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P : USEFUL FORMULAS
Trigonometric Identities

cos(a+b) = cosacosb — sinasinb cos(a — b) = cosacosb + sinasinb
sin(a + b) = sina cosb + cosasinb sin(a — b) = sina cosb — cosasinb
' T ) . T
Cos (a—E) =sina sin <a+ 5) =cosa
9 1 4 cos2a . 2 1—cos2a
cos‘q=——""" sing = ———""
2 2
cos2a = cos?q — sin®q sin2a = 2sinacosa
cosa+sina=\/2—cos(a,— g) cosa+sina=\/§sin(a+g)
o . J5}
acosa+ fsina = v/a? + 2 cos(a — b), where cosb = —— and sinp—= B
'B ( ) a? +ﬂ2 /042"‘,32
Complex Numbers
z2=z+iy Z=2x—1y Re(z)==z, Im(2) =y
Z+Z=2Re(2) =22 z—7Z=2iIm(2)=2iy l2] = \/z-3= \/:c2+y2
: 1 =
Iz|2:z'z_=x2+y2 z2=$2—y2+2’1:$y == = z . (Z#O)

z zZ 22+ y2
Triangle Inequality: If z and w are any complex numbers, then
|z+w| < |z|+ |w| and 2] = Jw] | < |z 4w
Euler’s Identity and Related Identities: If z is any real number, then

e’ =cosz +ising e ¥ =cosz —isinz e~ = (eiz) le””l =1
iz —ix iz —iz .
e“4e . e” —e 3 n. S
cosx:T sm:z;:T (cosn:z:—f—zsmna:) = €™ = cosnz +isinnz
g A

Polar Representation of Complex Numbers » .

z=r(cosf+isinp)=rei®

z=x+iy:rei9=r(c059+isin6) N W—
- N
r =2 = /22 + 12 o " rsin®
T =rcosf, y=rsind : 0 >
0brcoso X

Taylor Series Expansions: Let z be a real or complex number. Then

2n+1

- Z_; (eny7)  coss= Z( " ), (my2) sns =30 any 9
00 o0 2n+1 ’ ,{
.n=(; (2l <1)  coshz= nz_; 7 (any 2) sinh z = Z (2n N (any 2) !

—



Useful Integrals (Take a # 0 and b to be real, and m and n to be integers.)

Integrals Involving Trigonometric Functions
/cos (cw:—l—b) dr = —Esin(am—kb) +C /Sin(am—!—b) dr = —%cos(am—!—b) +C
~cos® (az +b)dz = = + -15 sin (2(az + b)) +C

sin? (ax + b) dz =

n(2(ax+1b)) +C

I8 w8
S

— sl

4q
1 T . . 1, z

:vcosa:cdxzTcosaa:—}——smax—}—C’ msmamdx=a—2—smaw——gcosam+0
a . a

2,2

2z cosax . a“x“ — 2
a2 ad

[ ]

sinax + C

8
(@]
o)
w
Q
8
Q.
8]
Il

9 2z a?z? — 2

zsinar dz = — sinaz — -——3——cosa:c+()
a a

z™sinar ™ 1.
g™ cosardr = —-" — | 2™ lginazdz
a a

T
. z™cosar m _
z"sinardr = - + = [ g™ Lcosazdz
a

sin[(a — b)z] = sin[(a + b)x]
2(a —b) 2(a +b)
sin[(a —b)z]  sin[(a + b))
2(a—b) 2(a+b)
cos[(a — b)z]  cos[(a+ b)z]
2(a—b) 2(a+0b)

+C (a®#b?)

cos ax cosbx dx =

sin az sin bz dz = +C (a2 #* b2)

+C (a®#b?)

cosarsinbxr dz =

\\\\\\\\\\

Integrals Involving Exponential Functions

eaa:+b .z eaa:—{-b m N ) ’
/me‘”"’"b dz = —; (az — 1) +C gt gy = 2~ [ gmleastb gy
a a a

axr
/e“cosbmdmzE%ﬁ(acosbm+bsinbx>+0 (a2 4+ b2 £ 0)

ar

azT _: . € . 2 2 \'
/e smbxdm-—m(asmbm——bcosbm)—}—(] (a* 4+ b* # 0)




Identities Involving Bessel Functions (Take p > 0, a ;é.O, n=0,1,....)

Zic—ix— [a:pJp (m)] =3P Jp_1(z)

%[JO(O«")} = —J1(z)

i) e

2Jp (%) — plp(2) = —zJp41 ()

To1(8) + pia(0) = 2 1y (a)

/ 2Pt Jp(2) do = 2P Iy (z) + C
/Jl(a:) de = —Jo(z) + C

/ Joi1(z) dz = / Jp1 () do — 27, (a)

/J2n+1 (z)dz = —Jo(z) — 2 i Jor(z) + C
k=1

2 J}(@) + pJy(@) = 2Jp1(x)
Jp1(2) = Jp1a(s) = 2 T)(a)

(@) = —71;/07r cos (n — @ sin 0) df

/ P (z) dz = —2 P, 1 (z)+ C
/ zJo(z) dz = zJy(z) + C

zJpy1(z) +p/ Jpr1(z)dz = /xJp(m) dz

a o aPt2
/0 2 (G 2) 4= ()

' /xJzn(m) dz = xJén+1(x) —2ndo(z) — 4nz Jor(z) + C

k=1

Zeros and Asymptotics of Bessel Functions (Taken =0, 1, 2, ... )

@)~ [ ens (o= § = ) +0 ()
If ai = kth positive zero of Jn(z), then for
large k

1 5 + km

Improper Integrals (Take a # 0.)

. o0 1 . '
/ Smawdm=z,ifa>0;—-§ifa<0.
x 2

-

o
/ e~ cos by do = —\/—ie’w/(‘l‘zz) (b #0)
0 2]l

oo o0 A p
/ cos(z?) dmz/ sin(z?) dz = 5

-0 -0

y

V1
1 Z)
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Appendix B

‘Table of Fourier Transforms

ﬂxy=;%;[fﬂﬂwﬁmwmu

Iy 1 00 —iwT
Flo) = FPe) = = /_ e

16.

10.

11.

12.
V2 az?

13.

14.

15.

iflz|<a
iflz] >a

{

1

0

1 ifa<a<b
0 otherwise
1-b i) < a
0

a

{

{ iflgf>a 270
{6 kS e
{§ne flsn

{

sin(az) if |z| <b

0 ifs]>p  @0>0

@y 470

4 sin®(az) — sin®(Laz)

, a>0

e—a]m]

e ifz>0
0 ifz<0
{O ifz>0

s a>0
, a>0
, a>0

e ifzx<0

lz[*e™el 6 >0, n>0

\/isinw
T w

g (e—'ibw m eiaw)

V2Tw

2\/§sin2(“7“’)
T aw?

i\/—Qiaw cos(aw) — sin(aw)
T w?

, \/5 sin{nw)
Z —_—
T w?—1

. /2 wcos(bw)sin(ab) — a cos(ab) sin(bw)
vz

™

W2 _ g2

T e"'a'lwl
V2 a
—i4f -g sgnw el

Vi iflw<a
1
2
0

5 iflwl=a
if jw| > a

{1—%liﬂﬂ<a

0 if jw| > a

iflz|<a

(—z+2a)/a fa<z<2a
(

I'(n+1)

ifa<z<?2g
if |z] > 2a

2 a
. V 7 a? + w?

1 1

\/27rq+iw
1 1

Vora—iw

Ver

1 1
((a — jw)ltn + (@ + iw)i+n

)




B.1 Fourier Transforms

Table of Fourier Transforms (continued)

o)== [ T a fo) = 7w = 7= [ i@e e ao
17. e % 4>0 _\}_ae—%
18. ¢ 4>0 \/—12_-;@—%
19. xef%zz, a>0 ;—Sz/c;e_gz
20. wze"%mz, a>0 aa—;/csze %
21. 2% %%, 4> 0 —z‘w(j;z/;— ) -
22, € FHa(@), , (~1) e ™5 Ho(w)
H,,, nth Hermite polynomial
i 23.  Jo(z), Bessel function of order 0 { \/‘\/——~ if Jw] <1
if lw| > 1
\/_ﬁflw"_zT (W) ifjw|<1
24. Jn(x), Bessel function of order n > 0 .
ifjw]>1
Tn, Chebyshev polynomial of degree n.
Special Transforms
25. F(6(z))(w) = L 27. ]7(\/' = —isghw
27
26 F(do(z—a))(w) = —~12—-e“i‘“" 28. F(e"")(w) = v27dy(w — a)
"
Operatioﬁal Properties
29.  Flaf +bg)(w) = aF(f) +bF(g) 36. F(f g)(w) = F(f) * F(g)(w)
30.  F(f)(w) = iwF(f)(w) 37. F(f(@ - a))(w) = e F(f)(w)
31, F(f")(w) = ~2F(f)(w) 38. F(¢f(2))w) = F(f)(w —a)
32, F(F™)() = ()" F(f)(w) 39, F(cos(az)f(z))(w) = ZMe—altZ()ute)
3. Flef@)w) =i F(Hw) 40.  F(sin(az)f(x))(w) = T FNlte)
84, F(z"f(2))(w) = i" = F(f)(w) 41, F(f(ax))(w) = HF()(L), a#0
85.  F(f*9)(w) = F()(w)F(g)(w) 2. f(z) = F())(~a), FIF() = f(~2)
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Table of Fourier Cosine Transforms
2 [ - 9 [
@)=/~ [ Fulf)w) cos e d, F()w) = fuw) =1/2 [ f@)coswrs,
0 0
0<z<oo 0<w<

1 f0<z<a 2 sin aw
1. { 0 otherwise \/;sx o
2. e a>0 \/‘,2;11749_;7

—a 2 _a?—w?
3. ze ™ a>0 \/;’(a_z_ﬁﬁ
4. e°7/2 459 \_}_a_e-—wz/2a,
5. cosaze™®, ¢>0 \/ggﬁ%%;i—a
6. sinaze™®®, o3>0 \/—g 24‘2341%7;2
7. si=, a>0 Fe v
8. 2P, O<p<1 \/_;er___mr(p)‘czszgpw/Z)
é‘ cosx if0 < z <a 1 [sin a(l—w) 4 sin a(l+w)]

0 otherwise Ve | 1w Ho o

— Operational Properties
10. af(z)+ By(x) aFe(f)w) + BF(g)(w)
11.  f(az), a>0 %ﬁ(%) \
12, f(z) _ wfs(@) = /2 7(0)
13 f"(z) ~2fo(w) = /2 7/(0)
o~ ~7

14. zf(z) [fSJ (w)
15.  Fe(Fef) f




-

1 1 f0<z<qg
) 0 otherwise

2, e a>0

3. S TET g0

"g é —axr
4. “—, a>0
2
5. %x e a>0
6. Cosaze™ g~

7. sinaz €T a>0

8. a2\—tz2—’ a>0

9. gr-l O<p<i

10 sing f0<z<gqg
' 0 otherwise

1. af(z) + Bg(a)
12, flaz), o>
13.  f'(z)
f"(=)
zf(z)

Fs(Fsf)

Operational Properties

B.3 Fourier Sine Transforms AG9 "

Table of Fourier Sine Transforms

/Ooofs(f)(w) sin wz dw,

Fs(H)w) = fo(w) = \/g/ooof(a:) sinwz dz,

0<w< o

™ W

2_w
T a2+w2

2 2aw
w (a2 +w?)2

2 -1lw
\/;—taﬂ a

2
a:(;;z e~w /2a

2w

7 4ottt

2 2a%
\/;1;4(1‘7—{-0)Z

T o—aw
Ve

2 I(p) cos(mp/2)

T wP

sin agl—w! _ sina(l-%—w)}
1—w

I+w

2 1—cosaw
=2C0S aw

|

aFs(F)w) + B Fo(g) (w)

A0

~wfo(w)

o) + /2w g(0) ‘
- [7] @

f

m?‘\i ‘
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Table of Laplace Transforms

f0), t20 P = £7)0) = [ 10 ds
1. 1 1 s>0
2. ", n=1,2 ;,%!T, s>0 ’
3. t* (a>-1) Fﬁ‘if}), s>0
4. e L, s>a
5.  tredt G—_—(’;‘)i,,—ﬁ, s>a
6. e“;:gbt Gi‘ajl(T—T)’ s > max(a, b)
7. l’ig—}lﬁeit- e 5> max(a, b)
8. sinkt i, >0
9. cos kt iz, §>0
10. etsinkt e S>a
11. e coskt oot s>
12. tsinkt ?372-55575’ s>0
13. tcoskt z—s%_‘lc—k%g, s>0
14. #(sin at — at cosat) (—sﬁ%y)f, s>0
15. sinhkt = s> |k 4
16. coshkt 25z s> k|
17. e%sinhkt (sTa)kz_W 5> a+:{k|
18. e cosh kt ooz > a+|kl
10. tsinhkt ey, 8> [k
20. tcoshkt o, 5> K]

755 (kt cosh kt — sinh kt) W, s> |k




q

/ < B.4 Laplace Transforms A71

Table of Laplace Transforms (continued)

o0
£®), 20 Fo) = () = [ foeat
0
22, (50(t - f,o), to >0 e.'tos, s>0
_J 0 ift<a " emas
23. Mo(t~a)—{,l 1> q (a>0) —, §>0
‘ ‘ 1 T
J 24, f(t+T)=f(t) (T>0) : g / e f(¢) dt
- 0
. 1 T
S 25, = — - -8
FE+T) = —£#) (T >0) | Trem | e
! Triangular Wave
26. ] = Zrtenh (%), s>0
0 "a 24 34 t”
Square Wave
1 —asg
27, N l[g—] =1tanh (%), s>0
0 a 2a 3a ,
e——0 !
Sawtooth
28. V L — ey, 850
a 24 3a r
29. ﬂ‘t—‘lt- tan"1(2), s>0
: 30. Jo(at) Wxwed §>0
—‘GZ 8
31.  Jo(avi) = 3/4 , §>0
1 2PaPT(p+4)
32, tPJp(at) (p>-1) Trrayikr 50
7 k=% o
33. 5 (&) Je—z(at) (k> 0) iy >0
k=%
34, pfa(L)" Te—g(at) (k> 1) iy >0
| 0 Z 2n m —1 Y t™ !cos(at — o)
% 35. (Qa)Zn—m(m — ]_)l (s_Z-T-laT)—fT’ s>0
; (n an 1nteger > 1)
i n-1 _ . — mr
? 36 ! Z (2n = 3)! 1 i Cosgat_ —-22 ) s 0
| - (n=1) (m—-1Dln—m—1)! (2g)2n-m Ftazyms >
o (n an integer > 2)




Appendix B

Table of Laplace Transforms (continued)

f(&), t>0

F(s) = £(7)0) = [ " fe s,

37.

38.

39.

40.

41.

42,

erf(at) (a>0)
erf(av/t)

e (a>0)
T (@20)

same /% (a>0)

erfe (ﬁ) (a > 0)

Z 2
e/t erfc (£), s>0

‘s\/_j“ﬁ, S>O,

2 2
—*24—:?63 /4 erfe(), s>0

—aF
_e___\/_;__, s>0
e~evs 5> 0

%e‘“\/g, s>0

43.
44,
45.
46.
47.
48.
49;'
50.

51.

52.
53.
54.

55.

af(t) + Bg(t)
()

(t)

F® )
—tf(#)

" f(t)

Js flrydr

Jo I3 F(o) dpdr

J10)

t

ig)
Ut—a)fit—a) (a>0)
e f(t)

J(ct) (e¢>0)

fralt) = /0 f(r)olt ~7)dr

Operational Properties

aF(s) + BG(s)

sF(s) = f(0)
s2F(s) — sf(0) — f'(0)

s"F(s) = "1 f(0) — ... — f*71(0)
F'(s)

(~1) P
1F(s), s>0

L F(s), s>0

Aw F(u)du

/:o /:o F(u) dudo
)

e F(s
F(s—a)

() x

F(s)G(s)




