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• a�bdcfehgji7glkmefbnepo�qsrht7gjuvgji7gjqxwzyheh{
i7glkme�|~}~��� f �2�m�7���d�A�d���h�2�z���m�p�+�z�*�f���d���+�����x�n���=�����0�d�d�2�m��� I �� �G�n���
�d�`�����R�d���+�d�d�����n�^ 7���[�d�
�f�2�z�z��� F �m�`�d�¡�9�d��¢��z�z���£�'���h�2�z���m���z����� f �m¢¤�+�n�G�%�m���j�d�`�����
F ′(x) = f(x), x ∈ I.

¥ g�¦7{�t7gjq%bnt F (x) =
∫

f(x)dx.

• §©¨�ª�«�¬D­R¢ F0 �m�H�n���9�d��¢`�z�z���[�d�
�f�2�z�z���x�z����� f �^�v®��m���m���¯�°�m�9�������9�d��¢��z�z���2�±�d�
�h���z�z�m�E�d�²�z����� f
�^�m�d¢¡�d�

F (x) = F0(x) + C

�^³m���9�-�%�m�x���m�h�n���m��� C �
• §©¨�ª�«�¬D­R¢ f �������m���z���f�f�d�'�"�j���h�°�^���������0�d�d�2�m��� I �^���*�f�h���d�¡�9�'��¢����z���£�'���h�2�z���m���z����� f ��� I �
• �B´ bnu�bne
i�µ�t�o�rht7gjuvgji7gjq�o`wzyheh{
i7glkmefbnt�|

1.
∫

αdx = αx + C 2.
∫

xαdx = xα+1

α+1 , α 6= −1

3.
∫

1
xdx = ln |x| + C 4.

∫

exdx = ex + C

5.
∫

sinxdx = − cos x + C 6.
∫

cosxdx = sinx + C

7.
∫

1
1+x2 dx = arctan x + C 8.

∫

1√
1−x2

dx = arcsinx + C

• � µ�{
efbnt;bn¶ ´ bnt�| �¸· i f, g q�o�t�o¹¶�gjq
e�o¹wzyheh{�i7glkmefbnt�º F bne»rht7gjuvgji7gjqxw�yheh{�i7glkme�i7g ´j´ f k�¼;½ ´¾· i α, β
q�o�t�o�{%kmef¦7i�o�e
i;bnt�¿�a · ¶+µ ´j´ bnt
À ¿ ∫

(αf(x) + βg(x))dx = α
∫

f(x)dx + β
∫

g(x)dx }B���-Án�m�d�z�0�n�Â ¿ ∫

f(x)g(x)dx = F (x)g(x) −
∫

F (x)g′(x)dx ÃD�m�n�z���d���������0���m�7���z���m�Ä ¿ ∫

f(g(x))g′(x)dx = F (g(x)) + C
� ���'���+ ;�d�Å�'�f '�n�z���z���z�z���

• ¥ o�t7g¾o�ÆEb ´ ¦7yhÆf¦7i7gji7yhi7glkme�o�e+q�µ�efÇh¦Èu�É�¼;{%bniGk�w�i�o�º2k
¼�½H{�o ´ {�É ´ bnt7e�o=Æht7yh{mo�t~wzkmt7u¡o ´ gl¦;bnt�om¦¸r · wzÊ ´ Ë o�efÇhb
¦'µ�i7i�|

∫

f(g(x))g′(x)dx =

[

u = g(x)
du = g′(x)dx

]

=

∫

f(u)du = F (u) + C = F (g(x)) + C.

• ÌGÊ ´ Ë o�efÇhb�wzkmt7u ´ bnt±yhefÇhbnt ´ µ�i7i�o�t±{�o ´ {
É ´ bnt7e�o�gjÆ ´ o�efÇ©|
À ¿ ∫

f(ax + b)dx = 1
aF (ax + b) + C

Â ¿ ∫ f ′(x)
f(x) dx = ln |f(x)| + C
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À ¿

∫

f(ax + b)dx =
[ u = ax + b

du = adx ⇔ dx = 1
adu

]

=
1

a

∫

f(u)du

Ò�Ó�Ô
Õ×Ö*Ô
Ø ¬
∫

1√
2x + 3

dx =
[ u = 2x + 3

du = 2dx ⇔ dx = 1
2du

]

=
1

2

∫

1√
u

du =
√

u + C =
√

2x + 3 + C

Ò�Ó�Ô
Õ×Ö*Ô
Ø ¬
∫

e7x−2dx =
[ u = 7x − 2

du = 7dx ⇔ dx = 1
7du

]

=
1

7

∫

eudu =
1

7
eu + C =

1

7
e7x−2 + C

Â ¿
∫

f(ax2 + b)xdx =
[ u = ax2 + b

du = 2axdx ⇔ dx = 1
2axdu

]

=
1

2a

∫

f(u)du

Ò�Ó�Ô
Õ×Ö*Ô
Ø ¬
∫

(3x2 + 1)5/2xdx =
[ u = 3x2 + 1

du = 6xdx ⇔ dx = 1
6xdu

]

=
1

6

∫

u5/2du

=
1

6
· u7/2

7/2
+ C =

1

21
(3x2 + 1)7/2

Ò�Ó�Ô
Õ×Ö*Ô
Ø ¬
∫

sin(x2 + 1)xdx =
[ u = x2 + 1

du = 2xdx ⇔ dx = 1
2xdu

]

=
1

2

∫

sin(u)du

= −1

2
cos(u) + C = −1

2
cos(x2 + 1) + C

Ä ¿=Ùxbnt�o ´j´ u¡µ�e
i�|�kmu n 6= 0 ¦ · w · tDq
g
∫

f(axn + b)xn−1dx =
[ u = axn + b

du = naxn−1dx ⇔ dx = 1
naxn−1 du

]

=
1

na

∫

f(u)du

Ú ¿
∫

f(sinx) cos xdx =
[ u = sinx

du = cos xdx ⇔ dx = 1
cos xdu

]

=

∫

f(u)du

∫

f(cosx) sinxdx =
[ u = cosx

du = − sinxdx ⇔ dx = − 1
sinxdu

]

= −
∫

f(u)du

Ò�Ó�Ô
Õ×Ö*Ô
Ø ¬
∫

1

2 + sinx
cos xdx =

[ u = sinx
du = cos xdx ⇔ dx = 1

cos xdu

]

=

∫

1

2 + u
du

= ln |2 + u| + C = ln |2 + sinx| + C

Ò�Ó�Ô
Õ×Ö*Ô
Ø ¬
∫

ecos x sinxdx =
[ u = cos x

du = − sinxdx ⇔ dx = − 1
sinxdu

]

= −
∫

eudu

= −eu + C = −ecos x + C
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Î�¿ � Æ ´ o�efÇ°wzyheh¶%bnt�o�t±Çhbni7i�o�|

∫

f(
√

x)dx =
[ u =

√
x ⇔ u2 = x, (u ≥ 0)

2udu = dx

]

= 2

∫

f(u)udu

Ò�Ó�Ô
Õ×Ö*Ô
Ø ¬
∫

cos(
√

x)dx =
[ u =

√
x ⇔ u2 = x

2udu = dx

]

= 2

∫

cos(u) · udu

=
[ Í o�t7i7glb ´j´ gje+i;bn¶�t�o�i7glkme

]

= 2u sin(u) − 2

∫

sin(u)du

= 2u sin(u) + 2 cos(u) + C = 2
√

x sin(
√

x) + 2 cos(
√

x) + C

• ÌGÊmt�o�i7i�ÆMb^¦;i�µ�uvu¡o°bnexrht7gjuvgji7gjqÛwzyheh{
i7glkme�i7g ´j´ bni7i�t�o�i7glkmefb ´j´ i�yhi7i7t7É�¼�{ p(x)
q(x) ¶ · t�u¡o�e�i7g ´j´ q�µ�¶+or · wzÊ ´ Ë o�efÇhb�¦�µ�i7i�|

À ¿ � uÜ¶�t�omÇ (p) ≥ ¶�t�omÇ (q) yhi�wzÊmtDrEk ´ É
efkmu�Ç�gjq�gl¦7glkme�¿fa · {�o�eÝq�g�¦7{
t7gjq�o
p(x)

q(x)
= k(x) +

r(x)

q(x)

Çfµ�t k(x) k�¼;½ r(x) µ�t[rMk ´ É�efkmuÞ¦ · Çfo�e�o`o�i7i�¶�t�omÇ (r) < ¶�t�omÇ (q) ¿ � w�i;bnt;¦;kmu k(x) µ�t£bneh{%b ´
o�i7i�cfehe�oAbne�rht7gjuvgji7gjqÝw�yheh{�i7glkme�i7g ´j´ ¦ · µ�t�rht;kmÆ ´ bnu�bni�e+y�t;b^Ç�yf¼^bnt�o�i�i7g ´j´ o�i7i�ÆEb^¦7i�µ�uvu¡o
∫ r(x)

q(x)dx ¿Â ¿=Ì9o�{
i;kmt7gl¦;bnt�o�e�µ�uve�o�t;bne q(x) g©gjt7t;b^Ç�yf¼ngjÆ ´ ovt;b^b ´j´ o�w�o�{�i;kmt;bnt�o^q°¶�t�omÇ°½fÊm¶%¦7i Â ¿Ä ¿=ß�i�w�Êmt=bnes¦�¿ {E¿
���m�n�z�z�m�l d�7�����d���%�h�+�d�"�f������º�u�b^ÇÝwzÊ ´ Ë o�efÇhb²o�ef¦�o�i;¦;bnt�|
Ì�o�{
i;kmt±g�e�µ�uve�o�t;bne � ef¦�o�i;¦
x − α A

x−α

(x − α)2 A
x−α + B

(x−α)2

(x − α)n A1

x−α + A2

(x−α)2 + · · · + An

(x−α)n

ax2 + bx + c Ax+B
ax2+bx+c

Ò�Ó�Ô
Õ×Ö*Ô
Ø ¬ � uà¶�t�omÇ (p) < 5 ¦ · o�ef¦�µ�i7i;bnt=q�g
p(x)

(x − 1)2(x + 2)(x2 + 6x + 13)
=

A

x − 1
+

B

(x − 1)2
+

C

x + 2
+

Dx + E

x2 + 6x + 13
.

Ò�Ó�Ô
Õ×Ö*Ô
Ø ¬©áRb^¦7i�µ�uâo ´j´ o�rht7gjuvgji7gjq�o`wzyheh{
i7glkmefbnt±i7g ´j´

f(x) =
x3 + 4x2 + x + 8

(x2 + 1)(x2 + 2)
.
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� w�i;bnt;¦;kmuãe�µ�uve�o�t;bneÝ½�o�tR¶�t�omÇ Ä k�¼;½°i�µ ´ Ë o�t;bne°¶�t�omÇ Ú ÆEbn½fÊ�q%bntRq�gMb Ë yhi�w�Êmt�oHe · ¶%kme°rMk ´ É�efkmu�ä
Ç�gjq�gl¦7glkme�¿ Í o�t7i7g¾o ´ Æht · {�¦7yhrhrMÇhb ´ ehgjeh¶f|
f(x) =

x3 + 4x2 + x + 8

(x2 + 1)(x2 + 2)
=

Ax + B

x2 + 1
+

Cx + D

x2 + 2
=

(Ax + B)(x2 + 2) + (Cx + D)(x2 + 1)

(x2 + 1)(x2 + 2)

=
(A + C)x3 + (B + D)x2 + (2A + C)x + 2B + D

(x2 + 1)(x2 + 2)

⇔















A + C = 1
B + D = 4
2A + C = 1
2B + D = 8

⇔















A + C = 1
B + D = 4
A = 0
B = 4

⇔















C = 1
D = 0
A = 0
B = 4

ÌGÊ ´ Ë o�{
i ´ gj¶%bne�å
∫

f(x)dx =

∫
(

4

x2 + 1
+

x

x2 + 2

)

dx = 4

∫

1

x2 + 1
dx +

1

2

∫

2x

x2 + 2
dx

= 4arctan x +
1

2
ln(x2 + 2) + K,

Çfµ�t K µ�t=bneÏ¶%k�Ç�i0É�¼;{ ´ gj¶�{%kmef¦7i�o�e
i�¿
• � o�e+i;bnt7gjeh¶°o^q°r�o�t7i7g¾o ´ Æht · {%bne�¿�a�b ´ gje Ë µ�t�oHw�o�{�i;kmt;bnt7e�o�µ�t±bneh{ ´ o�|

∫

1

x − α
dx = ln |x − α|

∫

1

(x − α)n
dx = −1

1

(n − 1)(x − α)n−1
kmu n ≥ 2

a�b�gjt7t;b^Ç�yf¼ngjÆ ´ o�{
q�omÇ�t�o�i7gl¦7{�o
∫

Ax + B

x2 + bx + c
dx

q ·�´j´ o�tAk�wzi�o ´ gji;bÏu�bnt¡½+yhq�yfÇ�Æht7É%¿ � eæ{�q�omÇ�t�o�i7{%kmuvr ´ bni7i;bnt7gjeh¶Vo�qWe�µ�uve�o�t;bne x2 + bx + c =
(x + b/2)2 − (b/2)2 + c k�¼;½s¦;yhÆf¦7i7gji7yhi7glkmefbne u = x + b/2 wzÊmt=Ê-q%bnt=gje+i;bn¶�t�o ´ bnexi7g ´j´ wzkmt7u�bne

∫

Cu + D

u2 + d2
du

¦�kmuà¶ · t±o�i7i=ÆEbnt�µ�{
e�o�å
∫

Cu + D

u2 + d2
du =

∫

Cu

u2 + d2
du +

∫

D

u2 + d2
du

=
C

2

∫

2u

u2 + d2
du +

D

d2

∫

1

(u
d )2 + 1

du =
C

2
ln(u2 + d2) +

D

d
arctan(

u

d
)

Ò�Ó�Ô
Õ×Ö*Ô
Ø ¬
∫ 1

2x + 1

x2 + 2x + 5
dx =

∫ 1
2x + 1

(x + 1)2 + 4
=





u = x + 1
x = u − 1
du = dx



 =

∫ 1
2u + 1

2

u2 + 4
du =

∫ 1
2u

u2 + 4
du +

∫ 1
2

u2 + 4
du

=
1

4

∫

2u

u2 + 4
du +

1

8

∫

1

(u/2)2 + 1
du

=
1

4
ln(u2 + 4) +

1

4
arctan

u

2
+ C
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= [ i7g ´j´ Æ�o�{movi7g ´j´ x] =
1

4
ln(x2 + 2x + 5) +

1

4
arctan

x + 1

2
+ C
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• ÌGÊmt;bneh{ ´ o�yhi7i7t7É�¼�{%bneÛ¦ ·`´¾· eh¶�i�¦;kmuêu�Ê Ë�´ gj¶�i�¿
• � uëgje+i;bn¶�t�o ´ bneægje+q%k ´ q%bnt�o�t¡bni7i�{�qmomÇ�t�o�i7gl¦7{�i�yhi7i7t7É�¼�{ ax2 + bx + c º ab 6= 0 ¦ · wzÊmt;¦�Êm{ìo�i7i
{�q�omÇ�t�o�i7{%kmuvr ´ bni7i;bnt�o�¿ � eíbneh{%b ´ ¦7yhÆf¦7i7gji7yhi7glkmeît;b^Ç�yf¼^bnt�o�t¹¦;b^Çfo�eïÇhbni¡{�q�omÇ�t�o�i7gl¦7{mo�yhi7i7t7É�¼�{%bni
i7g ´j´ bneÏ¦7yhuvu¡o�o^q°{�qmomÇ�t�o�i;bnt�¿

• � e+i;bn¶�t�o ´ bntG¦;kmuðgje
q%k ´ q%bnt�o�t¸rht;k�Ç�yh{�i;bntÈo^q�i7t7gj¶%kmefkmu�bni7t7gl¦;{mo=w�yheh{�i7glkmefbnt~{�o�e²gjÆ ´ o�efÇHÆMb^¦;i�µ�uvu¡om¦
b ´j´ bnt[w�Êmt;bneh{ ´ om¦[¶%bnefkmuão�i7iDo�e+q�µ�efÇfo ´ µ�uvr ´ gj¶`i7t7gj¶%kmefkmu�bni7t7gl¦;{vwzkmt7u�b ´ i�¿ñbdò sin2 α+cos2 α = 1
º sinα cos α = 1

2 sin 2α º sin2 α = 1
2(1 − cos 2α) k�¼;½ cos2 α = 1

2(1 + cos 2α) ¿
• � e+i;bn¶�t�o ´ bnt°¦;kmuNgje
q%k ´ q%bnt�o�tAyhi7i7t7É�¼;{%bni (a2 − x2)

1

2 {mo�eóÆEb^¦7i�µ�uvu¡om¦A¶%bnefkmuô¦;yhÆf¦7i7gji7yhi7glkmefbne
x = a sin θ ¿Mõ�t7gj¶%kmefkmu�bni7t7gl¦;{moÏgje+i;bn¶�t�o ´ bnt ∫

f(sin θ)dθ {�o�e�gjÆ ´ o�efÇ�ÆMb^¦7i�µ�uvu¡om¦²¶%bnefkmuö¦7yhÆ�ä
¦;i7gji7yhi7glkmefbne t = tan(θ/2) ¿

• � e+q�µ�efÇ¹r�o�t7i7glb ´j´ gje
i;bn¶�t�o�i7glkme°wzÊmtRo�i7i ´ Ê�¦�o�gje
i;bn¶�t�o ´ bnt=¦;kmuÞgje
q%k ´ q%bnt�o�t=¦ · Çfo�e�o²w�yheh{�i7glkmefbntD¦;kmu
i�¿ñbdò»rht;k�Ç�yh{�i;bnt�o�q�rMk ´ É�efkmu÷k�¼;½Wbdò�rMkmefbne
i7g¾o ´ w�yheh{�i7glkmefbnt�º ´ km¶+o�t7gji7u�bnt�k�¼;½ìi7t7gj¶%kmefkmu�bni7t7gl¦7{�o
wzyheh{�i7glkmefbnt�¿ ¥ o�t�yhrhrhu¡µ�t7{�¦�o�uNr · k ´ gj{�o�¦�µ�i7i¹o�i7iAo�e+q�µ�efÇfo�r�o�t7i7glb ´j´ gje+i;bn¶�t�o�i7glkmeíwzÊmt¡o�i7ivw ·
w�kmt7u ´ bnt±¦;kmuêt;bnrht;b^¦�bne+i;bnt�o�t�{%kmuvr ´ gl¼^bnt�omÇhb²gje+i;bn¶�t�o ´ bnt�g©i;bnt7u�bnt�o�q°bneh{ ´ o�t;b²¦ · Çfo�e�o�¿

• � e+q�µ�efÇ¡r�o�t7i7g¾o ´ Æht · {�¦7yhrhrEÇhb ´ ehgjeh¶`wzÊmtRo�i7i�gje+i;bn¶�t;bnt�oHt�o�i7glkmefb ´j´ o²w�yheh{�i7glkmefbnt�q�o�t;¦[e�µ�uve�o�t;b±{�o�e
w�o�{�i;kmt7gl¦;bnt�om¦¹i7g ´j´ t;b^b ´j´ o ´ gje Ë µ�t�oìk�¼;½î{
q�omÇ�t�o�i7gl¦7{�o�w�o�{
i;kmt;bnt�¿ � kmuôgj½ · ¶Wo�i7i°kmuôefÊ
Ç�q�µ�efÇ�gj¶�i
yhi�w�Êmt�o`rEk ´ É
efkmu�Ç�gjq�gl¦7glkme¹wzÊmt=o�i7iRw · bni7iDÆht · {¹Çfµ�tRrMk ´ É�efkmu�bniDgEi�µ ´ Ë o�t;bne°½�o�t ´ µ�¶�t;b�¶�t�omÇ�i�o ´ µ�e
rEk ´ É�efkmu�bni=g©e�µ�uve�o�t;bne�¿


