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Let ¢(z) denote the Riemann zeta function. Consider the free abelian group Z<.
Let H C Z% be a subgroup of finite index. We have a decomposition into cyclic
factors Z4/H = Cp,, ® Cpy @ - - @ Ca,, where a;yq]a; fori =1,...,d — 1. Denote
these numbers as a;(H), i =1,...,d. Westudy the following multiple zeta function

Cpalst, ... sa) = D ar(H)™" - aq(H)™™.
HCZ?
Theorem 1. Denote the smallest d-th factor by w(H) = aq(H) and a(H) =
ay(H) - aq_1(H). Denote (ya(s,z) = ZHch a(H) *w(H) ?. Then

C((d=1)s+2)
Cza(s,z) =C(s)C(s=1)---C(s = (d—=1)) C(ds) .
By s = z we get the formula for ordinary zeta function of Z [1], [2]. This result
also yields the multiple zeta function for d = 2; but starting with d = 3 the multiple
zeta function looks rather complicated.

Theorem 2. Denote z; = s1+---+s; —j(d—3j), forj=1,...,d. Then
1.
Cpa(s1,...,84) = C((21)C(22) - -C(2q) - f(s1,...,84-1), where

f(s1y..8d-1) = Hp p”.me<1+z>\w)\(p—1) Hje)\p—zj)’

the sum is taken over nonempty subsets A C {1,2,...,d —1};
2. wx(q) are polynomials in q with nonnegative integer coefficients that enumer-
ate some permutations of multisets.
3. The multiple zeta function converges absolutely for R(z;) > 1, j=1,...,d.
4. The product over primes converges absolutely for R(z;) >0, j=1,...,d— 1.
Theorem 3. Consider subgroups of finite index H C 7% with a cyclic factor-
group. The zeta function that enumerates such subgroups equals
Gale) =Ce—(@d=D)J] (4p (1 +p+-+p'?).
p prime
As a corollary, we compute the probability M, that a factorgroup Z¢/H is cyclic.
The number My tends to 0.84693 ... as d — oco. Also, it follows from Theorem 2
that a random factorgroup Z¢/H has a huge first cyclic factor, while the overage
value of the product of other factors tends to some small constant.
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