SF2704 Clustering and persistence
Matrics on n point set.

Metrics.

Let X be a finite set. A metric on X is a function d: X x X — R such that:
e d(a,b) = d(b,a) for any a and b in X;
e d(a,b) > 0andd(a,b) = 0if and only if a = b;
e d(a,b) +d(b,c) > d(a,c) for any a, band cin X.

We say that two sets with metrics (X, d) and (Y, d') are isometric if there is bijection f: X —
Y such that d(a,b) = d'(f(a), f(b)) for any a and b in X.

Exercise 0.

Show that being isometric is en equivalence relation on the set of metrics on X.
We use the symbol M x to denote the set of equivalence classes of the relation of being

isometric on the set of metrics on X. If X has n-elements, we also denote M x by M,,

Matrices.

We use the symbol M, to denote the set n xn matrices with real coefficient. We use the following
symbols to denote a matrix:

11 Q12 - Qip

Q21 Q22 --° Q2p
A =la;] =

Ap1  Ap2 e Ann

Let .S, be the permutation group of the set of n-elements. Consider a function

Sn X Mn — Mm [aij] = [ao(i)a(j)}

Exercise 1.

Show that the above function is an action of .S,, on M,,.

We say that two matrices [a;;] and [b;;] in M, are equivalent if there is a permutation of n-
elements o such that [b;;] = [ag(i)a(j)}. This is an equivalence relation (prove this). The set of
equivalence classes of this relation is denoted by M, /.S,, and called the orbit set. Its objects (the
equivalence classes) are called the orbits of the action. The function M,, — M,,/S,, that maps a
matrix [a;;] to its equivalence class is called the quotient function.



Exercise 2.

Consider two matrices in respectively M3 and My:

w N = O
Ol =~ O
DO =N
S O Ot W

Descibe all the elements in the orbits of A in B of the actions of respectively S5 and S, on M3
and M.

Exercise 3.

Let:
Qi; = 0 for all i,

Wn = [aij] € Mn ’ Qjj = Qj; > 0 for all ¢ 7é j,

a;j + aji > az, forall 4, j, and k

Prove that if [a;;] belongs to W, then so does [ag(z)a( )} for any permutation o in S,,.

In this way the action of S,, on M, restricts to an action of .S, on W,,.

Exercise 4.

Prove that there is a bijection between the quotient W,,/S,, and the set of metrics M,,.

Exercise 5.
Define i1: W,, x W,, — R as follows:

p([a], [biy]) = min \/Z @55 = bo(i)o(s))* [ 0 € Sh

Show that the function p factors as:

quotient (Wn/Sn) % (Wn/Sn) I R

Prove that the function zi: (W,,/S,) x (W,,/S,) — R is a metric.

Exercise 6.

Use the metric i: (W,,/S,) x (W,/S,) — R to introduce a metric on M,,.



Exercise 7.

Consider the following metrics on a 3 element set:
[ ] S [ ] [ ] - [ ]
A N A
[ ] [

Calculate the distance (using the metric from Exercise 3) between the above metrics.



