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SF2729 Groups and Rings
Final Exam
Friday, May 27, 2011

Time: 14.00-18.00
Allowed aids: none
Examiner: Mats Boij

This final exam consists of two parts; Part | (groups part) Rad 1l (rings part). The final
credit for Part | will be based on the maximum of the resultsr@midterm exam and Part | in
the final exam.

Each problem can give up to 6 points. In the first problem ohgsart, you are guaranteed a
minimum given by the result of the corresponding homewoskgsnent. If you have at least 2
points from HW1, you cannot get anything from Part a) of Peabll of Part I, if you have at
least 4 points from HW1 you cannot get anything from Part &@ant b) of Problem 1 of Part I.
Similarly for HW2 and Problem 1 of Part II.

The minimum requirements for the various grades are aaugidithe following table:

Grade |A B C D E
Total credit | 30 27 24 21 18
FromPartl |13 12 11 9 8
FromPartll| 13 12 11 9 8
Present your solutions to the problems in a way such thahaggts and calculations are easy
to follow. Provide detailed arguments to your answers. Aswaer without explanation will give
no points.




PART | - GROUPS

(1) (a) The axioms of a group only state the existence of antityeelemente such that
a *x e = e *a = aforall ainthe group. Show that this element is unique. (2)

(b) The dihedral grou@,,, can be defined as the symmetries of a regutgon. Show
that the center oDy, is trivial if and only if n is odd. (2
(c) Determine the highest order of an element in the symmetgupS;. (2

(2) (a) The First Isomorphism Theorem says that there is@nasphism’/ ker ® = im ¢
for any group homomorphisd : G — H. Prove this theorem. (2
(b) Use the First Isomorphism Theorem to show thgtK = Z, x Z, whereK < Z?
is the subgroup generated by, 6). (Hint: Find a surjective group homomorphism
7?2 — 7y x Z with kernel K.) 4)

(3) When a group acts on itself by conjugation, the orbitscatkedconjugacy classes.
(&) Show that in a finite group, the size of the conjugacy atassaining an elemeiatis
related to the number of elements commuting withe., the size of the centralizer,
Cel(a). 2
(b) Use the relation to compute the size of the conjugacysaastaining the matrix

()

in the general linear grou@l,(F3) of invertible2 x 2-matrices over the field with
three elements. (Hint: the number of element&in(F;) is 48.) 4)




PART Il - RINGS

(1) (a) Prove that @ x 2-matrix over a field is invertible if and only if the first colums a

nonzero vector and the second column is not a multiple of teedolumn. (2

(b) LetFF, be a finite field withg elements. Prove that the groGj,(F,) of invertible

2 x 2-matrices oveff, has(¢*> — 1)(¢* — ¢q) elements. 2

(c) Determine the number of zero-divisors in the rig(F,) of 2 x 2-matrices oveF,.

2

(2) (a) Prove that® — x + 1 is irreducible inZ;[z]. (2)
(b) Let F be the fieldZ;[z]/(x® — x + 1). Write ~y for the element: + (23 — z + 1), SO

F = Z3(~). Determine the order of? in the multiplicative group™. (2

(c) Let R be the ringZ[\/—3]. Is the ideal 2, 1 + v/—3) a principal ideal inR? (2)

(3) (a) Prove thaf(z) = 2* + 422 + 2 is irreducible inQ[z]. (2)
(b) Let K be the fieldQ[z]/(f(z)). Write « for the element: + (f(x)), SOK = Q(«).
Put3 = «o?. DeterminelQ(3) : Q] and show thaf (x) factors as a product of two
polynomials of positive degree i@(5)[z]. (2
(c) Prove thatv® + 3« is a zero off (x) and conclude thaf(z) factors as a product of
linear factors inQ(«a)|x]. 2




