Homological algebra and algebraic topology
Problem set 14

due: Monday Jan 11 in class.

Problem 1 (3pt). Identify S Intl with the space
{(20,- - 2n) € C™T | |22 + -+ + |2 = 1}.

Le., the unit sphere in C"*!. Let S* be the group of unit complex numbers. It acts
on $?"*1 by coordinatewise multiplication. The complex projective space CP" is
the quotient space of this action.
(1) Show that CP™ has a CW structure with a single cell in dimension 24, for
i=0,1,...,n
(2) Use the cell structure to describe the cellular chain complex and the ho-
mology of CP".

Problem 2 (2pt). Calculate the homology of RP™ with coefficients in Z/2 and in
Z/p, where p is an odd prime.

Problem 3 (2pt). Suppose that A C S™ is a subspace homeomorphic to S* v S'.
Prove that the homology of S™ \ A is isomorphic to the homology of S"~*~1 v
Sn—l— 1 .
Problem 4 (3pt). Let X be a topological space. Let X; C X, C --- be a sequence
of subsets with the following properties

(1) X =UnZ; X

(2) Every compact subspace A of X is contained in X, for some finite 7.
Prove the following

(1) Every element of H;(X) is in the image of H;(X,,) for some finite n.
(2) If an element u € H;(X;) maps to zero in H;(X), then it maps to zero in
H,;(X,,) for some finite n.



