temperatures Ty
is given. Limiting mean energy current density formally is —oco - (0,...,0,T4—T_) for the Gibbs
measures, and it is finite and equals —C(0,...,0,74—T_) with C > 0 for a smoothed solution.
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