Problem73# 2.4 Solution

Hélder’s inequality:

Zazb < Z 1/0 Zbl/l )\ 1-06

can be shown by means of Young’s inequality and a scaling argument.

Young’s inequality in its simplest form states:
zy < 020 + (1 — 9)yt/1=9 0<0<1, z,y>0).

To prove Holder’s 1nequa11ty, which i is first order homogeneous in both a; and
b;, we can assume that Zalm Zb(l/(l "~ 1.

Then from Young and the assumptlons
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To prove Young’s inequality (which is the convexity part of the proof) we
use the convexity of the curve y = exp(x), which implies that every chord
lies above the curve.

Let t > s and consider the chord through the points (s, exp (s)) and (¢, exp (t))
on the exponential curve.

If 0 < 6 <1 the point (fs+ (1 —0)t, Oexp(s)+ (1 —6)exp(t)) belongs to
the chord. In view of the convexity of the exponential curve we get:

exp (0s + (1 = 0)t) < Oexp(s)+ (1 —0)exp ()

Setting © = exp (s#) and y = exp (t(1 — 0)) (i.e. exp(s) = 2%, exp(t) =
y'/(1=9) we get the required inequality: xy < 02!/ + (1 — 0)y'/(1=9),

The above proof can of course also be done by means of the concavity of the
logarithmic curve.
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