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EXERCISES 03
1. a) Let C be an arbitrary simple closed contour. Use Green’s theorem to find a simple
interpretation of the line integral (1/2) ff;c (—ydx+x dy).

b) Consider §[cos ydx 4 sinx dy] performed around the square with corners at (0, 0),

(0, 1), (1,0), (1, 1). Evaluate this integral by doing an equivalent integral over the
area enclosed by the square.

¢) Suppose you know the area enclosed by a simple closed contour C. Show with the aid

of Green’s theorem that you can casily evaluate $z dz around C.

To which of the following integrals is the Cauchy—Goursat theorem directly applicable?

2. § sz, dz 3. é sz,dz 4. 99 et dz
lzl=12+21 |z+3il:12+21 lz—3il:6
16. Show that for

5. 56 Logzdz 6. 9§ Logzdz .
lz+il=1 z—1—-il=1 Hint: Consid

1 dz * the circle par.
7. é dz 8. § R ‘ 7. Let n be any

=12 (z— D +1 zZl=31—¢

é dz 14+i 3
9, _—, 0<b<l 10.f 7> dz alongy = X
iZl=bz2+bz+1 0 &Y

r> 0,

11. In the discussion of Green’s theorem in the appendix to this chapter, it is shown th
P(x, y) and O(x, y) are a pair of functions with continuous partial derivatives 0P/0 hange of var

9Q/0x inside some simply connected domain D and if §CP dx + Qdy =0 for
simple closed contour in D, then 8Q/0x = OP/0y inD. ' : luate the follc
Let f(z) = u(x,y) + ju(x,y) bea function such that the first partial derivatives

and v are continuous in a simply connected domain D. Given that fﬁf (2)dz=0 for
simple closed contour in D, use the preceding result to show that f1 (z) mustbe analy
This is a converse of the Cauchy—-Goursat theorem. There is another detivatio
climinates the requirement that the partial derivatives be continuous in D. Only u(x
v(x, y) are assumed continuous. The resulting converse of the Cauchy-Goursat

is known as Morera ’s theorern.

Prove the following results by means of Cauchy—Goursat theorem. Begin with sgez‘
formed around |z| = 1. Use the parametric representation 7= eie, 0<6<2m Separa
equation info real and imaginary parts.

27 27
12. f £0[cos(sin 6 + 0)]dd =0 13- f o5 0[sin(sin 6 + 6)1d0 =0
0 0

Prove that the following identities hold for any integer 7 > 0.
Hint: Use the contour and technique of the preceding problem but a different i

2n 2T
14. f s cos(0 — cosnf)db =0 15. f im0 gin (9 — cos nd)d
0 0
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how that for real a, where |a| > 1, we have fo " Tﬁ%de =0.

l = dz, where the integral is taken around the unit circle. Represent

Hint: Consider jiz——
previous four problems.

he circle parametrically as in the
Let n be any integer, r a positive real number, and zo a complex constant. Show that for

r>0,

‘ 0, n#-l1
: _ nd — 3 5
— S%—m\:r(z 20" 42 =0 =1

.:?%‘;nathat if " Hins: Refer to the derivation of Eq. (4.3-9) and follow a similar procedure. Consider the
/0y and change of variable z = zo0 + ret? indicated in Fig. 4.3-8.
= 0 for every

The contour is the square centered at the origin with corners at

Evaluate the following integrals.
problem as well as the principle of deformation

(2 + 2i). Theresult contained in the previous
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= 0 for every
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z™dz . . . .

6 z 22. 9§ , m > 0 is an integer (Hint: See previous theorem.)
e* dz per- (z —

parate your

23. Show that

99 L — 9§ _Loez g4,
z—31=2 (z+1D(z—3) = J-31=24(z-3)

Hint: Write 1/[(z + 1)(z — 3)] as a sum of partial fractions.
noverlapping boundaries are the

~9.T Let f(z) be a function

integrand ’ 24. Consider the n-tuply connected domain D whose no
grand. : simple closed contours Co, C1s.-» Cn-188 shown in Fig. 4.3

=0

[ ————————

TAn n-tuply connected domain has

n — 1 holes. See section 1.5.
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Co

Figure 4.3-9

that is analytic in D and on its boundaries. Show that

§Co f(z)dz = §C1 f(z)dz + SBCZ fydz+ -+ + 9%‘4 flz)dz.

Hint: Consider the derivation of the principle of deformation of contours. Make a set

cuts similar to those made in Fig. 4.3-4 in order to link up the boundaries.

25, Use the result derived in Exercise 24 to show

95 sin z dz-4; sin z dz+9§ sinz iz
e @-D -1 =1/2 (22— 1) =121

4.4 PATH INDEPENDENCE, INDEFINITE INTEGRALS, FUNDAME

THEOREM OF CALCULUS IN THE CoMPLEX PLANE

The Cauchy—Goursat theorem is a useful tool when we
function around a closed contour. When the contour is n
niques, derivable from this theorem, that can assist us in ev
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The preceding theorem is sometimes known as the principle of path
dence. Itis really justa restatement of the Cauchy-Goursat theorem. To establ
pr'mciple, we will consider two nonintersecting contours C1 and Cy, each
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Bach contour is 2
domain D in which f(z)is analytic. We will show that

’ f(z)dz = fz f(z)dz.

21
along C1 along C2

The preceding m

We begin by
placing a minus s

or, with an obvio!

loop formed by ¢
follows directly f
» Although we
lightly different
reats the case of
- Since any tw

1t. Thus the v




4 Integrationin the Complex Plane

190  Chapter

Figure 4.4-5

in a simply connected domain containing C1 and Cp. Show that

Use Theorem 6 to evaluate the following integrals along the curve y = Jx

442 442 442
2. f Jedz 3 j 14+7%dz 4 f 7+ 7 2dz
0 14

4421 4421
5. f & sinhzdz 6. f ¢t cosh e* dz
0 0

§. a) What, if anything, is incorrect about the following two integrations? The integrals
both along the line y = X- ‘

J‘l—ki 2 IRy 1+ i)2 .
zdz= = = =1,
0+i0 2 lo+io 2
fl-H B 72 \1+i (1- i)2 .
zdz= 7 =t =1
0-+i0 2

numerical value of ea
along the line connecting 2

0+4i0

b) What is the correct ch of the above integrals?

9. Find the value of ﬂ Log z dz taken —ewithz =1
necessary to specify the contour?

10. Find fl:fiﬂ ]—‘—Ofi dz, where the integral is along a

for Log z.

11. Find [{' 2

any point satisfying ¥

12, Find [} 2}/? dz. The branch o' 2

along y = 0,x <0, and the contout does not

13. Find fli i¢ dz. Use principal values. Why is it not necess

14. Performthe integration foi cos zcosh z dzby the two methods described belo
that they produce identical results. Why can the contour be left unspecifie
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1/2 dz. The principal branch of 7112 is used. The contour does not pas
=0,x<0.
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Circular arcs

Figure 4.4-6

a) Represent coSz and cosh z by exponential functions of z. Perform the multiplication
of the resulting expressions and integrate the exponentials.

b) The MATLAB Symbolic Math Toolbox can do many real symbolic integrals. Using
this feature, find the function whose derivative is the real function cos X cosh x and

exploit this result to evaluate the given integral.
Consider contours C; and & shown in Fig. 4.4-6. We can use the result derived in
Example 2 of this section to show that along C; we have f_ll 1/zdz = Ti.
'a) Explain why we cannot employ the principle of path independence to show that along
C, we must have [} 1/zdz = mi. '

b) Find the correct value of the integral along C, by employing 2 branch of log z that is
analytic in a simply connected domain containing the path of integration.

¢) Check the answer to part (b) by switching to the parametric representation of the
contour of integration with z = €', Integrate on the variable 0 (see Example 1).

. Do the following problem by employing Theorem 6.
a) Find fOZl dz/(z — i) taken along the arc satisfying |z — il = 1, Rez = 0.
b) Repeat part (a) with the same limits, but use the arc iz—il=1, Rez <0.

17. Letzy andzzp be a pair of arbitrary points in the complex plane. Contours C; and C; each
connect points zi and zp. The contours do not otherwise intersect, and neither passes

through z = 0. Explain why
itegrals?

= e withz = i, Why is it
along C1

intersecting the branch cut , Consider two cases:
! a) z = 0 doesnot belong to the domain whose boundaries are C1 and C, (see Fig. 4.4-7).
b) z = 0 does belong to the domain whose boundaries are Ci and C; (see Fig. 4.4-8).

_ Tn elementary calculus the reader learned the Mean Value Theorem: Tf f(x) is continuous
fora < x < b, then there exists a number x1, where a < X1 < b, such that

‘our does not pass through

= 1. The branch cut lies
» branch cut, fb f(x)dx = f( )b —a)
x)dx = f(x1)0 — a)-
a

specify the contour?
Show that this theorem does not have a counterpart for complex line integrals by doing

1tels]irs1bed Eeaow and check the following:
pecified? '
) Show that [[{(1/2%)dz = 1+ i, where the integral fs alone. +y=1




