
ENUMERATIVE COMBINATORICS (SF2708) 2012 PROBLEM SET 2

To be handed in no later than March 20. You may cooperate but you must write your solutions
by yourselves. Please write full proofs!

(1) Exercise 1.122 of Stanley,
(2) Exercise 1.184 a of Stanley,
(3) Let m,n ≥ 1 be integers. Prove the identity

n∑

k=0

(
n

k

)
kn−k|{π ∈ Sk | πm = id}| = |{f : [n]→ [n] | fm+1 = f}|.

Here f i = f ◦f ◦ · · · ◦f , i times. I suggest you try the case m = 1 first and then generalize.
(4) Define the drop set of a permutation π ∈ Sn to be Dr(π) = {i : π(i) < i}. Let γn : 2[n] → N

be defined by γn(S) = |{π ∈ Sn : Dr(π) = S}|. For S = {s1 < · · · < sk} ⊆ [n], let
ηn(S) = (n− k)!(s1 − 1) · · · (sk − k). Prove that

γn(S) =
∑

T⊇S
(−1)|T\S|ηn(T ).

(5) Let k and n be positive integers. Prove that all minors of the matrix (with binomial
numbers) ((

k + i

k + j − i

))

0≤i,j≤n

are nonnegative. Here
(

k+i
k+j−i

)
= 0 if k + j − i < 0.

(6) Let B(n, k, `) be the number of k × ` matrices with entries from {0, 1, . . . , n} and such
that each column and each row is weakly increasing. Express B(n, k, `) as a determinant.
Hint:
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(1) Let Mm,n be the set of all m ⇥ n matrices with entries in {0, 1} such that each row and
each column contains at least one 0. Use the principle of inclusion-exclusion to prove that

|Mm,n| =

nX

k=0

(�1)k

✓
n

k

◆
(2n�k � 1)m.

(2) Give a combinatorial proof of the recursion D(n + 1) = n(D(n) + D(n � 1)), where D(n)
are the derangement numbers.

(3) Define the drop set of a permutation ⇡ 2 Sn to be Dr(⇡) = {i : ⇡(i) < i}. Let �n : 2[n] ! N
be defined by �n(S) = |{⇡ 2 Sn : Dr(⇡) = S}|. For S = {s1 < · · · < sk} ✓ [n], let
⌘n(S) = (n � k)!(s1 � 1) · · · (sk � k). Prove that

�n(S) =
X

T◆S

(�1)|T\S|⌘n(T ).

(4) Let k and n be positive integers. Prove that all minors of the matrix (with binomial
numbers) ✓✓

k + i

k + j � i

◆◆

0i,jn

are nonnegative. Here
�

k+i
k+j�i

�
= 0 if k + j � i < 0.

(5) Let B(n, k) be the number of k ⇥ k matrices with entries from {0, 1, . . . , n} and such that
each column and each row is weakly increasing. Express B(n, k) as a determinant.0
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(6) (a) Let f(x1, . . . , xn) be a polynomial of degree n over a field K. Suppose that the
coe�cient of x1x2 · · · xn is C. DetermineX

(⌘1,...,⌘n)2{0,1}n

(�1)
P

i ⌘if(⌘1, . . . , ⌘n).

(Regard ⌘i as an integer when it appears in the exponent.)
(b) Recall that the permanent of a matrix A = (aij)

n
i,j=1 is given by

per(A) =
X

⇡2Sn

nY

i=1

ai⇡(i).

Prove that

per(A) = (�1)n
X

S✓[n]

(�1)|S|
nY

i=1

0
@X

j2S

aij

1
A .

(7) Exercise 2.25 a,b of Stanley.


