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•
��c�dfe\g;hidfc;jlkmg;jlkon\elprq7ptsie\kuc7ewvyxMz�kmg;g�vadfc=h{dig;kue
q7|rpr}%kue~vmh�q7h{�Zq0���Mkuc��
�W� p�g�df}%kuc�vfq7q f(x) � vfc�}{c�dfe\g7h{dfc;jlkuq G

j\�
x
}+�fc���siq�s%dfe\jy|rpr} � kuq;kue�si��h�p��{vfeV������lel��q7ptsie\g7hidfc;jlkuewv

f(x) �%���{���%�o�-�"�r�{���9�i�7� G
�� ic¡vf|r|¢v ���£�¤�"�¥�%�u�-�¦�r�{��§o�¨�i�7� x. � p�g;�
c7prh%kuc=j\�

lim
x→∞

f(x) = G,

ku|r|tkuc
f(x) → G

j\�
x → ∞

�W� p�g�df}%kuc�vfq7q f(x) � vfc�}{c�dfe\g7hidfc;jlkuq G
j\�

x
}+�fcA��siq�q�vf|tkuq

a
si�Jh�p��ivfe©���ª���lel�+«q7ptsie\g;hidfc;jlkuewv

f(x) �%���{���%�o�-�"�r�{���9�i�7� G
�� icavf|r|¢v

x
g;si�¬|rpr}{}%kuc ���¤�£�"�¥�+�o�-�"�­�{���M�i�¥� a

x � pg;�
c7prh%kuc¡j\�
lim
x→a

f(x) = G,

ku|r|tkuc
f(x) → G

j\�
x → a

•
��c�dfe\g;hidfc;jlkmg;jlkon\elprq7ptsie\kuc7ewv�«�jlk���sic7��ku|r|¢v®h%kuc;g7ptsie\kuc7ewvyx
�°¯ �R§u���
±o�`�{��� f(x) ²y�i�H�i�7�i�l§o³2�i�7�+±u� G �+´ x �+´i��µ��{���-�i�9�y�"�­�i²y±u�0±o�¶�iµ·�+±u�¹¸uºi�a³f�i�£»�±

ε > 0 ¼��\�l§�±u��� ω = ωε §u´+�%�i�w���{���
x > ω

x ∈ Df

}

⇒ |f(x) − G| < ε.

¯ �G§��-�o�¤³f±o���G§m´=¸m�i�¤� f(x) → G �%´ x → ∞ ±u�£�t±o� limx→∞ f(x) = G.

�°¯ ��§m���+±o���{��� f(x) ²y�i�½�i�¥�{�l§'³2�{�¥�+±m� G �%´ x �%´i�®µ��{� a �iµ?�+±u�¾¸mºi��³f�i�£»�± ε > 0 ¼*�w�l§±m��� δ = δε > 0 §m´%�%�i�w���{���
|x − a| < δ

x ∈ Df

}

⇒ |f(x) − G| < ε.

¯ �G§��-�o�¤³f±o���G§m´=¸m�i�¤� f(x) → G �%´ x → a ±o�¤�r±o� limx→a f(x) = G.

• � p¾prey�� ic¡¿Mkuq;kmÀ��
elprel}+vfc7ewv
lim

x→a+

f(x) = lim
x→a,x≥a

f(x) x
}+�fc=��siq

a
�¤c��fe �  i}%kuc

lim
x→a

−

f(x) = lim
x→a,x≤a

f(x) x
}+�fc=��siq

a
�¤c��fe�h{dfe\g7q;kuc

•
��ku}{|tkucD�� icD}{c�dfe\g;hidfc;jlkmg7¿Ekuc�df��elprel}+vfc��MÁ ´%� a ³2�i�7��±u�����7±;±u�£�­�R�¨�i�b±o�¤�r±u� ±∞ Â
Ã xaÄ µ f(x) → 0 �%´ x → a �-�o²��iµ g(x) �i�HÅ;±¨�i�¥�{�l§u�%��¸uºi� x �9�i�7� a §u´¡¸uº{� »�±o�H�{���

f(x)g(x) → 0
j\�

x → a.

Æ xaÄ µ
lim
x→a

f(x) = A,
s�À � lim

x→a
g(x) = B,

§m´�¸uºi� »�±o���{���



��c�dfe\g7h{dfc;jlkue�Çl�%sie+q7pre
�lprq;kuq g;ptj¾x Æ vmh�È
É v%Ê

lim
x→a

(f(x) + g(x)) = A + B

É ¿9Ê
lim
x→a

(f(x)g(x)) = AB

É À-Ê
lim
x→a

f(x)

g(x)
=

A

B
,

si�
B 6= 0.

Èyx É 
yvf�a�Ëvfe\g'dfq7q7elprel}%g7c;ku}%ku|re9ÊËÄ µ
f(x) → A

j\�
x → a

s
À � g(t) → a
j\�

t → p

§m´�¸uºi� »�±o���{���
f(g(t)) → A

j\�
t → p.

Ì\x É ��e\g7q�dfel}{elprel}%g7c;ku}%ku|re9Ê�Í �w�¨�����{���
lim
x→a

f(x) = lim
x→a

g(x) = A,

�-�o²~�{���
f(x) ≤ h(x) ≤ g(x)

¸mºi� x �9�i�7� a Â¾ÎH´�¸uºi� »�±o���{���
lim
x→a

h(x) = A.

Ï xaÄ µ f(x) ≤ g(x) ¸mºi� x �9�i�7� a ���o²
lim
x→a

f(x) = A,
s�À � lim

x→a
g(x) = B,

§m´�¸uºi� »�±o���{���
A ≤ B.

•
z�kon\elprq7ptsieÐv�hA�%sie
q7pre+�lprq;kuq��
�ÒÑ �H¸oÓ
�\�2�����{� f �{���f�i�w���¤�\Ó\±o�'�"�r�Ë�MÔMÓ
�l�f�0±o� x0 ∈ Df �iµÕ�
±u�b�+�i�£�t±o�H�%���

lim
x→x0

f(x) = f(x0).

¯ ��§u���+±u�A�{����±o�`¸oÓ
�l�f�����i� f �i�®�f�i�9���£�\Ó\±o�o�¦�r�Ð�iµ¬�+±o�Ö�i�®�f�i�9���£�\Ó\±o�o�¦�r����³f�i�£»�±�Ô9Ó
�\�2�=�§o�£�×�+±¤¼��\�¤�����i�l§oµ��i�
�%�
• Ø¾ÙyÚ�Û{Ü¹ÎZ±Z±u�r±oµË±o�9�¨�i�¥��¸oÓ��l�2�����i�M±o�o�9�`�i���f�i�w���¤�\Ó\±o�o�¦�r�%�+Â
• Ø¾ÙyÚ�Û{Ü Ä µ f ���o² g �i���f�{�w���£�wÓl±o�o�"�­�%�Ý§u´×�i�����o��§m´®¸'Ó��l�2�����i�M±u�'�9� f + g, fg, f

g
���o² f ◦ g�i�i�w���¤�\Ól±u�'�"�­�+��Ôl´�§o�£�M���;±'§¨Ô�ÂB�+±¤¼*�w�¤�����i�l§oµa�{�
�%�+±o��Â

• Ø¾ÙyÚ�Û�Þ
ßáàMâ âãÞ
ä�ä¤Ù\ß¹ä�å¤æwæ9Ù\ßèçbÞêélëlìfç¹Þ�ß*Ü Ä µ f �i�`�f�{�w���£�wÓl±o�o�"�­��Ôy´ã�£�w�0±u�'³2�{�£�t±u� [a, b] §u´
�{�w�¨�i� f ³2�{�£»�±�³2�i�7�+±HµË±o�£�r�i� f(a) �-�o² f(b).

• íRîMäðïmç¹Û-ÙyÚ�Û{Ü Ä µ f �i�H�f�i�w���¤�\Ó\±o�'�"�r�HÔy´��¤�w�0±o�o³2�i�¤�r±m� [a, b] ���o²Ð�iµ f(a)f(b) < 0 ñ��i³m§�Ây¸oÓ
�l�2ò�����i�l§o³2�i�7�+±o�9� f(a) �-�o² f(b) ²��i�®�i�¦�£�f�`�0±7�o�{±o�{óË§m´A²��i� f µ®�£�l§u��±u�����9�{�£�¦§o�¨�i�¤�t±RÔl´Ë�¤�w�0±o�o³2�i�¤�t±u�
]a, b[.

• Ø¾ÙyÚ�Û{Ü Ä µ f �i���f�i�w���¤�\Ó\±o�'�"�r�aÔl´Ð�£�w�0±u�'³2�{�£�t±u� [a, b] §m´Ð�{�w�¨�i� f ±u����§o�¨ºi�'§o�¨�Ý���o²ô±m���¡µ®�¤�l§o�¨�³f�i�¥�
±®�%�i��Â�ñ�õ{Ôl±;�u��±u�£�­�]§u´�Åo�¦�¤�H�%´ f Å;±¨�i�¥�{�l§u�%�uó{Â



��c�dfe\g7h{dfc;jlkue�Çl�%sie+q7pre
�lprq;kuq g;ptj¾x�Èavmh�È
• ö vf|tkuq e

«�jlkue�ewvfq7�lc7|rpr}+va|tsi}+vfc7prq7��kue\g�¿wvigR«�jlkon\elptkuc�vig�g�si�
e = lim

n→∞

(

1 +
1

n

)n

.

z�kuq=h�ptg�vfc=g7pr}Ëvfq7q
e
dfc=prc7c�vfq7ptsie\ku|r|rq�Ç

e = 2.7182 . . .

•


q�vfe\j\vfc;jy}{c�dfe\g7h{dfc;jlkue��Mz�k½��kmg7qDhidig�kue+q7|rpr}+v�dfc
Ã x

lim
x→∞

a log x

xα
= 0,

si�
α > 0

Æ x
lim

x→∞

xα

ax
= 0,

si�
a > 1

Èyx
lim

x→0+
xα lnx = 0,

si�
α > 0

Ì\x
lim

x→∞

(

1 +
t

x

)x

= et,

Ï x
lim
x→0

ln(1 + x)

x
= 1,

÷ x
lim
x→0

ex − 1

x
= 1,

ø�x
lim
x→0

sinx

x
= 1.

•
�Be �i§'�iµ�ÔM�¨�{� q7pr|r|Dkueô���lel�
q7ptsie f(x)

dfc�kueùc�dfqZ|rpreiú7k�g;si� � vfcajlkue¶ku}%kue\g7�ivf�Ekue¶vfq7q®}{c�v2��kue
y = f(x)

�%si�a��kuc�}%s
jyq���À��
|rpr}{q]ewdfc�v½jlkuelewv½c�dfq�v�|rpreiú7k=¿wvfc�v�h�pl¿Ekon\ele\kuc]s{g;g�q7pr|r|rc�diÀ;��|rpr}{q]|¢�fel}{qp­��c��fe×sic7pr}%slx¾��g;�
�a�lq;siq;kuc��{vfeÐh{vfc�v`vmh�q7h{�`g7|¢vf}`«=jlku|tg�|ts�jyc�dfq�v`|rpreiú7kuc�v�h���sic7��kue
x = a

s�À �jlku|tgDû�g7e\kmj\v2ü�|rpreiú¥kuc�v�hË��sic7��kue
y = kx + m.

ö pr|r|rh{df}+vf}+�fel}%g;g�dfq7q��� icZvfq7q�n\elewv�vig7���a�lq;siq;kuc½q7pr|r|*c�vfq7ptsie\ku|r|¢v��¤�lel��q7ptsie\kuc f(x) = p(x)
q(x) ,

É jyhyg�x
p(x)

s
À � q(x)
dfc=�Esi|r�
e\si�AÊox

Ã x=�ès
jyc�dfq�vÐvig7���a�lq;siq;kuc�x¹ýbpreleùg�vf��q7|rpr}+v�e\si|r|tg7q�df|r|tkueôq7pr|r|]ewdf�aewvfc;kue�ÇGjyhyg�x¾|t {gZku�
h{vfq7ptsie\kue
q(x) = 0.

���?c;ku|r|¢v�g'�ij\vfewv�k�ú�n\ele\kmg½g'�Ag'vf�
ewvig�|ts�jyc�dfq�v�vig7���a�lq;siq;kuc�x���vfe\jyc�vA�¨vf|r|tkuq�Çsi�
a
g7���l|r|tk�hivfc�v®kuq7q¡e\si|r|tg7q�df|r|tk�q7pr|r|

q(x)
g��Z��c�dmhyg=kue��le\jlkuc;g; i��elprel}Avmh`���lel�
q7ptsie\kue

f
pewdfc � kuq;kueÝvmh a.

���ÕjlkuqDh
ptg�vfc=g;pr}Ëvfq7q
lim

x→a+

f(x) = ±∞
s
À �9þ ku|r|tkuc lim

x→a
−

f(x) = ±∞,

j\�Ëdfc
x = a

kue�|ts
jyc�dfq�vig;�
�a�lq;siq�x
Æ x�

e\kmj\v`vig7���a�lq;siq;kuc�xE���Õ}{c�vij

(p) >
}{c�vij

(q) + 1
g��an\ele\g¡prel}+vËg7e\kmj\v`vig7�
�a�lq;siq;kuc�xE���

}{c�vij
(p) ≤

}{c�vij
(q)+1

g��¡n\ele\g*kueag7e\kmjavig7���a�lq;siq
y = kx+m

Çfg;si�ÿ�Ëvfe®n\ele\kuc*kuel�
|¢vig7q}%kue\si�Õ�Msi|r��e\si��jyprh�ptg7ptsie��l�Ëvfe��{vfe�j\�®g7��c7prhiv
f(x) = kx + m +

r(x)

q(x)
,

j\dfc
kx + m

dfc=��h%siq;kue�s
À � r(x)
c;kmg7q;kue�h�ptj�kue�g��ij\vfe�jyprh�ptg7ptsie�x

�B�¤q;kuc;g;si�
limx→±∞

r(x)
q(x) = 0,

g��Ë�� i| ú¥kuc���kmjÝkueÐ}+�fel}�vfq7q�j\��dfc
y = kx + m

kue×g7e\kmj
vig;�
�a�lq;siq=q7pr|r|

f(x)
x


