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Hastings-Levitov type growth models

A basic conformal mapping:

g A={zeC:|z| >1} - A\ (1,1+d]
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Hastings-Levitov type growth models

A basic conformal mapping:
¢pg: A={zeC:|z| >1} - A\ (1,14 d]
normalized at oo by
b4(z) = C(d)z + O(1), C(d)> 0.

We get a compact set, the unit disk with a slit attached:
K = C\ ¢4(A). This models the arrival of one particle that sticks
to the unit disk.
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Hastings-Levitov type growth models

A basic conformal mapping:
¢pg: A={zeC:|z| >1} - A\ (1,14 d]
normalized at oo by
b4(z) = C(d)z + O(1), C(d)> 0.

We get a compact set, the unit disk with a slit attached:
K = C\ ¢4(A). This models the arrival of one particle that sticks
to the unit disk.We want to form aggregates of many particles!
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Hastings-Levitov type growth models

Two random sequences:

@ 01,05, ... a sequence of i.i.d. angles (points on T),
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Hastings-Levitov type growth models

Two random sequences:
@ 01,05, ... a sequence of i.i.d. angles (points on T),
@ di, dy, ... a sequence of slit lengths (positive numbers).

Rotate and scale the basic mapping:

¢% (2) = % g, (e "2)
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Hastings-Levitov type growth models

Two random sequences:
@ 01,05, ... a sequence of i.i.d. angles (points on T),
@ di, dy, ... a sequence of slit lengths (positive numbers).

Rotate and scale the basic mapping:
05 (2) = g, (e "2).

Distributions of d,, and #, to be specified in a moment.
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Hastings-Levitov type growth models

Define a sequence {f,}, of conformal maps iteratively:

fo(z) =z
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Hastings-Levitov type growth models

Define a sequence {f,}, of conformal maps iteratively:

fo(z) =z

fi = foo oy

fhr=fiodg

fn =Tp—10 ¢ZZ(Z)
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Hastings-Levitov type growth models

Define a sequence {f,}, of conformal maps iteratively:

fo(z) =z

fi = foo oy

fhr=fiodg

fn =Th—-10 ¢Z’;(Z)
We get a sequence of growing compacts: K, = C\ f,(A).
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Hastin, itov type growth models

Figure: Cluster with slit lengths d; = dy fixed, angles uniform in [0, 27].
25.000 iterations
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Hastings-Levitov type growth models

M. Hastings and L. Levitov wanted to model Laplacian growth
(DLA in particular), and chose the 6, and d, accordingly.
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Hastings-Levitov type growth models

M. Hastings and L. Levitov wanted to model Laplacian growth
(DLA in particular), and chose the 6, and d, accordingly.

Requirement 1: attachment point of new slit should be chosen

according to harmonic measure for previous cluster (diffusing
particles).
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(DLA in particular), and chose the 6, and d, accordingly.

Requirement 1: attachment point of new slit should be chosen
according to harmonic measure for previous cluster (diffusing

particles).
Solution: choose 6, uniformly distributed on T (correct due to
conformal invariance of harmonic measure)
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M. Hastings and L. Levitov wanted to model Laplacian growth
(DLA in particular), and chose the 6, and d, accordingly.

Requirement 1: attachment point of new slit should be chosen
according to harmonic measure for previous cluster (diffusing
particles).

Solution: choose 6, uniformly distributed on T (correct due to
conformal invariance of harmonic measure)

Requirement 2: we should be able to " prescribe” slit lengths at

each step (in particular, we want to be able add slits of the same
length)

Alan Sola Anisotropic HL clusters



Hastings-Levitov type growth models

M. Hastings and L. Levitov wanted to model Laplacian growth
(DLA in particular), and chose the 6, and d, accordingly.

Requirement 1: attachment point of new slit should be chosen
according to harmonic measure for previous cluster (diffusing
particles).

Solution: choose 6, uniformly distributed on T (correct due to
conformal invariance of harmonic measure)

Requirement 2: we should be able to " prescribe” slit lengths at
each step (in particular, we want to be able add slits of the same
length)

Solution: choose new length as

0

dp= ————,
’fr;fl(e'e"”ap

0<a<?2.
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Hastings-Levitov type growth models

The number dg > 0 is a fixed parameter (setting a kind of scale),
and we take 0 < a0 < 2.
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Hastings-Levitov type growth models

The number dg > 0 is a fixed parameter (setting a kind of scale),
and we take 0 < a0 < 2.

@ End point o = 0: iterate independent copies of fixed map
with d, = dp, lengths of image slits vary wildly.
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Hastings-Levitov type growth models

The number dg > 0 is a fixed parameter (setting a kind of scale),
and we take 0 < a0 < 2.

@ End point o = 0: iterate independent copies of fixed map
with d, = dp, lengths of image slits vary wildly.

@ End point a = 2: the length distortion under the mapping at
el is |f!_,(e')|. Slits of equal length &y added
(heuristically),conformal mapping version of DLA.
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Hastings-Levitov type growth models

The number dg > 0 is a fixed parameter (setting a kind of scale),
and we take 0 < a0 < 2.

@ End point o = 0: iterate independent copies of fixed map
with d, = dp, lengths of image slits vary wildly.

@ End point a = 2: the length distortion under the mapping at
el is |f!_,(e')|. Slits of equal length &y added
(heuristically),conformal mapping version of DLA.

Many numerical studies of HL(a).
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Hastings-Levitov type growth models

The number dg > 0 is a fixed parameter (setting a kind of scale),
and we take 0 < a0 < 2.

@ End point o = 0: iterate independent copies of fixed map
with d, = dp, lengths of image slits vary wildly.

@ End point a = 2: the length distortion under the mapping at
el is |f!_,(e')|. Slits of equal length &y added
(heuristically),conformal mapping version of DLA.

Many numerical studies of HL(a).

Some rigorous results (for a regularized version) due Rohde and
Zinsmeister (2005), recent work by Norris and Turner (2008) in the
case . =0

Related work by Johansson and S. (Loewner chains driven by
compound Poisson processes)
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Hastings-Levitov type growth models

We study a model where the growth is anisotropic.
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@ 01,05, ...1.id, with law dv = h,(0)d6.
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Hastings-Levitov type growth models

We study a model where the growth is anisotropic. We choose
@ 01,05, ...1.id, with law dv = h,(0)d6.

@ dy =dy=---=d, fixed and hence independent of the history
of the process.
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Hastings-Levitov type growth models

We study a model where the growth is anisotropic. We choose
@ 01,05, ...1.id, with law dv = h,(0)d6.

@ dy =dy=---=d, fixed and hence independent of the history
of the process.

For instance, we can choose

o dv = x[o,;(0)d0, for some 1 € (0, 27)
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Hastings-Levitov type growth models

We study a model where the growth is anisotropic. We choose
@ 01,05, ...1.id, with law dv = h,(0)d6.

@ dy =dy=---=d, fixed and hence independent of the history
of the process.

For instance, we can choose
o dv = x[o,;(0)d0, for some 1 € (0, 27)
o dv = cos?>(mf)df, for m=1,2,....
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Hastings-Levitov type growth models

Figure: Cluster with slit lengths d; = dy fixed, angles uniform in [0, 7].
25.000 iterations

Figure: Cluster with slit lengths d; = dp fixed, angles with density
cos?(mx). 25.000 iterations
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Evolution of harmonic measure

We would like to describe harmonic measure on Kp in the limit
d—0and N — oo.
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Evolution of harmonic measure

We would like to describe harmonic measure on Kp in the limit
d — 0 and N — oco. The right scaling: N = O(d~2).
The inverse slit map

gd_>A\(]-71+d]_>A

extends continuously to a map (0,27) — (0,27), and can be lifted
to a periodic, real-valued function g4.
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to a periodic, real-valued function g,. The inverse of the iterated
maps

Tv=gMo--gh:C\Ky— A

Alan Sola Anisotropic HL clusters



Evolution of harmonic measure

We would like to describe harmonic measure on Kp in the limit
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The inverse slit map
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extends continuously to a map (0,27) — (0,27), and can be lifted
to a periodic, real-valued function g,. The inverse of the iterated
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can be lifted to R in a similar way. Call this lifting Xy, a
real-valued stochastic process.
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Evolution of harmonic measure

We would like to describe harmonic measure on Kp in the limit
d — 0 and N — oco. The right scaling: N = O(d~2).
The inverse slit map

gd_>A\(]-71+d]_>A

extends continuously to a map (0,27) — (0,27), and can be lifted
to a periodic, real-valued function g,. The inverse of the iterated
maps

Tv=gMo--gh:C\Ky— A

can be lifted to R in a similar way. Call this lifting Xy, a
real-valued stochastic process.
Then wy(oo, E) = Xn(02) — Xn(01) if E lies "between” 67 and 6.
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Evolution of harmonic measure

We prefer to work with a Poissonized version of X)y.
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Evolution of harmonic measure

We prefer to work with a Poissonized version of X)y.
Introduce a Poisson random measure p with intensity measure

satisfying
dt
—— dv(x
o) )

where p(d) = O(d?).
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Evolution of harmonic measure

We prefer to work with a Poissonized version of X)y.
Introduce a Poisson random measure p with intensity measure

satisfying
dt
—— dv(x
o) )

where p(d) = O(d?).Consider the process

Xq(t) = /Ot/ng(Xs_ — x)u(dt, dx), X(0) = xp (1)
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Evolution of harmonic measure

We prefer to work with a Poissonized version of X)y.
Introduce a Poisson random measure p with intensity measure

satisfying
dt
—— dv(x
o) )

where p(d) = O(d?).Consider the process

t
Xu() = [ [ ke —xutdr.d). X©=x ()
o Jr
and the ordinary differential equation

¥(t) = HPI(4(t),  4(0) = xo. (2)

where H[v] denotes the Hilbert transform of the measure v.
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Evolution of harmonic measure

We prefer to work with a Poissonized version of X)y.
Introduce a Poisson random measure p with intensity measure

satisfying
dt
—— dv(x
o) )

where p(d) = O(d?).Consider the process

t
Xu() = [ [ ke —xutdr.d). X©=x ()
o Jr
and the ordinary differential equation

U(t) = Hl(e(1),  ¥(0) = xo. ()
where H[v] denotes the Hilbert transform of the measure v. Our
first main result reads as follows.
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Evolution of harmonic measure

We prefer to work with a Poissonized version of X)y.
Introduce a Poisson random measure p with intensity measure
satisfying
dt
——— dv(x)
p(d)

where p(d) = O(d?).Consider the process

Xq(t) = /Ot/ng(Xs_ — x)u(dt, dx), X(0) = xp (1)
and the ordinary differential equation
d(t) = H)(¥(1),  ¥(0) = xo. (2)

where H[v] denotes the Hilbert transform of the measure v. Our

first main result reads as follows.
THM (Johansson, S, Turner): Then, as d — 0, we have

Xg— 1 (3)
in probability in the Skorokhod space.
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Evolution of harmonic measure

Sketch of proof.
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Sketch of proof.
We write X(t) = A(t) + M(t), where M(t) is a martingale.
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Evolution of harmonic measure

Sketch of proof.
We write X(t) = A(t) + M(t), where M(t) is a martingale.
Then
Xa(t) —(t) = M(t)
+ [ @x(s) - HinIX()ds
0

+f (HIBI(Xa(s)) — HIRI(o(s))ds (4)
0
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Sketch of proof.
We write X(t) = A(t) + M(t), where M(t) is a martingale.
Then
Xa(t) —(t) = M(t)
+ [ @x(s) - HinIX()ds
0

+f (HIBI(Xa(s)) — HIRI(o(s))ds (4)
0

@ M(t) is shown to be small, using martingale techniques and
estimates on gy.
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Evolution of harmonic measure

Sketch of proof.
We write X(t) = A(t) + M(t), where M(t) is a martingale.
Then

Xy(t) — (t) = M(t)
+ / (a(X(s)) — H[m1(X(s))ds
0
+ /0 (HIA(Xa(s)) — HIn((s))ds  (4)

@ M(t) is shown to be small, using martingale techniques and
estimates on gy.

@ pointwise convergence of a = a(x) to the Hilbert transform by
means of estimates on g4 and computations
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Evolution of harmonic measure

Sketch of proof.
We write X(t) = A(t) + M(t), where M(t) is a martingale.
Then

Xalt) — (t) = M(2)
+ [ @x(s) - HinIX()ds
0

+f (HIBI(Xa(s)) — HIRI(o(s))ds (4)
0

@ M(t) is shown to be small, using martingale techniques and
estimates on gy.

@ pointwise convergence of a = a(x) to the Hilbert transform by
means of estimates on g4 and computations

@ use Gronwall's lemma, and additional estimates
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Evolution of harmonic measure

Figure: Left: the process Zy, right: the limit flow.
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Evolution of harmonic measure

Figure: Left: the process Zy, right: the limit flow.

Geometric consequence of this result:
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Figure: Left: the process Zy, right: the limit flow.

Geometric consequence of this result:

@ number of infinite fingers of cluster converges to number of
stable equilibria of the ODE
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Evolution of harmonic measure

Figure: Left: the process Zy, right: the limit flow.

Geometric consequence of this result:

@ number of infinite fingers of cluster converges to number of
stable equilibria of the ODE

@ positions at which fingers are rooted to unit disk converge to
unstable equilibria of the ODE.
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Evolution of harmonic measure

We also characterize the fluctuations around this limit.
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Evolution of harmonic measure

We also characterize the fluctuations around this limit. Setting
Z4(t) = —=(X(t) —¥(t 5

for an appropriate constant c(d),
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Evolution of harmonic measure

We also characterize the fluctuations around this limit. Setting

Za(t) = C(ld)<><(t> ) (5)

for an appropriate constant c¢(d), we find that the process Z,
tends to the solution to the SDE

dZ(t) = H'[V)(¢(t) Z(t)dt + /b (1(t))dB(t) (6)

in distribution.
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Evolution of harmonic measure

We also characterize the fluctuations around this limit. Setting

Za(t) = C(ld)<><(t> ) (5)

for an appropriate constant c¢(d), we find that the process Z,
tends to the solution to the SDE

dZ(t) = H'[V)(¢(t) Z(t)dt + /b (1(t))dB(t) (6)

in distribution.The proof is somewhat technical.
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Evolution of harmonic measure

Worth pointing out:

@ Anisotropy kills randomness in the scaling limit (cf. Brownian
web in the isotropic case-pure randomness!).

@ No fluctuations outside the support of v.

@ A global description of the clusters in terms of conformal
mappings and the Loewner equation is possible.

@ Can allow for random slit lengths, tending to 0 in an
appropriate sense.

@ Dependence in slit lengths still hard to handle—future work.

Alan Sola Anisotropic HL clusters



Evolution of harmonic measure
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Evolution of harmonic measure

Thank you for your attention!
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