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Quasi-maximum likelihood estimation for multivariate CARMA processes
LPreIiminaries
L Motivation

Introduction
Versatile class of auto-regressive moving-average processes

Xn — (,01Xn_1 — ... — SOan—p =&, + 91571—1 + ...+ 9q5n_q

Extensions to
» multivariate models (Vector ARMA)
» continuous-time models (CARMA)
Advantages:
» Modelling of dependent time series

» High-frequency and/or irregularly spaced observations

Problem: Estimation
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LPreIiminaries

LMultivalriate CARMA processes

Multivariate CARMA processes

R™-valued Lévy process L satisfying E||L(1)

|2 < oo.
An Ré-valued second-order MCARMA(p,q) process solves

P(D)Y () = Q(D)DL(1), D= %.
Auto-regressive polynomial

P(2) = 12" + Aj2P71 L+ A, € Mg(R[2])
Moving-average polynomial

Q(2) = Boz" + B2 ...+ B, € My (R[2])

[m]

=
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LPreIiminaries

LMultivariate CARMA processes

Multivariate CARMA processes

Stationary solution to continuous-time state space model

state equation d X (t) =</ X (t)dt + BdL(t)
observation equation Y (t) = [I4, 04,

5 0g] X(2),
F 0 1y 0 0
0 0 I, :
ﬂ: . 0 s
0 ... 0 1y
L _Ap _Ap—l _Al
T p—j—1
%= 01 T B =—Togl) | > AiBpjoi+ Bej
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LPreIiminaries

LMultivalriate CARMA processes

State space models |

state equation

General N-dimensional continuous-time state space model
observation equation

dX (t) =AX(t)dt + BdL(t)

Y (1) =CX (1),

Ae MyR), BeMynR), CeMin(R)

Sufficient condition for stationarity of the state process X :
Re )\, <0,

A, v=1,..., N, eigenvalues of A.
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LPreIiminaries

LMuItivariate CARMA processes

State space models |l

X satisfies

X(t) =

t
A=) X () +/ AV BAL(u)
The output process Y satisfies

t
Y(t) = / CeAt=0 BAL (u).
Its spectral density is given by

fr (W)

%C(iw Ay BB (—iw — AT) T
T
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LPreIiminaries
LMultivalriate CARMA processes

Equivalence of MCARMA und multivariate state
space models

Theorem

The stationary solution Y of the multivariate state space
model (A, B,C, L) is an L-driven MCARMA process with
auto-regressive polynomial P and moving-average polynomial
Q if and only if

C(zly — A)™'B =P(2)7'Q(z), VzeC.
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Quasi-maximum likelihood estimation for multivariate CARMA processes
LPreIiminaries

LMuItivariate CARMA processes

A useful decomposition

Theorem

Let Y be the output process of the SSM (A, B,C, L),
» Ac MN(R)
» )\ € O'(A), i # )\j

3 vectors sq,

., 8y € C™\{0,,} and by,
such that

by € C\{0,)
Y() =3 Y., Yilt)=b, /_t s, L(w)



LMain results

Quasi-maximum likelihood estimation for multivariate CARMA processes

LPlrobabilistic properties of the sampled process

Probabilistic properties of the sampled process

We observe the process Y at discrete, equally spaced times
Y M = Y (nh),
Linear innovations

nez h>0.
e —

W _ym_p vM (M) . ~ white noise
T

orthogonal projection onto span {Y&h) t—oo < v < n}

We define the polynomial

=1

plz) =T [1—e™"z] eCle].

[m]

=
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LMain results

LProbabilistic properties of the sampled process

VARMA structure of Y ()

Theorem

There exists a stable monic polynomial © € M,(C|[z]) of
degree at most N — 1 such that

p(B)Y®W =9(B)e®,  BiY® =y
holds.
= Y ®) is a weak VARMA(N, N — 1) process.
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LMain results
LPlrobabilistic properties of the sampled process

The innovations process

First r eigenvalues real: A\, e R for 1 < v <r;
AN =My EC\Rforv=r+1,r+3...,N—1.

h
M, = / =X g T ()
0
T
M = (M- M re MY im M- ove MT_im M|

Theorem
If M has a non-trivial absolutely continuous component with

respect to ™V the innovations process ™ is strongly mixing
with exponentially decaying coefficients.
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LMain results

leentifiability and quasi-maximum likelihood estimation

Parameter identifiability in MCARMA models |

Quasi-maximum likelihood approach + discrete observations
= distinction between models based only on second-order
properties of the sampled process

Definition (ldentifiability)

A collection of continuous-time stochastic processes
(Y 9,9 € O) is identifiable if for any 1, # 95 the two
processes Yy, and Yy, have different spectral densities.
It is h-identifiable, » > 0, if for any ¥, # 1, the two
processes Ygll) and Yg;) have different spectral densities.
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Quasi-maximum likelihood estimation for multivariate CARMA processes

leentifiability and quasi-maximum likelihood estimation

Parameter identifiability in MCARMA models Il
w : Rq D) @ > ’19 = (A'ﬂ;B'l%CﬂaL'ﬂ);
Assumption (Minimality)

© compact.
For all ¥ € O the triple (Ay, By, Cy) is minimal in the sense

C(ZIm — A)_lB = Cﬂ(ZIN — Aﬂ)_quy =m > N.
Assumption (Eigenvalues)
For all ¥ € © the spectrum of Ay is contained in the strip
{z€C:—n/h<Imz < 7w/h}.

[m]

=
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LMain results

leentifiability and quasi-maximum likelihood estimation

Theorem

Parametrization ¢ : © D 9 — (Ay, By, Cy, Ly)
» identifiable

» "Minimality"

» "Eigenvalues"

Then the corresponding collection of output processes
{Y y,V € ©} is h-identifiable.

Parameter identifiability in MCARMA models I

14/26
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LMain results

leentifiability and quasi-maximum likelihood estimation

Gaussian maximum likelihood estimation |
The QML estimator of ¥ based on y* = (y;,...,y;) is

AL
U = argmaxyeg Ly (yL) , true parameter Y, € int O,

where the Gaussian likelihood function is

L —1/2 1L
L <yL) ~ (H det ng) exp {—5 > eg’nvﬁ_ﬁeﬂ,n}

n=1 n=1

and

_ (h)
€9n =Y, — Pn—lyﬂ,n {Y,E,h)VZyU11§V<n} )

Von =E [eaneg’n ]Yf;‘l =y, 1<v< n} .
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LMain results

Quasi-maximum likelihood estimation for multivariate CARMA processes

leentifiability and quasi-maximum likelihood estimation

The sampled process Y (") satisfies the discrete-time state
space model

Gaussian maximum likelihood estimation |l

where the i.i.d. sequence (Z,,),cz is given by

nh
Zn:/
(

A BAT (u).
n—1)h
» Kalman Filter

» Numerical maximization
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LMain results

leentifiability and quasi-maximum likelihood estimation

QML estimation - Consistency

Assumption: h-identifiable parametrization

Theorem (Strong consistency)

AL
For every sampling interval h > 0, the QML estimator 9 is
strongly consistent, i.e.

AL
Y — Iy as aslL — oo.

u}
)
I
il
it
)
)
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LMain results

leentifiability and quasi-maximum likelihood estimation

QML estimation - Normality
Assumption: E||L(1)||*** < oo for some § > 0.

Theorem (Asymptotic normality)

AL
For every sampling interval h > 0, the QML estimator 9 is
asymptotically normally distributed, i.e.

VI (ff - 00) DN(0,9), Q= J( W) T(30)] (F0) ",

2
J(9) =

_ [,11—I>rolo L9900 log %Ly (yL)’

.4 0
I1(9) :ngrgoﬁVar%long (yL)

18/26
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leplementation and application
LCanonical parametrizations

Echelon state space parametrizations

> Integer N > 0 (McMillan degree)

» Non-negative structure indices v = (v,
z Vv, = N

,Vq) satisfying
Canonical parametrization

wl/ : Rq( ) D039+ (Aﬂ,Bﬂ,Cﬂ,L0)7

Ay € ]kl}v»(Ei)
» h-ldentifiability

» Every MCARMA process is obtained for some v.

[m]

=
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leplementation and application

L Canonical parametrizations

Examples of canonical parametrizations

v = (1,1) (Ornstein-Uhlenbeck type process), 7 parameters:

91 Vo _ 91 Vo _ 1 0
"[ 93 Oy }' Bo = [ s 0, |0 “°=| 0 1

v = (1,2), 10 parameters:

91 Vo 0 91 V2
0o o0 1 |, Bg= g 97 , Co
P93 P4 U5 93 + 9596 V4 + 9597

v =(2,1), 11 parameters:

o 1 1 97 g
P91 P2 P93 |, By = | Y1+0297 UI3+92098 |, Cyp
P94 95 Ve Vg + 9597 6 + U598

Ay =

] =

Q>
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leplementation and application

LSimulation study
:

Simulation study |

Normal inverse Gaussian Lévy process I with parameters

§>0,k>0,8eR" Ac M(R)
given by normal mean-variance mixture

L(1) 2 p+VAB+ V2N,
where
V ~1G(6/K,6%), N ~N(0,A).
» Pure jump
» Skewed

» Semi-heavy tailed
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leplementation and application

L Simulation study
:

Simulation Study Il

Bivariate NIG-driven MCARMA, 5 process
% 92 0

XM= 0 0 1 |x(@)dt+
3 U4

g | drQ),
U3 + 9506 U4 + I507
] X(t), vech$" = (¥s,79,910).

Al o
U
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leplementation and application
LSimulaticm study

Simulation Study Il
One realization of a bivariate NIG-driven MCARMA, 5 process

First Component

5 T T T
0f
-5 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Second Component
5 T T T

I I I I
0 200 400 600 800 1000 1200 1400 1600 1800 2000
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leplementation and application
L Simulation study
:
The effect of sampling
First Component
5 T T T
_ I I I I I I I I I
E?OO 605 610 615 620 625 630 635 640 645 650
Second Component
5 T T T
- I I
800 605 610

I
615

I I I I I
620 625 630 635 640

650
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leplementation and application

LSimulation study

QML estimates for a bivariate NIG-driven MCARMA,

» Time horizon [0, 2000] » 350 replicates

» Observed at integer times
para. | sample mean bias sample std. dev. | est. std. dev.
Y91 -1.0001 0.0001 0.0354 0.0381
J2 -2.0078 0.0078 0.0479 0.0539
93 1.0051 -0.0051 0.1276 0.1321
94 -2.0068 0.0068 0.1009 0.1202
U5 -2.9988 -0.0012 0.1587 0.1820
J6 1.0255 -0.0255 0.1285 0.1382
Y7 2.0023 -0.0023 0.0987 0.1061
g 0.4723 -0.0028 0.0457 0.0517
J9 -0.1654 0.0032 0.0306 0.0346
Y10 0.3732 0.0024 0.0286 0.0378
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leplementation and application

LExampIe from Economics

Application to corporate bond yields

Weekly yields for Moody's seasoned Aaa and Baa corporate bonds
18 T T T T T T T

—Aaa bonds
16k —Baa bonds

14 ]

Yield [

BB
@ 2 N
Il Il Il

=
L

1 1 1 1 1 1 1 1
1665 1970 1975 1980 1985Y 1990 1995 2000 2005 2010
ear
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leplementation and application

LE><amp|e from Economics

Application to corporate bond yields

Data show unit roots but no cointegration
Weekly log-yields after differencing and devolatilization using a
moving window of width 52 (corresponding to one year)

Aaa Bonds
sl T T i
| !
[l I
-5 1 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Baa Bonds
sl T T i
0 I i
-5 1 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
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leplementation and application

LE><amp|e from Economics

Application to corﬁorate bond yields
QMLE estimates of the parameters of an MCARM A, g
model for weekly yields of Moody's seasoned corporate bonds

\ (@, ) | @D [ L2 [ [CRE) [ 2.2 \

\ 9 To@d [ 9 [oe@d | 9 [o@) [ 95 [ o) |
91 -1.1326 0.1349 -1.1538 0.1401 -1.3776 0.0320 -0.0010 0.0336
Vo 0.2054 0.1171 0.2307 0.1008 -2.4033 0.0197 -1.1601 0.5964
93 0.3316 0.1206 -0.2528 0.1716 0.0228 0.0050 -0.0098 0.0268
Iy -1.0935 0.1065 -0.0362 0.0472 -4.9948 0.1096 0.1829 0.7429
V5 2.4105 0.2324 -1.2516 0.1286 -4.6276 0.1538 1.4646 0.3931
Ig 2.2483 0.2061 -2.5747 0.4595 -0.0153 0.0108 1.3662 0.4039
V7 2.7055 0.2116 1.6345 0.2940 -1.2442 0.0391 -0.7438 0.2387
Jg 2.8552 0.1966 0.2573 0.0492 -1.7563 0.7209
Vg 3.5702 0.2151 2.4302 0.1370 -2.6936 0.6694
910 4.9076 0.3888 2.9784 0.2766 1.7369 0.5381
911 4.1571 0.5043 -3.6136 3.0265
Y12 2.8483 2.5122
D13 4.4848 0.3327
D14 5.5079 | 0.1803
I15 7.0218 1.4357

[(—2Tog o) | 9,893.8 9,850.4 9,853.0 [ 9,840.7 |

u}
)
I
il
it
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leplementation and application

LE><amp|e from Economics

Application to corporate bond yields

Empirical autocorrelations compared to those of the estimated
models

Autocorrelation - First Component Crosscorrelation - First—-Second Component

—(@L1
—(L2)
—(@1
— (22
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LSummary and future work

Summary and future work

» Quasi-maximum likelihood estimation for second-order
MCARMA processes based on discrete observations

» Canonical parametrizations

» Application to a bivariate economic time series

» Preliminary estimates for the numerical likelihood
maximization

» Estimation of the driving Lévy process
» Model selection criteria
» Structure of an irregularly sampled MCARMA process
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