ctors in 2-Space and 3-Space

10.

11.

12.
13.

14.

15.
16.

17.

18.

19.

20.
21

Verify parts (a), (b), and (¢) of Theorem 3.4.1 forthe vectorsu = (4,2, 1) andv = (=3, 2, 7)';
Verify parts (a), (b), and (¢) of Theorem 3.4.2 foru = (5, —1,2), v = (6, 0, —2), and
w=(1,2,-1).

Find a vector v that is orthogonal to the vector u = (2,-3,9).

Find the scalar triple product u « (v X W).

(@) u=(-1,2,4), v= (3,4,-2), w=(-1.2,5)

(b) u=@3,-1.6), v=(2.,43), w= (5.-1,2)

Suppose that u « (v X W) = 3. Find

(@ u-(wxv) (b
(d ve@xw) (e
Find the volume of the parallelepiped with sides u, v, and w.
(@) u=(2,-6,2), v=(0,4,-2), w= (2.2, —4)

(b)) u=@3,1,2), v=&51), w= (1,2.4)

Determine whether u, v, and w lie in the same plane when positioned so that their initial
points coincide.

(@) u=(=1,-2,1), v=03.0,-2), w= (5,-4.0)
b u=5,-21), v=>@-11), w= (1,-1,0)
() u=4-81, v=(2,1,-2), w= (3,—4,12)

Find all unit vectors parallel to the yz-plane that are perpendicular to the vector (3. -1, 2)

(¢c) w-(uxv)
(f) v.(wxw)

(VXW)-u

(u X W) -V

24.

25S.

26.

27.

28.

29.

Cross Product =+ = 155

(a) Find the components of m and n in the x’y’z’-system of Figure 3.4.10.
(b) Compute m x n using the components in the xyz-system.

(c) Compute m x n using the components in the x"y’z’-system.

(d) Show that the vectors obtained in (b) and (c) are the same.

Prove the following identities.
(a) (u+kv)xv=uxv b) u-(vxz)y=—(uxz)-v

Let u, v, and w be nonzero vectors in 3-space with the same initial point, but such that no
two of them are collinear. Show that

(a) u x (v xw) lies in the plane determined by v and w
(b) (ux v) x wlies in the plane determined by u and v
Prove part (d) of Theorem 3.4.1.

Hint  Firstprove the resultin the case wherew = i = (1, 0, 0), thenwhenw = j = (0, 1, 0),
and then when w = k = (0, 0, 1). Finally, prove it for an arbitrary vector w = (w;, ws, w3)
by writing w = w;i + w,j + wsk.

Prove part (e) of Theorem 3.4.1.
Hint Apply part (a) of Theorem 3.4.2 to the result in part (d) of Theorem 3.4.1.

Letu=(1,3,-1), v=(1,1,2), and w= (3, —1,2). Calculate u x (v x w) using the
technique of Exercise 26; then check your result by calculating directly.

Prove: If a, b, ¢, and d lie in the same plane, then (a x b) x (¢ x d) = 0.

_ — (1. 1. 1) that are A\ 30. Itisatheorem of solid geometry that the volume of a tetrahedron is %(area of base) - (height).
Find all unit vectors in the plane determined by u = (3.0. 1) and v=(1, =1, ) Use this result to prove that the volume of a tetrahedron whose sides are the vectors a, b, and
perpendicular to the vector w = (1, 2,0). cis %|a - (b x ¢)| (see the accompanying ﬁgure)'
Leta = (a1, a», az), b = (by, by, b3), ¢ = (c1, 2, ¢3), and d = (d1, dy, d3). Show that = 31. Use the result of Exercise 30 to find the volume of the tetrahedron with vertices P, Q, R, S.
i (@ P(=1,2,0), 02, 1,-3), R(1,0,1), S(3,-2.3)
(a+d).(bxc)=a°(bxc)+d’(bxc) gure Ex-30
(b) P(0,0,0), 01,2, —1), R(3,4,0), S(=1,-3,4)
Simplify (u+v) x (w—V). J 32. Prove part (b) of Theorem 3.4.2.
Use the cross product to find the sine of the angle between the vectors u = (2,3, —6) and 33. Prove parts (¢) and (d) of Theorem 3.4.2.
v=(2,3,6). 34. Prove parts (e) and (/') of Theorem 3.4.2.
(a) Find the area of the triangle having vertices A(1,0, 1), B(0.2,3),and C(2,1,0).
(b) Use the result of part (a) to find the length of the altitude from vertex C to side AB.
Show that if u is a vector from any point on a line to a point P not on the line, an‘(;l"\/lnlv I ISCUSSION 35. (a) Suppose thatuand v are noncollinear vectors with their initial points at the origin in
vector parallel to the line, then the distance between P and the line s given by [Ju 1 IScove ry 3-space. Make a sketch that illustrates how w = v x (u x v) is oriented in relation
Use the result of Exercise 18 to find the distance between the point P and the line throu et touandv.
the points A and B. 1 ST (b) For w as in part (a), what can you say about the values of u - w and v - w? Explain
(@) (=3:1,2); A1, 1,0), B(-2,3,-4) (b) P43,0), A2, 1,-3), B0, 279 your reasoning. N
Prove: If 6 is the angle between u and v and u - v # 0, then tan 0 =luxvl[/@-V): 36. Ifu # 0, is it valid to cancel u from both sides of the equation u x v = u x w and con-
llelepiped with sid 3,2, 1),v=(1,1,2),and w = (1,:3,3)8 clude that v = w? Explain your reasoning.
i thsidesu=(3,2,1),v=_,1,2), 12
Coppigejiihe pargliclepipec wi : 37. Something is wrong with one of the following expressions. Which one is it and what is
(a) Find the area of the face determined by u and w. wrong?
(b) Find the angle between u and the plane containing the face determined by v and v:‘ u-(vxw), UXVXW, (u-v) xw
i t of th
le between a vector and a plane is defined to be the complemen 1 : |
i\:;gtlee e”ll“)lz ‘zgfneth :vector b hich0 <6 <7 23 38. What can you say about the vectors u and v ifu x v = 0?

A ra}

39,

Give some exambles of aleebraic rules that hold for multinlication of real nimhere bt



