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Best-choice problem

e N i.i.d. random variables from a known distribution function F(x) are observed
sequantially with the object of choosing the largest.

e At the each stage observer should decide either to accept or to reject the variable.
e Variable rejected cannot be considered later.
e [he aim is to maximize the expected value of the accepted variable.

Let F'(xz) is uniform on [0, 1].
The threshold strategy satisfies the equation (Mozer's equation):
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m-person best-choice game with one stop
e Each of m companies (players) wants to employ a secretary among N applicants.

e Each player observes the value of applicant’'s quality and decides either to accept
or to reject the applicant.

e Applicants’ qualities have uniform distribution on [0,1].

e If the player 57 accepts an applicant then there is probability p; that the applicant
rejects the proposal, 7 =1,2,...,m.

e If player 5 employs a secretary then he leaves the game. The payoff of the player
is equal to the expected quality’s value of selected secretary.

e Applicant rejected by player cannot be considered later.
e The shortfall of a player not employing an applicant is C, C € [0, 1].

e Each player aims to maximize his expected payoff.



One player

p1 =1 —p1.

vi(p1) — expected payoff of the player at the stage i, i = 1,2,..., N.

The player

1 1
— 1 —
v (p1) = /plaf dz + /pl(—c)dfl? = % — p1C.
0 0
accepts the i-th applicant with quality value z if = > v}, ; (p1).

'Uil(pl) = E(max {plCU +]31’U,L-1_|_1(p1); U¢1+1(p1)}>
- %(1 - 'Uil_|_1(p1)>2 + ’Uil_|_1(p1)a
vy (p1) =—-C,i=1,2,..,N.

Table 1. Optimal thresholds for N = 10, p1 = 0, C = 0.

1 2 3 4 5 6 4 8 9

10

’UZ-1_|_1(p1)

0.850 0.836 0.820 0.800 O0.775 0.742 0.695 0.625 0.5

0




Two players (A. Garnaev, A. Solovyev, 2005)

The expected payoff of the j-th player at the stage i is vf’j,j =1,2,1=1,...
2,9 .
vy = vk(p), i =1,2.

At the stage N — 1 the matrix of the game is following:

A2 RQ
Arf (mi,miy)  (mismis)
2 _
My1(@) = Rl( (mép m%l) (méza m3,) )7

where

ml; = prz+ok(p1) +p2ok (1) +(1 — p1 — p2)vn’;

22,
m%1 — p2x +p%"izlv(p2) + (1 —2211 — p2)vN",
ml, = piz +oy + (1 —p1)oy';

1 _" 2o
mi, = p1vy(p2) + prvy’,

— ,]__
ma; = p2’0]1v(p1) + pavy

2 —_— - 272
maq — p%w ‘I‘pQ’UN :
1 2
M3y = Uy
2 2,2
Mo = Uy

viz-il 1
2J  — — 27 _ L.
vt = Of Vig1 dz + f (pjz + bjv;)) de = vi(p;);j = 1,2.

Ui-i-l



m players
The expected payoff of the j-th player at the stage i is fu;”’j,j =1,2,...m,i=1,...,N.
The player 3 accepts the -th applicant with quality value z if

x>, i=1,2,..,N—1.

Theorem 1 In the m-person best-choice game each player uses an optimal strategy
as if the other players were not there, that is, v’ = vl(p;),7 = 1,2,...,m;i =
1,..,N—1;v5(p;) =%+ p;C for every m.



m-person best-choice game with two stops

e Each of m companies (players) wants to employ two secretaries among N ap-
plicants.

e Each player observes the value of applicant’s quality and decides either to accept
or to reject the applicant.

e Applicants’ qualities have uniform distribution on [0,1].

e If player j accepts an applicant then there is probability p; that the applicant
rejects the proposal 57 =1,2,...,m.

e If player 5 employs two secretaries then he leaves the game. The payoff of the
player is equal to sum of the expected quality values of selected secretaries.

e Applicant rejected by player cannot be considered later.
e The shortfall of a player not employing any applicant is C, C € [0, 1].

e Each player aims to maximize his expected payoff.



One player
v} (p;) — expected payoff of the player at the stage ¢

’Ug’)r(pj) — expected payoff of the player at the stage r on condition he has already
employed a secretary at the stage 1

The expected player’s payoff if he stays in the game alone is following

v} (pj) =E (maX{pj(Xﬂrvim(pj))+ﬁjv}+1(pj); v}+1(pj)}) i=1,2,....N,
vyy1(pj) = —C;

v;,(p;)) =E (max {ijr + pjvi 1 (P); Uz-l,r_i_l(pj)}) r=i4+1,... N,

vl v (i) = —C.

If the player has already employed an applicant at the stage z, he accepts another
applicant if x > vilr—l-l(pj)'

The first applicant would be accepted at the stage i if z > v}, (pj) — v}, 1(p)).
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v =t Of Wiy —vip)det | (iatp (v —viip))de

v Ui,i+1

i+l
— 1 j 1 1 2.
_Ui+1+%(1_(vi+l_vi,i+l)) 7
Uz'l.,r+1 1
1 _— [,1 1 — 1 j 1 2.
Uip = ({vi,r—i—ldx_l_lf(pjx + (1 - pj)vz’,r—l—l)dx_vi,r—l—l_'_%(l - Uz‘,r+1) :
Virg1
Uz'l,N: % — ﬁjC’; . , | -
vl = v%r(pj); vi =v (pj),i=1,.,.N—1,r=i+1,.. N.
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Table 2. Optimal thresholds for N =10, p; =0, C =0

1 1 2 3 4 5 §) 7 8 9

vl — v}y, | 0757 0.735 0.708 0.676 0.634 0.579 0.5 0375 O

'U,L.li_|_1 0.850 0.836 0.820 0.800 O0O.775 0.742 0.695 0.625 0.5




Two players

vf’j — expected payoff of the j-th player at the stage ¢
vi;j,j = 1,2 — expected payoff of the j-th player at the stage r on condition he has

already employed a secretary at the stage 1

At the stage N — 2 if the first player hasn’'t employed a secretary and the second
player selected one, the matrix of the game is as following:

AQ RQ
A1 (méll_]_)m%l) (m%z,mé)
2 _
My _o(z) = Rl( (méla m%l) (mézv m%Q) )7

where

2,1 2,1
m%l — p1(513—|—’UN_2 N—l) +p2'U]1\7_1(p1) +(]— —P1— pQ)UN_l,

2, 22 .
mfl — p2v +p1vi,N—l + (1 —-p1— pQ)UZ-,N_l,

2,1 2,1 .
m%Q — pl(m + UN—Q,N_l) + (1 _pl)UN_lr

2 __ 1 - 22 .
myo> = plvi,N_l(pz) + P1Y; N1,

1 1 - 2,1 .
ma; = P2’UN_1(Z91) + P2Un_ 1

2 P - 272 .
myp — P27 + pQ’UZ-,N_l,
1 — 21 .
Moy = Un_1»

2 __ .2
Moy = V; Ny_1-



m-person game

v{”’j,j =1,2,...,m — expected payoff of the j-th player at the stage i
vf”j:j,j = 1,2,...,m — expected payoff of the j-th player at the stage r» on condition
he has already employed a secretary at the stage ¢

Theorem 2 in the m-person best-choice game each player uses an optimal strategy
as if the other players were not there, that is, v"’ = v}(p;),i=1,..,N —1;

,Um,j — vilar(pj)7r =1 + 17 7N1 Uil,N(pj =& +23]C7] — 1’ 2’ seey 1ML

%7 2
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