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ges till offentlig granskning för avläggande av teknologie doktorsexamen fredagen
den 3 oktober 2003 kl 10.00 i Sal Q1, Osquldas väg 6, Kungl. Tekniska Högskolan,
Stockholm.

ISBN 91-7283-573-7
TRITA-MAT2003-MS01
ISSN 1401-2278

c© Henrik Hult, Augusti 2003

Universitetsservice US–AB, Stockholm 2003



Abstract

The first part of this thesis studies tail probabilities for elliptical distributions and
probabilities of extreme events for multivariate stochastic processes. It is assumed
that the tails of the probability distributions satisfy a regular variation condition.
This means, roughly speaking, that there is a non-negligible probability for very
large or extreme outcomes to occur. Such models are useful in applications includ-
ing insurance, finance and telecommunications networks. It is shown how regular
variation of the marginals, or the increments, of a stochastic process implies regular
variation of functionals of the process. Moreover, the associated tail behavior in
terms of a limit measure is derived.

The second part of the thesis studies problems related to parameter estima-
tion in stochastic models with long memory. Emphasis is on the estimation of the
drift parameter in some stochastic differential equations driven by the fractional
Brownian motion or more generally Volterra-type processes. Observing the pro-
cess continuously, the maximum likelihood estimator is derived using a Girsanov
transformation. In the case of discrete observations the study is carried out for
the particular case of the fractional Ornstein-Uhlenbeck process. For this model
Whittle’s approach is applied to derive an estimator for all unknown parameters.
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Chapter 1

Introduction

This thesis is divided into two parts. The first part consists of three papers included
in Chapters 2–4 and studies tail probabilities for elliptical distributions and extreme
events for stochastic processes. The second part of the thesis consists of two papers
included in Chapters 5 and 6 and studies parameter estimation problems related
to the fractional Brownian motion. We will first give an introduction to the topics
covered in the thesis and highlight the main results.

1.1 Regular variation and extremal events

In this section we give an introduction to regular variation and the study of extremal
events. We start by discussing random variables with heavy tails. Suppose X is a
random variable with distribution function F . The outcome of X may be thought
of as the measurement of a sea-level, the daily loss from investing in a stock, the
total amount of claims faced by an insurance company in one year etc. In such
applications it is relevant to compute the probability of a very large (extreme)
outcome, for instance the probability that the sea-level exceeds a high barrier,
the probability that we make a large loss from an investment in the stock, or
the probability that the total amount of claims faced by the insurance company
in one year exceeds a high threshold. This means, we would have to compute
1 − F (x) where x is large. For this reason it is of course important to know what
the distribution function F looks like for large x, e.g. at which rate the function
1− F (x) tends to zero as x →∞. If the decay is fast then the probability mass is
concentrated around the center of the distribution. As an example we may consider
the standard normal distribution where 1−F (x) ∼ (x

√
2)−1 exp(−x2/2) as x →∞.

In this case we say that the distribution has light (right) tail. If, on the other hand,
the decay is slow, then there is a significant amount of probability mass far out in
the (right) tail of the distribution. The slow decay of the probability distribution
as x →∞ is often referred to as heavy (right) tail. As an example we may consider

1



2 Chapter 1. Introduction

the Pareto distribution where 1 − F (x) ∼ x−α, as x → ∞ and α > 0. Similar
considerations can of course be made for the left tail as well. Then we consider
the rate at which F (x) tends to zero as x → −∞. There is no precise definition of
how fast or slow the decay must be to say that a probability distribution has light
or heavy tails. We will work with a more precise concept called regular variation,
which specifies the rate at which 1− F (x) tends to zero.

In heavy-tailed distributions large values may occur in a sample with non-
negligible probability. This is often observed in insurance data, for instance in the
so-called catastrophe insurances including fire, wind-storm and flooding insurances.
The large claims may lead to large fluctuations in the cash-flow process faced by the
insurance company, increasing the risk in such portfolios. The situation is similar
in finance where extremely large losses sometimes occur, which indicate heavy tails
of the return distributions. The probability of extreme stock-movements has to be
accounted for when analyzing the risk of a portfolio. Another application is queuing
models where extreme service times, modeled by heavy-tailed distributions, result
in huge waiting times in the system and large fluctuations in the workload process.

In many applications it is appropriate to use a stochastic process {Xt : t ≥ 0}
to model the evolution of the interesting quantities over time. The notion of heavy
tails enters naturally in this context either as an assumption on the marginals Xt

or as an assumption on the increments Xt+h − Xt of the process. However, it is
often the case that the marginals or the increments of the process is not the main
concern. Instead some functional of the process is important. A natural example
is the supremum of the process during a time interval, sup0≤t≤T Xt, i.e. the largest
value reached by the process in the interval [0, T ]. Another example is the mean of
the process during a time interval, T−1

∫ T

0
Xtdt. We are then typically interested

in the probability that the functional exceeds some high level, e.g. –What is the
probability that the sea-level exceeds a high barrier sometime during [0, T ]? It
may therefore be important to know how the tail behavior of the marginals Xt (or
the increments) is related to the tail behavior of functionals of the process. This
problem is studied in a multivariate context in Chapters 3 and 4 below.

The concept of regular variation comes from pure mathematics but has found
many applications in probability theory. A function f supported on (0,∞) is said
to be regularly varying at ∞ with index ρ ∈ R if for all x > 0,

lim
u→∞

f(ux)
f(u)

= xρ. (1.1)

If a nonnegative random variable X is distributed according to F we say that X is
regularly varying with index α > 0 if 1 − F is regularly varying at ∞ with index
−α. In this case we may write the regular variation condition above as

lim
u→∞

P(X > ux)
P(X > u)

= x−α. (1.2)



1.1. Regular variation and extremal events 3

If X is regularly varying then we can write P(X > x) = x−αL(x) where L is a
slowly varying function (see e.g. Resnick [44]). Hence, the tail of the distribution
decays essentially as x−α for large x.

Let us now consider the multivariate case. Suppose that we are dealing with
a d-dimensional random vector X instead of a univariate random variable. This
could be interpreted for instance as the measurements of sea-levels at d different
locations, the daily losses of d different stocks or the amount of claims in d different
insurances in one year. A notable difference between the multivariate case and the
univariate case when analyzing extreme values is the possibility to have dependence
between the components of the random vector. Large values can for instance tend
to occur simultaneously in the different components. To have a good understanding
of the dependence between extreme events in the multivariate case may be of great
importance in applications. In some cases the dependence between extreme values
is even stronger than the dependence of moderate values. As an example we may
consider the daily log-returns of BMW and Siemens AG stocks during the period
020189–020196 (see Figure 1.1). Note that large negative shocks tend to occur
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Figure 1.1. The log-returns of BMW and Siemens AG stocks during 020189–
020196. Left: The evolution of the log-returns over time. Right: Scatter plot of the
log-returns.

simultaneously in both assets. In fact we observe that the dependence seems to be
stronger for extreme losses (third quadrant) than for extreme profits (first quadrant)
or for moderate values. It is essential to take this fact into account when analyzing
the risk of a portfolio with investments in both stocks. For more examples of
dependent extreme values in sea-level, storm and wind data see e.g. de Haan and
de Ronde [29] and Rootzén and Tajvidi [47]. For examples covering exchange rates
in finance see Stărică [52].

In the univariate case we made the assumption that the probability distributions
are regularly varying. A similar assumption will be made also in the multivariate
setting. This is usually referred to simply as multivariate regular variation. We
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denote by Sd−1 the unit hypersphere in Rd with respect to a norm | · |, and by
B(Sd−1) the Borel σ-algebra on Sd−1. A d-dimensional random vector X is said
to be multivariate regularly varying with index α > 0 if there exists a probability
measure σ on Sd−1 such that for every x > 0, as u →∞,

P(|X| > ux,X/|X| ∈ · )
P(|X| > u)

w→ x−ασ(·) on B(Sd−1). (1.3)

The probability measure σ is referred to as the spectral measure of X and α is
referred to as the tail index of X.

The concept of multivariate regular variation is formulated in terms of weak
convergence w→ of measures. Since Sd−1 is compact weak convergence coincides
with vague convergence (denoted v→) on this space. Therefore we may alternatively
formulate multivariate regular variation in terms of vague convergence (see Chapter
2). For a more complete account on weak and vague convergence we refer to
Kallenberg [31] or Daley and Vere-Jones [15]. Note that if we plug in the set Sd−1

in the definition then

P(|X| > ux)
P(|X| > u)

→ x−α,

and hence |X| is regularly varying at ∞ with index α according to (1.2). On the
other hand, if we put x = 1 then, as u →∞,

P(X/|X| ∈ · | |X| > u) w→ σ(·) on B(Sd−1).

The spectral measure gives information on in which directions we are likely to
find extreme realizations of the random vector X, whereas α is related to the radial
decay of the probability distribution. Note that α does not depend on the direction.

An interesting class of multivariate distributions which is widely applicable is the
class of elliptical distributions. This class is an extension of the multivariate normal
distributions and may, roughly speaking, be thought of as the class of multivariate
distributions whose probability density functions have elliptically shaped level-sets.
A thorough introduction to elliptical distributions can be found in Fang, Kotz and
Ng [23] and Cambanis, Huang and Simons [9] where many interesting properties
are derived. They are also presented in more detail in Chapter 2. The elliptical
distributions share many of the tractable properties of the multivariate normal
distributions but contrary to the multivariate normal distributions they can also be
used in applications where heavy tails are present. This makes the class of elliptical
distributions particularly useful, for instance in applications in risk management
(see e.g. Embrechts, McNeil and Straumann [22]). As indicated above we sometimes
encounter data sets where we have strong dependence of extreme values. Since
elliptical distributions have a rather limited flexibility in the dependence structure
it is important to understand if their dependence structure is sufficiently rich to
accurately model dependent extreme values. In Chapter 2 we study measures of
extremal dependence for elliptical distributions.
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As previously mentioned it is often appropriate to model the interesting quan-
tities in a dynamical way, as a continuous time stochastic process {Xt : t ∈ [0, T ]}.
Multivariate regular variation enters naturally as an assumption on the marginals
Xt or as an assumption on the increments Xt+h−Xt of the process. Similar to the
univariate case some functional or vector of functionals of the process may be our
primary concern. Natural examples are for instance the componentwise suprema
of the process, (sup0≤t≤T X(1)

t , . . . , sup0≤t≤T X(d)
t ) i.e. the largest value reached by

each component of the process in the interval [0, T ]. Another example is the compo-
nentwise mean of the process but other functionals and combinations of functionals
may also be of interest. We are then typically interested in the probability that
the vector of functionals belongs to some extreme set far away from the origin,
e.g. –What is the probability that the sea-level exceeds a high barrier at some (or
all) locations sometime during [0, T ]? To answer this type of questions we need
know how the tail behavior of the marginals Xt is related to the tail behavior of
functionals of the process. This is the main problem studied in Chapters 3 and 4.

Let us now give a brief review of the relevant literature. The theory of regularly
varying functions is a basic ingredient in the study of weak limits of independent
and identically distributed (iid) random variables. The book by Feller [24] is an
excellent exposition that makes the connection between regular variation and stable
laws. The theory of regularly varying functions is also a fundamental ingredient in
the study of extreme values for iid observations, which is explained in de Haan [28].
For an exhaustive treatment of regular variation and its applications in probability
theory we refer to Bingham, Goldie and Teugels [7]. For a more recent account on
the applications of regularly varying functions and extreme value theory we refer
to Embrechts, Klüppelberg and Mikosch [20]. The study of regular variation for
stochastic processes is, in the univariate case, often included in more general studies
of subexponentiality. Embrechts, Goldie and Veraverbeke [19] proves tail equiva-
lence of a subexponential infinitely divisible random variable and its associated
Lévy measure. For results on the tail behavior of functionals of stable processes
we refer to Samorodnitsky and Taqqu [50] and references therein. Rosiński and
Samorodnitsky [48] derived general results on the tail behavior of subadditive func-
tionals for infinitely divisible stochastic processes. Their paper covers many of the
previously known results. Braverman, Mikosch and Samorodnitsky [8] also study
the tail behavior of functionals of univariate Lévy processes. Multivariate regular
variation was originally used to characterize the domain of attraction of sums of
independent identically distributed random vectors that converges in distribution
to a multivariate stable distribution (see Rvačeva [49]). The connection between
multivariate regular variation and multivariate extreme value theory is explained
in Resnick [44]. Kesten [32] used a formulation of multivariate regular variation in
terms of linear combinations to conclude that the stationary solution of a multi-
variate linear stochastic recurrence equation is regularly varying. Several equivalent
formulations of multivariate regular variation can be found in the literature. Many
of them are documented in Basrak [4]. We refer also to Basrak, Davis and Miksoch
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[5] for partial results on the equivalence of the formulation of multivariate regu-
lar variation used here (1.3) and the one used by Kesten [32] in terms of linear
combinations (see also Chapter 3).

Next, we will give the outline of the first part of the thesis and highlight the
main results. Chapter 2 is primarily concerned with the connection between el-
liptical distributions and multivariate regular variation. Elliptical distributions
may be thought of as the class of multivariate distributions whose densities have
elliptically shaped level-sets. The main interest in elliptical distributions comes
from their usefulness in practice. This class of distributions provides a rich source
of multivariate distributions which share many of the tractable properties of the
multivariate normal distributions. However, contrary to the multivariate normal
distributions, they enable the modeling of multivariate extremes and other forms of
non-normal dependences such as tail dependence. It should be noted that, although
the elliptical distributions are attractive in many applications, they do not provide
a very flexible class of dependence structures. Chapter 2 studies the dependence
structure of elliptical distributions and associated dependence measures. Particular
emphasis is on the extremal dependence, i.e. dependence of extreme values. The
simple dependence structure of elliptical distributions enables explicit computations
of interesting dependence measures such as the coefficients of tail dependence and
spectral measures associated with regularly varying random vectors.

The main results in Chapter 2 include Theorem 2.22 and a counterexample in
Section 2.4. Theorem 2.22 states that for elliptical distributions the existence of tail
dependence of the bivariate marginals and the fulfillment of the condition of mul-
tivariate regular variation is equivalent to univariate regular variation of the radial
random variable in the general representation of elliptical distributions. Moreover,
we derive an explicit formula for the coefficient of tail dependence for elliptical
distributions. As for the counterexample we show that contrary to Kendall’s tau,
Spearman’s rho is not invariant in the class of elliptical distributions with continu-
ous marginals and a fixed dispersion matrix. We are also able to explicitly compute
spectral measures with respect to different norms in Section 2.5.

Chapter 3 is concerned with multivariate stochastic processes with indepen-
dent increments having marginal distributions which satisfy a multivariate regular
variation condition. We find the tail-asymptotics of the distribution of vectors of
functionals acting on the process. By tail-asymptotics we mean the limit measure
associated with multivariate regular variation. This topic is rather well studied in
a univariate context and even though the intuition behind the univariate results to
a large extent extends to the multivariate case, proving results in the multivariate
case requires other tools such as vague convergence of measures. In the univari-
ate case much of the studies are done for the class of subexponential distributions
which includes the class of regularly varying distributions. However, although at-
tempts have been made to formulate subexponentiality in a multivariate framework
(see Cline and Resnick [11]), the concept of multivariate subexponential distribu-
tions is not well understood. Therefore we have chosen to work with the class of
multivariate regularly varying distributions.
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The main results in Chapter 3 include Theorem 3.16, Theorem 3.19, Theorem
3.20 and Theorem 3.22. In Theorem 3.16 we prove tail equivalence between an
infinitely divisible random vector X and its associated Lévy measure ν. This can be
seen as a multivariate version, in the regularly varying case, of a result in Embrechts,
Goldie and Veraverbeke [19] which says that

P(X > x) ∼ ν({y ∈ R : y > x}) as x →∞,

for X subexponential. In Theorem 3.19 we determine the implications of regular
variation of Xt on the joint tail behavior of vectors of some functionals acting on the
process. In particular, we study the tail behavior of the vector of componentwise
suprema

X∗
t =

(
sup

0≤s≤t
X(1)

s , . . . , sup
0≤s≤t

X(d)
s

)

and the vector of componentwise suprema of the jumps

X∆
t =

(
sup

0<s≤t
∆X(1)

s , . . . , sup
0<s≤t

∆X(d)
s

)
.

In Theorem 3.20 we give a formulation of regular variation for the graph of an
additive process and relates it to regular variation of the marginals of the process.
Theorem 3.22 determines the joint tail behavior of the vector of componentwise
integrals

It =
( ∫ t

0

X(1)
s ds, . . . ,

∫ t

0

X(d)
s ds

)
.

In Chapter 4 we study general stochastic processes with sample paths in the
space D([0, 1],Rd) of right-continuous functions on Rd with left limits. A natural
definition of regular variation for a stochastic process would be to say that it is
regularly varying if all its finite dimensional distributions are multivariate regularly
varying. However, the finite dimensional distributions alone give limited insights
to the extremal behavior of the process and the tail behavior of functionals of the
process. Instead we will treat the stochastic process as an element in D([0, 1],Rd)
and formulate regular variation on D([0, 1],Rd). The definition is similar to the
definition of multivariate regular variation. For explanation of the notation and for
technical details we refer to Chapter 4. We say that a stochastic process with sample
paths in D([0, 1],Rd) is regularly varying if there exist α > 0 and a probability
measure σ on D1([0, 1],Rd) = {x ∈ D([0, 1],Rd) : supt∈[0,1] |xt| = 1} such that, as
u →∞,

P(|X|∞ > ux,X/|X|∞ ∈ · )
P(|X|∞ > u)

w→ x−ασ(·) on B(D1([0, 1],Rd))

for every x > 0. Here |x|∞ = supt∈[0,1] |xt|. The spectral measure σ contains
all necessary information for understanding the extremal behavior of the process
X = {Xt : t ∈ [0, 1]}. One advantage with this formulation is that we can derive
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a Continuous Mapping Theorem to obtain the tail behavior of many interesting
mappings and functionals of the process. In Chapter 3 we studied processes with
independent increments. For these processes extreme values are essentially due to
one big jump. This intuition may be formalized in terms of the support of the
spectral measure. For additive processes the spectral measure concentrates on

{x ∈ D1([0, 1],Rd) : x(·) = y1[u,1](·), u ∈ [0, 1],y ∈ Sd−1},

i.e. functions with (at most) one jump. This is actually true also for a larger class
of of regularly varying Markov processes which satisfy a condition of asymptotically
independent increments. An application of the Continuous Mapping Theorem en-
ables us to study of some filtered stochastic processes of the form

Yt =
∫ t

0

f(t, s)dXs, t ∈ [0, 1], (1.4)

where X is a regularly varying Markov process of finite variation. This includes
some stable processes and serves as an example on how the formulation of regular
variation on D([0, 1],Rd) and the Continuous Mapping Theorem may be applied to
obtain the tail behavior of more complicated processes.

The main findings in Chapter 4 include Theorem 4.5, Theorem 4.6, Theorem
4.8, Theorem 4.12 and Theorem 4.18. In Theorem 4.5 we derive a Continuous
Mapping Theorem which enables us to obtain the tail behavior of mappings and
functionals of a regularly varying stochastic process in D([0, 1],Rd). In Theorem 4.6
we derive necessary and sufficient conditions for a stochastic processes with sample
paths in D([0, 1],Rd) to be regularly varying. Theorem 4.8 gives simplified sufficient
conditions for regular variation on D([0, 1],Rd) for a class of Markov processes with
asymptotically independent increments. In Theorem 4.12 we derive the support of
the spectral measure for this class of Markov processes. From this result we may
conclude that the extremal behavior for these processes is due to (at most) one big
jump. Finally, in Theorem 4.18 we derive the tail behavior of some filtered Markov
processes with asymptotically independent increments and paths of finite variation.

1.2 Fractional Brownian motion and parameter
estimation

In this section we provide a short introduction to the fractional Brownian mo-
tion and some of its applications. For a more thorough introduction we refer to
Samorodnitsky and Taqqu [50]. The fractional Brownian motion was first stud-
ied by Kolmogorov [34] and it was given its name by Mandelbrot and Van Ness
[39]. The study of the fractional Brownian motion appeared within the theory of
self-similar processes. Self-similarity is a scaling property of the finite-dimensional
distributions. A stochastic process {Xt : t ∈ R} is self-similar with parameter H



1.2. Fractional Brownian motion and parameter estimation 9

if {Xct : t ∈ R} and {cHXt : t ∈ R} have the same finite-dimensional distribu-
tions for all c > 0. This scaling property is surprisingly often observed in various
applications. For instance in telecommunications networks, hydrology and finance.
It turns out that the fractional Brownian motion is the only Gaussian self-similar
process with stationary increments. This is the main motivation for studying it.
There are many ways to define the fractional Brownian motion. The simplest,
to our knowledge, being the following. The fractional Brownian motion with in-
dex H ∈ (0, 1), denoted {BH

t : t ∈ R} is the zero mean Gaussian process with
covariance function

r(t, s) =
1
2
(|t|2H + |s|2H − |t− s|2H).

When H = 1/2 then r(t, s) = min(t, s) and the fractional Brownian motion coin-
cides with the standard Brownian motion. Note that for H < 1/2 the increments
are negatively correlated whereas they are positively correlated for H > 1/2. For
H = 1/2 they are independent. Let us now have a closer look at the increments
of the fractional Brownian motion. Consider for simplicity increments of length 1.
Let

Yj = BH
j+1 −BH

j , j ∈ Z.

This is a stationary process and its covariance function is

r(j) =
1
2
(|j + 1|2H + |j − 1|2H − 2|j|2H), j ∈ Z.

The process {Yj : j ∈ Z} is often referred to as fractional Gaussian noise. An
interesting property is that

r(j) ∼ H(2H − 1)j2H−2, as j →∞.

This means that for H > 1/2 the sum of correlations diverges, i.e.

∞∑

j=0

r(j) = ∞.

This property is often referred to as long memory or long-range dependence. It has
also served as a motivation for studying the fractional Brownian motion and the
fractional Gaussian noise.

We note at this point that according to (1.1) the covariance function r(j) is
regularly varying at ∞ with index ρ = 2H−2. This is probably the only connection
between the first and second part of the thesis.

The most commonly used representation of the fractional Brownian motion is
the so-called moving average representation. Let {Bt : t ∈ R} be a standard
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Brownian motion on the real line. Then the fractional Brownian motion with index
H ∈ (0, 1) can be represented as

BH
t = C−1

1 (H)
∫ ∞

−∞

[
(t− s)H−1/2

+ − (−s)H−1/2
+

]
dBs, t ∈ R,

C1(H) =
{ ∫ ∞

0

(
(1 + s)H−1/2 − sH−1/2

)2ds +
1

2H

}1/2

.

The fractional Brownian motion can also be given an integral representation on a
compact interval. By self-similarity it is sufficient to give a representation on [0, 1].
Let {Bt : t ∈ [0, 1]} be a standard Brownian motion. Then

BH
t =

∫ t

0

KH(t, s)dBs, t ∈ [0, 1]

is the fractional Brownian motion on [0, 1] and

KH(t, s) =
1√

VHΓ(H + 1
2 )

(t− s)H− 1
2 1F2

(
H − 1

2
,
1
2
−H, H +

1
2
, 1− t

s

)
1[0,t)(s),

with 1F2 the Gauss hypergeometric function and

VH =
Γ(2− 2H) cos(πH)

πH(1− 2H)
. (1.5)

This representation is due to Decreusefond and Üstünel [16]. See also Norros,
Valkeila and Virtamo [42].

We will now give a brief review of the extensive literature on the fractional
Brownian motion. This list is far from being complete but aims at giving relevant
references for the current thesis. For general self-similar processes we refer to the
extensive list of references in Taqqu [53] and for more recent work to Embrechts
and Maejima [21]. For many applications of self-similar processes in economics and
natural sciences see Mandelbrot [38]. As the increments of the fractional Brownian
motion exhibits long memory for H > 1/2 new methods for parameter estimation
have been developed. Many of the existing estimation methods for discrete time
models related to the fractional Brownian motion and the fractional Gaussian noise
are summarized in Beran [6]. In particular, Fox and Taqqu [26] have developed the
idea of Whittle estimation for such processes. Results that have been extended
by Dahlhaus [14]. For a semi-parametric approach to estimation of long memory
see Robinson [45]. Models with long memory such as the fractional Gaussian noise
may appear as the limit of aggregated dynamic models. This is shown in Granger
[27]. Parameter estimation for continuous time models with long memory has also
been studied in Comte [12] and Comte and Renault [13]. For applications of the
fractional Brownian motion in hydrology we refer to Liu, Molz and Szulga [37].
For applications of the fractional Brownian motion in telecommunications and net-
work traffic we refer Leland, Taqqu, Willinger and Wilson [35]. See also Mikosch,
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Resnick, Rootzén and Stegeman [41] and the references therein. The use of wavelet
analysis in network traffic and processes with long memory has been considered for
instance in Abry, Flandrin, Taqqu and Veitch [1] and Abry and Veitch [2]. See also
Flandrin [25] and Meyer, Sellan and Taqqu [40] for wavelet analysis and synthesis of
the fractional Brownian motion. In economics the fractional Brownian motion was
suggested as a model by Mandelbrot and Van Ness [39]. For further applications
in finance see Shiryaev [51]. Recently, there has been rather extensive criticism
against using the fractional Brownian motion to model asset returns since many
of the natural models driven by the fractional Brownian motion admits arbitrage
opportunities. See for instance Rogers [46] and Cheridito [10]. However, the frac-
tional Brownian motion may also be used to model the volatility of asset prices, see
Djehiche and Eddahbi [17]. The wide use of models driven by the fractional Brow-
nian motion in applied fields has led researchers to develop a stochastic calculus
for the fractional Brownian motion. For this reason a lot of efforts have been put
into defining stochastic integrals with respect to the fractional Brownian motion.
These question have been studied by Lin [36], Zähle [55], Decreusefond and Üstünel
[16], Duncan, Hu and Pasik-Duncan [18], Pipiras and Taqqu [43], Alós, Mazét and
Nualart [3] and many others.

Next, we will give an outline of the second part of the thesis and highlight the
main results. In Chapter 5 we study Gaussian processes admitting representation as
a Volterra type stochastic integral with respect to the standard Brownian motion.
That is, processes X = {Xt : t ∈ T}, where T is an index set, admitting a
representation of the form

Xt =
∫

T

V (t, r)dBr, t ∈ T, (1.6)

where {Bt : t ∈ T} is a standard Brownian motion. Our primary example is the
fractional Brownian motion but other interesting processes also fall within this more
general definition. Chapter 5 has two main purposes. The first is to study Mercer-
type representations of the Volterra process {Xt : t ∈ T}, i.e. representations of
the form

Xt =
∑

j,k

Ψj,k(t)ξj,k, (1.7)

where {Ψj,k} is a basis in a function space and the coefficients {ξj,k} is a sequence
of Gaussian random variables. Ideally we want the coefficients to be independent
standard normal random variables. This is achieved if {Ψj,k} is an orthonormal
basis in the reproducing kernel Hilbert space associated with the process X. This
representation have been known for a long time for Gaussian processes but to our
knowledge it has received very little attention the literature on the fractional Brow-
nian motion. The first four sections of Chapter 5 illustrates how this representation
can be used in the context of fractional Brownian motion.
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In the last section we study a Girsanov transformation with respect to the
fractional Brownian motion and derive a maximum likelihood estimator of the drift
parameter θ in models of the type

Y (t, ω) = θA(t, ω) + X(t, ω),

where A(·) is a sufficiently smooth drift function. Here it is assumed that the
process Y is observed continuously. Our results extend previous work by Norros,
Valkeila and Virtamo [42], who study the case where A(t) = t and X is the frac-
tional Brownian motion, and work by Kleptsyna and Le Breton [33] who study the
fractional Ornstein-Uhlenbeck process.

The main results of Chapter 5 include Corollary 5.17, Proposition 5.29, Propo-
sition 5.34, Theorem 5.31, Theorem 5.32 and Theorem 5.33. In Corollary 5.17 we
prove that the representation (1.7) holds almost surely uniformly on compacts if
X is an almost surely continuous Gaussian process and {Ψj,k} is an orthonormal
base in the associated reproducing kernel Hilbert space. This result was suggested
by Janson [30]. In Proposition 5.29 we derive a spectral representation of Sko-
rohod integrals with respect to Volterra type processes. In Proposition 5.34 we
derive a formula for computing the coefficients {ξj,k} in the representation (1.7).
In Theorem 5.31 we derive a Girsanov transformation for Volterra type processes.
Finally, in Theorems 5.32 and 5.33 we derive consistency and asymptotic normality
of estimators of the drift parameter in models driven by a Volterra type process.

Although the estimation techniques studied in the last section of Chapter 5 is
interesting from a theoretical point of view the estimators seem rather difficult to
implement in practice. In particular the derived estimators assume that we have
continuous observations of the process, whereas in most applications only discrete
observations are at hand. In Chapter 6 we have chosen to study a particular
model, namely the fractional Ornstein-Uhlenbeck process, where we consider the
joint estimation of all parameters in this model based on discrete observations. The
fractional Ornstein-Uhlenbeck process is the stationary solution to the equation

Xt −Xs = −θ

∫ t

s

Xudu + σ(BH
t −BH

s ), s < t,

where σ > 0, θ > 0 and H ∈ (0, 1) and {BH
t : t ∈ R} is the fractional Brownian

motion with Hurst index H. The increments of the fractional Brownian motion
has long memory if H > 1/2 and this property is transfered to the fractional
Ornstein-Uhlenbeck process. We found it natural and simple to estimate the un-
known parameters using an idea introduced in Whittle [54] and further developed
for Gaussian sequences with long memory in Fox and Taqqu [26] and Dahlhaus [14].

The main findings in Chapter 6 include the computation of the spectral den-
sity and the covariance function of the fractional Ornstein-Uhlenbeck process in
Proposition 6.2. Moreover, in Theorem 6.3 we prove consistency and asymptotic
normality of the Whittle estimator for the joint estimation of all parameters in the
fractional Ornstein-Uhlenbeck process.
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Chapter 2

Multivariate extremes,
aggregation and dependence
in elliptical distributions

Henrik Hult and Filip Lindskog (2002) Multivariate extremes, aggregation and depen-
dence in elliptical distribution, Advances in Applied Probability, Vol. 34 No. 3, 587–609.

Abstract. In this paper we clarify dependence properties of elliptical distributions by

deriving general but explicit formulas for the coefficients of upper and lower tail depen-

dence and spectral measures with respect to different norms. We show that an elliptically

distributed random vector is regularly varying if and only if the bivariate marginal dis-

tributions have tail dependence. Furthermore, the tail dependence coefficients are fully

determined by the tail index of the random vector (or equivalently of its components)

and the linear correlation coefficient. Whereas Kendall’s tau is invariant in the class of

elliptical distributions with continuous marginals and a fixed dispersion matrix, we show

that this is not true for Spearman’s rho. We also show that sums of elliptically distributed

random vectors with the same dispersion matrix (up to a positive constant factor) remain

elliptical if they are dependent only through their radial parts.
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2.1 Introduction

The class of elliptical distributions provides a rich source of multivariate distri-
butions which share many of the tractable properties of the multivariate normal
distribution and enables modeling of multivariate extremes and other forms of non-
normal dependences.

In this paper we aim to clarify dependence properties of elliptical distributions.
Dependence between the components of a random vector is, of course, related to
the shape of the joint distribution. For elliptically distributed random vectors the
shape of the distribution is given by the dispersion matrix Σ and the radial random
variable R (see Theorem 2.11). The simple structure of elliptical distributions
enables explicit computations of interesting quantities such as the coefficients of
tail dependence and spectral measures associated with regularly varying random
vectors (see Definition 2.7). From our explicit formula for the coefficient of tail
dependence we conclude that it is fully determined by the corresponding linear
correlation coefficient (as defined in Definition 2.16) and the tail index of the radial
random variable in the general representation (see Theorem 2.11) of elliptically
distributed random vectors. For this class of multivariate distributions, regular
variation and tail dependence are closely related. Existence of tail dependence of
the bivariate marginals and of regular variation is equated to regular variation of
the radial random variable in the general representation.

Standard estimators of the linear correlation coefficient for elliptical distribu-
tions are based on the assumption of finite second moments. Kendall’s tau and
Spearman’s rho (and their sample versions) do not rely on the existence of certain
moments. It has been proved in Lindskog, McNeil and Schmock [8] that Kendall’s
tau is invariant in the class of elliptical distributions with continuous univariate
marginals and a fixed dispersion matrix (up to a positive constant factor). This
implies that the robust estimator of Kendall’s tau can be used to estimate linear
correlation coefficients without any other assumption on the underlying distribution
than that of continuity of the univariate margins and joint ellipticality. One might
also expect Spearman’s rho to be invariant in the class of elliptical distributions
with continuous marginals and a fixed dispersion matrix. We give a counterexample
showing that this is not true.

It is known that sums of independent elliptically distributed random vectors
with the same dispersion matrix are elliptical. In Theorem 2.18 we prove that
sums of elliptically distributed random vectors with the same dispersion matrix
are elliptical if they are dependent only through their radial parts. This result
has applications to multivariate time series. It should be noted that the dispersion
matrices are allowed to differ by a positive constant factor, see Remark 2.12(b) for
details.

In this paper we use the spectral measure to answer questions about dependence
of extremes for regularly varying elliptically distributed random vectors. In doing so
it is crucial to consider a spectral measure with respect to a norm which corresponds
to the question one is trying to answer. We discuss and exemplify this in Section 2.5.
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In particular, for a bivariate elliptically distributed random vector, we compute the
spectral measure with respect to the Euclidean 2-norm and with respect to the
max-norm.

The paper is organized as follows. In Section 2.2 we recall the definitions of var-
ious dependence concepts. Section 2.3 introduces elliptical distributions, in partic-
ular we give the general stochastic representation of elliptically distributed random
vectors. This representation is fundamental for the subsequent analysis. Section
2.4 contains the main results and in Section 2.5 we discuss the interpretation of the
spectral measure with respect to different norms. All proofs are given in Section
2.6.

2.2 Preliminaries

To begin with we recall the definitions of the concordance measures Kendall’s tau
and Spearman’s rho.

Definition 2.1. Kendall’s tau for the random vector (X1, X2)T is defined as

τ(X1, X2) , P((X1 −X ′
1)(X2 −X ′

2) > 0)− P((X1 −X ′
1)(X2 −X ′

2) < 0),

where (X ′
1, X

′
2)

T is an independent copy of (X1, X2)T.

Definition 2.2. Spearman’s rho for the random vector (X1, X2)T is defined as

%S(X1, X2) , 3 (P((X1 −X ′
1)(X2 −X ′′

2 ) > 0)− P((X1 −X ′
1)(X2 −X ′′

2 ) < 0)) ,

where (X ′
1, X

′
2)

T and (X ′′
1 , X ′′

2 )T are independent copies of (X1, X2)T.

An important property of Kendall’s tau and Spearman’s rho is that they are
invariant under strictly increasing transformations of the underlying random vari-
ables. If (X1, X2)T is a random vector with continuous univariate marginal dis-
tributions and T1 and T2 are strictly increasing transformations on the range of
X1 and X2 respectively, then τ(T1(X1), T2(X2)) = τ(X1, X2). The same property
holds for Spearman’s rho. Note that this implies that Kendall’s tau and Spearman’s
rho do not depend on the (marginal) distributions of X1 and X2.

Next we introduce two measures of dependence of multivariate extremes. Per-
haps the most commonly encountered measure of dependence of bivariate extremes
is the coefficient of upper (lower) tail dependence.

Let F be a univariate distribution function. We define the generalized inverse
of F as F−1(u) , inf{x ∈ R | F (x) ≥ u} for all u in (0, 1).
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Definition 2.3. Let (X1, X2)T be a random vector with marginal distribution
functions F1 and F2. The coefficient of upper tail dependence of (X1, X2)T is
defined as

λU (X1, X2) , lim
u↗1

P(X2 > F−1
2 (u) | X1 > F−1

1 (u)),

provided that the limit λU ∈ [0, 1] exists. The coefficient of lower tail dependence
is defined as

λL(X1, X2) , lim
u↘0

P(X2 ≤ F−1
2 (u) | X1 ≤ F−1

1 (u)),

provided that the limit λL ∈ [0, 1] exists. If λU > 0 (λL > 0), then we say that
(X1, X2)T has upper (lower) tail dependence.

For a pair of random variables, upper (lower) tail dependence is a measure
of joint extremes. That is, it measures the probability that one component is
extremely large (small) given that the other one is extremely large (small), relative
to the marginal distributions.

The second measure of dependence in multivariate extremes that we discuss in
this paper is the spectral measure associated with a regularly varying random vector
(see Definition 2.7 below). Let us first recall the definition of regular variation for
a (univariate) random variable.

Definition 2.4. The non-negative random variable R is said to be regularly varying
at ∞ with index α > 0 if for all x > 0,

lim
u→∞

P(R > ux)
P(R > u)

= x−α.

Throughout the paper we use the shorter “regularly varying with index α > 0” for
“regularly varying at ∞ with index α > 0”.

To prepare for the definition of regular variation for random vectors, we recall
the concept of vague convergence. Let X be a Polish space, i.e. there exists a metric
ρ on X which makes (X , ρ) a separable and complete metric space. A set B ⊂ X
is said to be relatively compact if its closure B is compact. Let B(X ) be the Borel
σ-algebra on X , generated by ρ. A measure µ on (X ,B(X )) is called a Radon
measure if µ(B) < ∞ for all relatively compact sets B ∈ B(X ).

Definition 2.5. Let µ, µ1, µ2, . . . be Radon measures on (X ,B(X )). We say that
{µn}n∈N converges to µ vaguely, written µn

v→ µ, if

lim
n→∞

∫

X
f(s)µn(ds) =

∫

X
f(s)µ(ds)

for all continuous functions f : X → R+ with compact support.

A useful equivalent formulation of vague convergence is given in the following
theorem.
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Theorem 2.6. Let µ, µ1, µ2, . . . be Radon measures on (X ,B(X )). Then the fol-
lowing statements are equivalent.

(1) µn
v→ µ as n →∞.

(2) lim
n→∞

µn(B) = µ(B) for all relatively compact B ∈ B(X ) with µ(∂B) = 0.

For a proof, see Kallenberg [7] p. 169. For further details about vague convergence
we refer to Kallenberg [7] and Resnick [10].

We denote by Sd−1 the unit hypersphere in Rd with respect to a norm | · |, and
by B(Sd−1) the Borel σ-algebra on Sd−1. We write Sd−1

2 = {z ∈ Rd |zTz = 1} for
the unit hypersphere in Rd with respect to the Euclidean 2-norm | · |2.
Definition 2.7. The d-dimensional random vector X is said to be regularly varying
with index α > 0 if there exists a probability measure σ on Sd−1 such that for all
x > 0, as u →∞,

P(|X| > ux,X/|X| ∈ · )
P(|X| > u)

v→ x−ασ(·) on B(Sd−1).

The probability measure σ is referred to as the spectral measure of X and α is
referred to as the tail index of X.

For more on multivariate regular variation we refer to Resnick [10] and Mikosch
[9]. In the definition we did not specify the choice of norm | · |. The reason for this
is that whether a random vector is regularly varying or not does not depend on the
choice of norm in Definition 2.7. This is stated in the following lemma which proof
is given in Section 2.6.

Lemma 2.8. Let | · |A and | · |B be two norms on Rd and let X be a d-dimensional
random vector. Then X is regularly varying with index α > 0 with respect to the
norm | · |A if and only if X is regularly varying with index α > 0 with respect to the
norm | · |B.

It is clear that the corresponding spectral measures do not coincide for different
norms, see Section 2.5 for explicit examples. When we want to emphasize the
choice of norm, we say that σ is the spectral measure of X with respect to the
norm | · |.

The following result on the effect of adding a constant vector to a regularly
varying random vector turns out to be useful in the study of regular variation
properties of elliptical distributions. The proof is given in Section 2.6.

Lemma 2.9. Let X be a d-dimensional regularly varying random vector with tail
index α > 0 and spectral measure σ with respect to the norm | · |, and let b ∈ Rd

be a constant vector. Then X + b is regularly varying with the same tail index and
the same spectral measure with respect to the norm | · |.
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2.3 Elliptical distributions

The main topic of this paper is to understand various measures of dependence
through elliptical distributions. In this section we introduce the class of elliptically
distributed random vectors and give some of their properties. For further details
about elliptical distributions we refer to Fang, Kotz and Ng [6] and Cambanis,
Huang and Simons [3].

Definition 2.10. If X is a d-dimensional random vector and, for some vector
µ ∈ Rd, some d × d non-negative definite symmetric matrix Σ and some function
φ : [0,∞) → R, the characteristic function ϕX−µ of X−µ is of the form ϕX−µ(t) =
φ(tTΣt), we say that X has an elliptical distribution with parameters µ, Σ and φ,
and we write X ∼ Ed(µ, Σ, φ).

The function φ is referred to as the characteristic generator of X. When d = 1, the
class of elliptical distributions coincides with the class of one-dimensional symmetric
distributions. For elliptically distributed random vectors, we have the following
general representation theorem.

Theorem 2.11. X ∼ Ed(µ, Σ, φ) with rank(Σ) = k if and only if there exist a
non-negative random variable R independent of U, a k-dimensional random vector
uniformly distributed on the unit hypersphere Sk−1

2 = {z ∈ Rk |zTz = 1}, and a
d× k matrix A with AAT = Σ, such that

X d= µ + RAU. (2.1)

For the proof of Theorem 2.11 and details about the relation between R and φ, see
Fang, Kotz and Ng [6] or Cambanis, Huang and Simons [3].

Remark 2.12. (a) Note that the representation (2.1) is not unique: if O is an
orthogonal k × k matrix, then (2.1) also holds with A′ , AO and U′ , OTU.
(b) Note that elliptical distributions with different parameters can be equal: if
X ∼ Ed(µ, Σ, φ), then X ∼ Ed(µ, cΣ, φc) for every c > 0, where φc(s) , φ(s/c) for
all s ≥ 0.

Example 2.13. Classical examples of elliptical distributions are the multivariate
normal and the multivariate t-distributions. Let X d= µ + RAU ∼ Ed(µ, Σ, φ),
where rank(Σ) = d. Then X is normally distributed if and only if R2 ∼ χ2

d, and
X is t-distributed with ν degrees of freedom if and only if R2/d ∼ F (d, ν), where
F (d, ν) denotes an F-distribution with d and ν degrees of freedom.

If the elliptically distributed random vector X has finite second moments, then
we can always find a representation such that Cov(X) = Σ. To see this we use
Theorem 2.11 to obtain

Cov(X) = Cov(µ + RAU) = AE(R2)Cov(U)AT,

i.e. Cov(X) exists if and only if E(R2) < ∞. To compute Cov(U) let Y ∼ Nd(0, Id).
Then Y d= |Y|2U, where |Y|2 and U are independent. Furthermore |Y|22 ∼ χ2

d, so
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E(|Y|22) = d. Since Cov(Y) = Id we see that if U is uniformly distributed on the
unit hypersphere in Rd, then Cov(U) = Id/d. Thus Cov(X) = AATE(R2)/d. By
choosing the characteristic generator φ∗(s) = φ(s/c), where c = E(R2)/d, we get
Cov(X) = Σ.

The following result provides the basis of most applications of elliptical distri-
butions.

Lemma 2.14. Let X ∼ Ed(µ, Σ, φ), let B be a q × d matrix and let b ∈ Rq. Then

b + BX ∼ Eq(b + Bµ,BΣBT, φ).

Proof. By Theorem 2.11, b + BX has a stochastic representation

b + BX d= b + Bµ + RBAU

and the conclusion follows from Definition 2.10.

If we partition X, µ and Σ into

X =
(
X1

X2

)
, µ =

(
µ1

µ2

)
, Σ =

(
Σ11 Σ12

Σ21 Σ22

)
,

where X1 and µ1 are r × 1 vectors and Σ11 is a r × r matrix, then we have the
following consequence of Lemma 2.14.

Corollary 2.15. Let X ∼ Ed(µ, Σ, φ). Then

X1 ∼ Er(µ1, Σ11, φ), X2 ∼ Ed−r(µ2,Σ22, φ).

Hence, marginal distributions of elliptical distributions are elliptical and of the
same type (with the same characteristic generator). Next we introduce the linear
correlation coefficient for a pair of random variables with a joint elliptical distribu-
tion.

Definition 2.16. Let X ∼ Ed(µ, Σ, φ). For i, j ∈ {1, . . . , d}, if Σii > 0 and
Σjj > 0, then we call

%ij , Σij/
√

ΣiiΣjj (2.2)

the linear correlation coefficient for Xi and Xj .

If Var(Xi), Var(Xj) ∈ (0,∞), then %ij = Cov(Xi, Xj)/
√

Var(Xi)Var(Xj). We
want to emphasize that the linear correlation coefficient as defined by (2.2) is an
extension of the usual definition in terms of variances and covariances. We want to
interpret the linear correlation coefficient as a scalar measure of dependence and,
as such, it should not rely on finiteness of certain moments. Clearly (2.2) only
makes sense for elliptical distributions. On the other hand, linear correlation is not
always a meaningful measure of dependence for non-elliptical distributions, whereas
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Kendall’s tau and Spearman’s rho remain meaningful; see for example Embrechts,
McNeil and Straumann [5] p. 25.

In this paper we primarily consider elliptically distributed random vectors hav-
ing components with continuous distributions. It is therefore relevant to present
necessary and sufficient conditions for the components of an elliptically distributed
random vector to be continuous random variables. Throughout the paper we say
that a random variable is continuous whenever it has a continuous distribution
function. The proof of Lemma 2.17 is given in Section 2.6.

Lemma 2.17. Let X ∼ Ed(µ, Σ, φ), with P(Xi = µi) < 1 for all i ∈ {1, . . . , d}
and with representation X d= µ+RAU according to Theorem 2.11. If rank(Σ) = 1,
then X1, . . . , Xd are continuous random variables if and only if R is continuous.
If rank(Σ) ≥ 2, then X1, . . . , Xd are continuous random variables if and only if
P(Xi = µi) = 0 for all i, or equivalently, if and only if P(R = 0) = 0.

2.4 Main Results

The sum of two independent elliptical random vectors with the same dispersion
matrix is elliptical. The next theorem shows that the sum of two dependent elliptical
random vectors with the same dispersion matrix, which are dependent only through
their radial parts, is also elliptical.

Theorem 2.18. Let R and R̃ be non-negative random variables and let X ,
µ + RZ ∼ Ed(µ, Σ, φ) and X̃ , µ̃ + R̃Z̃ ∼ Ed(µ̃, Σ, φ̃), where (R, R̃),Z, Z̃ are
independent. Then X + X̃ ∼ Ed(µ + µ̃, Σ, φ∗). Moreover, if R and R̃ are indepen-
dent, then φ∗(u) = φ(u)φ̃(u).

For the expression of the characteristic generator, φ∗, we refer to the proof in
Section 2.6. A natural application of Theorem 2.18 is in the context of multivariate
time series.
Example 2.19. Let Xt = σtZt, t ∈ Z, where the random vectors Zt ∼ Ed(0,Σ, φt)
are mutually independent and independent of the non-negative (univariate) random
variables σt for all t. The σt’s are allowed to be dependent. Then for every t ∈ Z,
Xt is elliptically distributed with dispersion matrix Σ, and so are all partial sums
Sn =

∑n
t=1 Xt.

The relations (given below) between Kendall’s tau, Spearman’s rho and the lin-
ear correlation coefficient are well known for bivariate normally distributed random
vectors. As stated in the next theorem the relation between Kendall’s tau and
the linear correlation coefficient holds more generally for all elliptically distributed
random vectors with continuous univariate marginals.

Theorem 2.20. Let X ∼ Ed(µ, Σ, φ), where for i, j ∈ {1, . . . , d}, Xi and Xj are
continuous. Then,

τ(Xi, Xj) =
2
π

arcsin %ij . (2.3)



2.4. Main Results 27

For a proof of an extended version, see Lindskog, McNeil and Schmock [8]. As a
consequence we have the following well-known result for Spearman’s rho, for which
we give an easy proof in Section 2.6.

Corollary 2.21. Let X ∼ Nd(µ, Σ), where for i, j ∈ {1, . . . , d}, Σii, Σjj > 0. Then

%S(Xi, Xj) =
6
π

arcsin(%ij/2). (2.4)

In the light of Theorem 2.20 one might expect Spearman’s rho to be invariant
in the class of elliptical distributions with continuous univariate marginals and a
fixed dispersion matrix. However, the counterexample below shows that this is not
true.

Counterexample. Let X ∼ N2(µ,Σ), where Σ11, Σ22 > 0. According to Theorem
2.11, X has stochastic representation X d= µ + RAU, where R ∼ χ2

2. We construct
a counterexample by deriving a relation between Spearman’s rho and the linear
correlation coefficient for the bivariate elliptically distributed random vector W ,
AU. The relation is given by

%S(W1,W2) = 3
(

arcsin %

π

)
− 4

(
arcsin %

π

)3

,

where % = Σ12/
√

Σ11Σ22. This relation differs from the relation (2.4) between
Spearman’s rho and the linear correlation coefficient for a bivariate normal distri-
bution. The difference %S(X1, X2) − %S(W1,W2) as a function of the linear corre-
lation coefficient % is plotted in Figure 2.1. We see that the difference is small but
clearly not zero. For more details on this counterexample we refer to Section 2.6.
It should be noted that there are other choices of R (other than R2 ∼ χ2

2) for which
the difference %S(X1, X2)− %S(W1,W2) becomes much bigger.

In Section 2.2 we introduced two concepts for measuring dependence of mul-
tivariate extremes of random vectors, the coefficient of tail dependence and the
spectral measure associated with a regularly varying random vector. In the next
theorem we clarify the connection between these two concepts. We also derive an
explicit expression for the coefficient of tail dependence for two random variables
with a joint elliptical distribution.

Theorem 2.22. Let X d= µ + RAU ∼ Ed(µ, Σ, φ), with Σii > 0 for i = 1, . . . , d,
|%ij | < 1 for all i 6= j, and where µ, R, A and U are as in Theorem 2.11. Then the
following statements are equivalent.

(1) R is regularly varying with index α > 0.
(2) X is regularly varying with index α > 0.
(3) For all i 6= j, (Xi, Xj)T has tail dependence.
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Figure 2.1. The difference between (6/π) arcsin(%/2) and (3/π) arcsin % −
(4/π3)(arcsin %)3 as a function of % for % ∈ [0, 1] (see the counterexample in Sec-
tion 2.4).

Moreover, if R is regularly varying with index α > 0, then for all i 6= j,

λU (Xi, Xj) = λL(Xi, Xj) =

∫ π/2

(π/2−arcsin %ij)/2
cosα tdt

∫ π/2

0
cosα tdt

.

Remark 2.23. Note that (1) and (2) are equivalent even if the condition |%ij | < 1
for all i 6= j is not satisfied.

From the theorem above we can conclude that whether the bivariate marginals
of an elliptically distributed vector X have tail dependence or not depends only
on whether the radial random variable R in the representation X d= µ + RAU
is regularly varying or not. The linear correlation coefficient %ij only effects the
magnitude of the coefficient of tail dependence. An interesting consequence is
that if X ∼ Ed(µ, Σ, φ), then (Xi, Xj)T can have a coefficient of tail dependence
significantly larger than zero even if the linear correlation coefficient for (Xi, Xj)T is
zero or negative. In Figure 2.2 we have plotted the coefficient of tail dependence for
an elliptically distributed bivariate random vector with uncorrelated components
as a function of the tail index α.

2.5 Multivariate extremes for elliptical distribu-
tions

In this section we discuss how to interpret the spectral measure with respect to
different norms. The discussion is general but in the case of elliptical distributions
we can explicitly compute the spectral measure with respect to different norms and
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Figure 2.2. The coefficients of upper and lower tail dependence for regularly varying
bivariate elliptical distributions with (Σ11, Σ22, %12) = (1, 1, 0), as a function of the
tail index α (see Remark 2.23).

compare different choices. Real data, e.g. financial asset price log returns, often
indicate that the underlying distribution is elliptical or at least close to elliptical,
and many statistical models are based on the assumption of ellipticality. Hence
the following discussion should be relevant for many applications, especially in risk
management.

By Lemma 2.8 we know that if a random vector X is regularly varying with
respect to some norm on Rd, then it is regularly varying with respect to every
norm on Rd. For every choice of the norm the spectral measure is a measure of
dependence between extreme values. However, the choice of norm becomes essential
when interpreting the spectral measure. The choice of norm must be related to
the question we are trying to answer. A natural question would be: What is the
dependence between the components of a random vector given that at least one of
its components is extreme? In the literature (see e.g. Stărică [11]) most authors
consider the Euclidean 2-norm, | · |2. However, if we want a measure of dependence
between the components - given that at least one of the components is extreme -
then we should use the max-norm |X|∞ , max{|X1|, . . . , |Xd|}. Clearly, if we take
x = 1 in Definition 2.7, we have that

σ∞(·) = lim
u→∞

P(X/|X|∞ ∈ · | |X|∞ > u)

= lim
u→∞

P(X/|X|∞ ∈ · | |X1| > u ∪ · · · ∪ |Xd| > u),

from which it is seen that the max-norm corresponds to the question posed. How-
ever, if the components are not identically distributed, then it might be more natural
to condition on the events {|X1| > G−1

1 (u) ∪ · · · ∪ |Xd| > G−1
d (u)}, where Gi is the

distribution function of |Xi| and u ↗ 1. For X ∼ Ed(0, Σ, φ) this is achieved by
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considering the weighted max-norm |X|∞,Σ , max{|X1|/
√

Σ11, . . . , |Xd|/
√

Σdd},
since in this case,

σ∞,Σ(·) = lim
z→∞

P(X/|X|∞,Σ ∈ · | |X|∞,Σ > z)

= lim
u↗1

P(X/|X|∞,Σ ∈ · | |X1| > G−1
1 (u) ∪ · · · ∪ |Xd| > G−1

d (u)),

is the spectral measure of X with respect to the norm | · |∞,Σ. The corresponding
question in this case would be: What is the dependence between the components of
a random vector given that at least one of its components is extreme relative to its
marginal distribution?

In the following two examples we compute the spectral measure with respect to
the Euclidean 2-norm and the max-norm for bivariate regularly varying elliptical
distributions. This can also be done for elliptical distributions of higher dimension,
but the corresponding computations in spherical coordinates become quite tedious.
Example 2.24. Let X ∼ E2(0, Σ, φ), with Σ11, Σ22 > 0, be regularly varying with
index α > 0, and let X d= RAU be a stochastic representation according to Theorem
2.11. Without loss of generality we can choose A and U such that

(
X1

X2

)
d= R

( √
Σ11 0√

Σ22%12

√
Σ22

√
1− %2

12

) (
cosϕ

sin ϕ

)
,

where ϕ ∼ U(−π/2, 3π/2), i.e.

(X1, X2)T
d= (

√
Σ11R cosϕ,

√
Σ22%12R cos ϕ +

√
Σ22

√
1− %2

12R sinϕ)T

= (
√

Σ11R cosϕ,
√

Σ22R sin(arcsin %12 + ϕ))T,

where ϕ ∼ U(−π/2, 3π/2). Let

f(t) ,
(
Σ11 cos2 t + Σ22 sin2(arcsin %ij + t)

)1/2
,

g(t) ,





−π/2 for t = −π/2,

arctan
(√

Σ22
Σ11

(%12 +
√

1− %2
12 tan t)

)
for t ∈ (−π/2, π/2),

g(t− π) + π for t ∈ [π/2, 3π/2).

Then,

RAU = R|AU|2 AU
|AU|2

d= Rf(ϕ)
(

cos g(ϕ)
sin g(ϕ)

)
.

Since X is regularly varying and X/|X|2 has continuous distribution on S1
2, there

exists a probability measure σ such that for every x > 0 and every S ∈ B(S1
2),

lim
z→∞

P(R|AU|2 > zx,AU/|AU|2 ∈ S)
P(R|AU|2 > z)

= x−ασ(S).

Moreover, by Theorem 2.20, R is regularly varying which implies that there exists a
slowly varying function L, i.e., a positive, Lebesgue measurable function on (0,∞)
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satisfying limt→∞ L(tx)/L(t) = 1, for x > 0, such that P(R > x) = x−αL(x). Let
Sθ1,θ2 = {(cos t, sin t)T | θ1 < t < θ2}, where by symmetry we can assume that
−π/2 < θ1 < θ2 < π/2. The case |%12| = 1 is trivial, so we consider only the case
|%12| < 1. Then,

g−1(t) = arctan

(
1√

1− %2
12

(√
Σ11√
Σ22

tan t− %12

))
for − π/2 < t < π/2,

and

lim
z→∞

P(R|AU|2 > zx, AU/|AU|2 ∈ S)
P(R|AU|2 > z)

= lim
z→∞

∫ g−1(θ2)

g−1(θ1)
z−αx−αf(t)αL(zx/f(t))dt

∫ 2π

0
z−αf(t)αL(z/f(t))dt

= x−α lim
z→∞

∫ g−1(θ2)

g−1(θ1)
f(t)αL(zx/f(t))/L(z)dt

∫ 2π

0
f(t)αL(z/f(t))/L(z)dt

= x−α

∫ g−1(θ2)

g−1(θ1)
f(t)αdt

∫ 2π

0
f(t)αdt

= x−α

∫ g−1(θ2)

g−1(θ1)

(
Σ11 cos2 t + Σ22 sin2(arcsin %12 + t)

)α/2
dt

∫ 2π

0

(
Σ11 cos2 t + Σ22 sin2(arcsin %12 + t)

)α/2
dt

.

The third equality follows from the fact that L(tx)/L(t) → 1 uniformly on intervals
[a, b], 0 < a ≤ b < ∞ (see Theorem A3.2 in Embrechts, Klüppelberg and Mikosch
[4] p. 566) and from the fact that there are constants 0 < c1 < c2 < ∞ such that
c1 < 1/f(t) < c2 for all t ∈ [−π/2, π/2]. Now we can identify the spectral measure
as

σ(Sθ1,θ2) =

∫ g−1(θ2)

g−1(θ1)

(
Σ11 cos2 t + Σ22 sin2(arcsin %12 + t)

)α/2
dt

∫ 2π

0

(
Σ11 cos2 t + Σ22 sin2(arcsin %12 + t)

)α/2
dt

.

Note that the spectral measure depends on the tail index α. Furthermore, note
that limα→0 σ(S) = P(AU/|AU|2 ∈ S) for all S ∈ B(Sd−1

2 ). We see that the
spectral measure is absolutely continuous and hence it has a density. The density
is plotted in Figure 2.3 for bivariate regularly varying elliptical distributions with
(Σ11, Σ22, %12) = (1, 1, 0.5) and with tail indices α = 0, 2, 4, 8, 16 (we write α = 0 for
the limit measure limα→0 σ(·)). From this figure it can be seen that as α increases -
that is as the tails become lighter - the probability mass becomes more concentrated
in the main directions of the ellipse (in this case π/4 and 5π/4).

Example 2.25. Let us now compute the spectral measure with respect to the norm
| · |∞. Proceeding analogously to the previous example but replacing the function
f by

f̃(t) , max{
√

Σ11 | cos t|,
√

Σ22 | sin(arcsin %12 + t)| },
we find that

RAU = R|AU|∞ AU
|AU|∞
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Figure 2.3. Densities of the spectral measure of X ∼ E2(µ, Σ, φ) with respect to the
Euclidean 2-norm, where (Σ11, Σ22, %12) = (1, 1, 0.5), and tail index α = 0, 2, 4, 8, 16.
Larger tail indices correspond to higher peaks (see Example 2.24).

where AU/|AU|∞ d= f̃(ϕ) with ϕ ∼ U(−π/2, 3π/2). Following the computations in
the previous example we obtain the spectral measure with respect to the max-norm
as

σ∞(S̃θ1,θ2) =

∫ g−1(θ2)

g−1(θ1)

(
max{√Σ11 | cos t|,√Σ22 | sin(arcsin %12 + t)| })α dt

∫ 2π

0

(
max{√Σ11 | cos t|,√Σ22 | sin(arcsin %12 + t)| })α dt

,

where S̃θ1,θ2 is the radial projection of Sθ1,θ2 (see Example 2.24) on Sd−1
∞ , the the

unit circle with respect to the max-norm. The density of the spectral measure
is plotted in Figure 2.4 for bivariate regularly varying elliptical distributions with
(Σ11, Σ22, %12) = (1, 1, 0.5) and with tail indices α = 0, 2, 4, 8, 16. From this figure
it can be seen that as α increases - that is, as the tails become lighter - the proba-
bility mass becomes less concentrated in the main directions of the ellipse (in this
case π/4 and 5π/4). This is quite intuitive, for (bivariate) regularly varying ellip-
tical distributions with lighter tails, the probability of joint extremes (that both
components are extreme) becomes very small compared to the probability that one
component is extreme. This can be seen from the fact that the coefficient of tail
dependence tends to zero as the tail index increases (see Remark 2.23 and Figure
2.2).

Note the striking difference between the spectral measure with respect to the
Euclidean norm and the spectral measure with respect to the max-norm. By choos-
ing a norm which does not correspond to the question one is trying to answer, one
might draw completely wrong conclusions about dependences between extremes.
The best illustration of this is the comparison of Figure 2.3 with Figure 2.4.
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Figure 2.4. Densities of the spectral measure of X ∼ E2(µ, Σ, φ) with respect to
the max-norm, where (Σ11, Σ22, %12) = (1, 1, 0.5), and tail index α = 0, 2, 4, 8, 16.
Larger tail indices correspond to higher peaks (see Example 2.25).

2.6 Proofs

There exist several definitions of (multivariate) regular variation equivalent to Def-
inition 2.7 (see e.g. Basrak [1]), one of which will be useful in the proof of Lemma
2.8 and Theorem 2.22. A statement similar to the following has been proved in [1],
but we include a proof for completeness.

The following lemma gives an equivalent definition of (multivariate) regular
variation in terms of vague convergence of measures on Rd\{0}, where R , R ∪
{−∞,∞}. There is a metric ρ on this space which makes it separable and com-
plete and the σ-algebra B(Rd\{0}), generated by ρ, coincides on Rd\{0} with the
standard Borel σ-algebra Rd on Rd, i.e. B(Rd\{0}) ∩ (Rd\{0}) = Rd ∩ (Rd\{0}).
Finally, for x > 0 and S ∈ B(Sd−1), let Vx,S , {y ∈ Rd\{0} : |y| > x,y/|y| ∈ S}.

Lemma 2.26. Let X be a d-dimensional random vector. Then the following state-
ments are equivalent.

(1) X is regularly varying with index α > 0 in the sense of Definition 2.7.

(2) There exists a non-zero Radon measure µ on B(Rd\{0}) with µ(Rd\Rd) = 0
and a relatively compact set E ∈ B(Rd\{0}) with µ(∂xE) = 0 for every x > 0
such that, as u →∞,

P(X ∈ u · )
P(X ∈ uE)

v→ µ(·) on B(Rd\{0}). (2.5)

Moreover, if (2.5) holds, then there exists α > 0 such that µ(xD) = x−αµ(D)
for every x > 0 and relatively compact D ∈ B(Rd\{0}) with µ(∂D) = 0.



34 Chapter 2. Multivariate extremes in elliptical distributions

Remark 2.27. If (2) holds, then

µ̃u(·) , P(X ∈ u · )/P(X ∈ uẼ) v→ µ̃(·) as u →∞

holds with µ̃(·) = µ(·)/µ(Ẽ) for any relatively compact set Ẽ ∈ B(Rd\{0}) such
that µ(Ẽ) > 0 and µ(∂Ẽ) = 0. This follows directly from the fact that

P(X ∈ u · )
P(X ∈ uE)

P(X ∈ uE)

P(X ∈ uẼ)
v→ µ̃(·) as u →∞

if the set Ẽ satisfies the above conditions.

Remark 2.28. If µ is a Radon measure on B(Rd\{0}) such that for some α >

0, µ(xD) = x−αµ(D) for every x > 0 and relatively compact D ∈ B(Rd\{0})
with µ(∂D) = 0, then it follows that µ assigns no mass to spheres (with respect
to any norm on Rd). To see this note that since µ is a Radon measure there
exists a y > 0 such that µ(ySd−1) = 0. Hence, by the scaling property we have
µ(xSd−1) = (x/y)−αµ(ySd−1) = 0. Under the condition that µ(Rd\Rd) = 0 we
have µ(∂Vx,Sd−1) = 0 for every x > 0. This implies in particular that µ(∂Vx,S) =
µ(Vx,∂S) for every x > 0 and S ∈ B(Sd−1).

Proof. (2) ⇒ (1) By Remark 2.28, µ(∂V1,Sd−1) = 0. Since µ(Rd\Rd) = 0 we can
without loss of generality take E ⊂ Rd, and since E is relatively compact there
exists a x > 0 such that E ⊂ Vx,Sd−1 , and µ(V1,Sd−1) = xαµ(Vx,Sd−1) > 0 since
µ(E) > 0. Furthermore, V1,Sd−1 is relatively compact. Hence, by Remark 2.27, we
may put E = V1,Sd−1 . For any x > 0 and S ∈ B(Sd−1) with µ(∂Vx,S) = 0,

lim
u→∞

P(|X| > ux,X/|X| ∈ S)/P(|X| > u) = lim
u→∞

µu(Vx,S) = µ(Vx,S) = x−αµ(V1,S).

Since µ(V1,·) is a probability measure on Sd−1 we may put σ(·) = µ(V1,·). Moreover,
by Remark 2.28, µ(∂Vx,S) = µ(Vx,∂S). Hence X is regularly varying with index
α > 0.

(1) ⇒ (2) We will prove the implication with E = V1,Sd−1 . For u, x > 0 define the
measures

µu(Vx,·) , P(|X| > ux,X/|X| ∈ ·)/P(|X| > u),

µ(Vx,·) , x−ασ(·)

on B(Sd−1). This also defines set functions µu and µ on the semi-ring P , {Vx,S :
x > 0, S ∈ B(Sd−1)}. By Theorem 11.3, p. 166 in Billingsley [2], µu and µ can be
extended to measures on σ(P) = B(Rd\{0})∩Rd. The extensions are unique since
Rd\{0} = ∪∞k=1V1/k,Sd−1 , where µu(V1/k,Sd−1) < ∞ and µ(V1/k,Sd−1) < ∞ for each
k ≥ 1. By definition of µ, µ(Vx,S) = x−αµ(V1,S) for x > 0 and S ∈ B(Sd−1). Since
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P is a π-system, this scaling property holds for arbitrary sets in σ(P). We extend
µu and µ to B(Rd\{0}) by requiring that µu(Rd\Rd) = µ(Rd\Rd) = 0. Let

A , {Vx,S\Vy,S : 0 < x ≤ y, S ∈ B(Sd−1)}.
Now µu(Vx,·)

v→ µ(Vx,·) is equivalent to that for each S ∈ B(Sd−1) with µ(Vx,∂S) =
0, µu(Vx,S) → µ(Vx,S). By Remark 2.28, µ(∂Vx,S) = µ(Vx,∂S) for x > 0 and
S ∈ B(Sd−1). Hence, for each set Vx,S\Vy,S ∈ A with µ(∂Vx,S) = 0, as u →∞,

µu(Vx,S\Vy,S) = µu(Vx,S)− µu(Vy,S) → µ(Vx,S)− µ(Vy,S) = µ(Vx,S\Vy,S).

Since µ(Rd\Rd) = 0, convergence on A implies vague convergence on B(Rd\{0}).
Hence µu

v→ µ on B(Rd\{0}).
Let us also prove that if (2.5) holds, then there exists α > 0 such that µ(xD) =
x−αµ(D) for every x > 0 and relatively compact D ∈ B(Rd\{0}) with µ(∂D) = 0.
Indeed, for x, y > 0,

µ(xyE) = lim
u→∞

P(X ∈ uxyE)
P(X ∈ uE)

= lim
u→∞

P(X ∈ uxyE)
P(X ∈ uxE)

P(X ∈ uxE)
P(X ∈ uE)

= µ(yE)µ(xE),

i.e. x 7→ µ(xE) satisfies the Hamel equation, and hence µ(xE) = x−α for some
α ∈ R. Since µ is a Radon measure (µ assigns finite measure to relatively compact
sets) we have α ≥ 0, and since µ does not charge Rd\Rd we have α 6= 0. For x > 0
and a relatively compact D with µ(∂D) = 0,

µ(xD) = lim
u→∞

P(X ∈ uxD)
P(X ∈ uE)

= lim
u→∞

P(X ∈ uxD)
P(X ∈ uxE)

P(X ∈ uxE)
P(X ∈ uE)

= µ(D)x−α.

Proof of Lemma 2.8. Assume that X is regularly varying with index α > 0 with
respect to the norm | · |A. Then statement (2) of Lemma 2.26 holds for some µ.
Proceeding as in the first part of the proof of Lemma 2.26 with the norm | · |B
proves the claim.

Proof of Lemma 2.9. Let x > 0 be arbitrary but fixed and let S ∈ B(Sd−1) be
arbitrary but fixed with σ(∂S) = 0. For u > 0 let

Au , P(|X + b| > ux, (X + b)/|X + b| ∈ S)
P(|X + b| > u)

,

Lu , P(|X| > ux + |b|, (X + b)/|X + b| ∈ S)
P(|X| > u− |b|) ,

Uu , P(|X| > ux− |b|, (X + b)/|X + b| ∈ S)
P(|X| > u + |b|) .
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Then

Lu =
P(|X| > ux + |b|, (X + b)/|X + b| ∈ S)

P(|X| > u + |b|/x)
P(|X| > u + |b|/x)
P(|X| > u− |b|) , L(1)

u L(2)
u ,

Uu =
P(|X| > ux− |b|, (X + b)/|X + b| ∈ S)

P(|X| > u− |b|/x)
P(|X| > u− |b|/x)
P(|X| > u + |b|) , U (1)

u U (2)
u .

Since Lu ≤ Au ≤ Uu for all u > 0, L
(2)
u , U

(2)
u → 1 as u → ∞ and L

(1)
u = U

(1)
s with

s = u + 2|b|/x,

lim
u→∞

Au = lim
u→∞

Lu = lim
u→∞

Uu = lim
u→∞

P(|X| > ux, (X + b)/|X + b| ∈ S)
P(|X| > u)

= lim
u→∞

P(|X| > ux,X/|X| ∈ S)
P(|X| > u)

+ lim
u→∞

P(|X| > ux, (X + b)/|X + b| ∈ S,X/|X| /∈ S)
P(|X| > u)

− lim
u→∞

P(|X| > ux, (X + b)/|X + b| /∈ S,X/|X| ∈ S)
P(|X| > u)

.

The second to last term can be written as

lim
u→∞

P(|X| > ux, (X + b)/|X + b| ∈ S,X/|X| /∈ S)
P(|X| > u)

= lim
u→∞

P(|X| > ux)
P(|X| > u)

P((X + b)/|X + b| ∈ S,X/|X| /∈ S | |X| > ux)

≤ lim
u→∞

P(|X| > ux)
P(|X| > u)

P(X/|X| ∈ ∂S | |X| > ux) = x−ασ(∂S) = 0,

and similarly for the last term, from which the conclusion follows.

Proof of Lemma 2.17. Let X d= µ + RAU be a stochastic representation according
to Theorem 2.11. Suppose rank(Σ) = 1, then A is a d×1 matrix and U is symmetric
{1,−1}-valued. Furthermore, P(Xi = µi) < 1 implies Ai1 6= 0. Hence, if rank(Σ) =
1, then X1, . . . , Xd are continuous random variables if and only if R is continuous.
Now suppose rank(Σ) = k ≥ 2. Define Ai , (Ai1, . . . , Aik) and a , AiAT

i .
Since P(Xi = µi) < 1, the case a = 0 is excluded. By choosing an orthogonal k× k
matrix O whose first column is AT

i /a and using Remark 2.12(a) if necessary, we may
assume that Ai = (a, 0, . . . , 0), hence Xi

d= µi+aRU1. Note that U1 is a continuous
random variable because k ≥ 2. Hence P(aRU1 = x) = 0 for all x ∈ R\{0}. Hence,
if rank(Σ) ≥ 2, then X1, . . . , Xd are continuous random variables if and only if
P(Xi = µi) = 0 for i = 1, . . . , d, or equivalently, if and only if P(R = 0) = 0.
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Proof of Theorem 2.18. Let φ̃(r) be the characteristic generator of (R̃ | R = r)Z̃,
let φ′ be the characteristic generator of Z, and let FR be the distribution function
of R. Then for all t ∈ Rd,

ϕRZ+ eReZ(t) =
∫ ∞

0

ϕrZ(t)ϕ( eR|R=r)eZ(t)dFR(r)

=
∫ ∞

0

φ′(r2tTΣt)φ̃(r)(tTΣt)dFR(r),

from which it follows that X + X̃ ∼ Ed(µ + µ̃, Σ, φ∗), with

φ∗(u) =
∫ ∞

0

φ′(r2u)φ̃(r)(u)dFR(r).

Moreover, if R and R̃ are independent, then φ̃(r)(u) = φ̃(u) and

φ∗(u) =
∫ ∞

0

φ′(r2u)φ̃(r)(u)dFR(r) = φ̃(u)
∫ ∞

0

φ′(r2u)dFR(r) = φ(u)φ̃(u).

Proof of Corollary 2.21. Recall that %ij , Σij/
√

ΣiiΣjj . Let X̃i
d= Xi for i =

1, . . . , d be mutually independent, and independent of X. Then X̃ ∼ Nd(µ, Σ̃),
where Σ̃ = diag(Σ11, . . . , Σdd). Hence, X∗ , X−X̃ ∼ Nd(0, Σ∗), where Σ∗ = Σ+Σ̃.
Let %∗ij , Σ∗ij/

√
Σ∗iiΣ

∗
jj . Then,

%S(Xi, Xj) = 3τ(X∗
i , X∗

j ) = 3
(

2
π

arcsin %∗ij

)
=

6
π

arcsin(%ij/2),

where the second equality follows from Theorem 2.20 and the fact that the disper-
sion matrix of a sum of two independent identically distributed elliptical random
vectors differs from those of the terms by at most a positive constant factor.

Proof of Theorem 2.22. By Lemma 2.9 we can without loss of generality assume
that µ = 0. (1) ⇐⇒ (2) If rank(Σ) = k < d, denote by Σ(−1) , (A(−1))TA(−1) the
generalized inverse of Σ, where A(−1) , (ATA)−1AT, i.e. A(−1) solves A(−1)A = Ik,
where Ik denotes the k×k identity matrix. Note that Σ(−1) = Σ−1 if rank(Σ) = d.
By choosing the norm |x|Σ , (xTΣ(−1)x)1/2 in the definition of regular variation
(by Lemma 2.8 we are allowed to choose any norm), we obtain

P(|X|Σ > ux,X/|X|Σ ∈ ·)
P(|X|Σ > u)

=
P(R > ux,AU ∈ ·)

P(R > u)
=
P(R > ux)P(AU ∈ ·)

P(R > u)
.

If R is regularly varying, then limu→∞ P(R > ux)/P(R > u) = x−α, and hence
P(|X|Σ > ux,X/|X|Σ ∈ ·)/P(|X|Σ > u) v→ x−α P(AU ∈ ·) as u → ∞. Conversely,
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if P(|X|Σ > ux,X/|X|Σ ∈ ·)/P(|X|Σ > u) v→ x−ασ(·) as u → ∞, then we must
have σ(·) = P(AU ∈ ·) and limu→∞ P(R > ux)/P(R > u) = x−α.

(1) ⇐⇒ (3) First note that if X ∼ Ed(0,Σ, φ), with Xi ∼ Fi and Xj ∼ Fj ,
then F−1

i (u) =
√

Σii/ΣjjF
−1
j (u) for u ∈ (0, 1). Secondly, if limu↗1 F−1

i (u) < ∞,
i.e. if Xi is a bounded random variable, then there exists a u0 ∈ (0, 1) such that
the events {Xi > F−1

i (u)} and {Xj > F−1
j (u)} are disjoint for u > u0, and hence

lim
u↗1

P(Xi > F−1
i (u), Xj > F−1

j (u))

P(Xi > F−1
i (u))

= 0.

Therefore, without loss of generality, we only consider random vectors whose mar-
ginal distributions are such that limu↗1 F−1

i (u) = ∞, i.e. random variables with
unbounded support. Then,

λU (Xi, Xj) = lim
z→∞

P(Xi >
√

Σiiz, Xj >
√

Σjjz)
P(Xi >

√
Σiiz)

.

Since X d= RAU,

(
Xi

Xj

)
d= R

( √
Σii 0√

Σjj%ij

√
Σjj

√
1− %2

ij

) (
cosϕ

sin ϕ

)
,

where ϕ ∼ U(−π, π), i.e.

(Xi, Xj)T
d= (

√
ΣiiR cosϕ,

√
Σjj%ijR cosϕ +

√
Σjj

√
1− %2

ijR sinϕ)T

= (
√

ΣiiR cosϕ,
√

ΣjjR sin(arcsin %ij + ϕ))T,

with ϕ ∼ U(−π, π). Hence

λU (Xi, Xj) = lim
z→∞

P(R cosϕ > z, R sin(arcsin %ij + ϕ) > z)
P(R cosϕ > z)

.

The numerator can be written as

P(R cosϕ > z, R sin(arcsin %ij + ϕ) > z)

= P
(
R > z max

( 1
cos ϕ

,
1

sin(arcsin %ij + ϕ)
)
, cos ϕ > 0, sin(arcsin %ij + ϕ) > 0

)

=
1
π

∫ π/2

(π/2−arcsin %ij)/2

P(R > z/ cos t)dt,

and the denominator can be written as

P(R cos ϕ > z) = P(R > z/ cos ϕ, cosϕ > 0) =
1
π

∫ π/2

0

P(R > z/ cos t)dt.
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Suppose R is regularly varying with index α > 0. By Theorem A.3.2 in Embrechts,
Klüppelberg and Mikosch [4] p. 566, for a > 0,

P(R > zx)/P(R > z) → x−α as z →∞,

uniformly in x on each [a,∞). In particular, with x = 1/ cos t,

P(R > z/ cos t)/P(R > z) → cosα t as z →∞,

uniformly in t on [0, π/2). Let

fz(t) ,
{
P(R > z/ cos t)/P(R > z) for t ∈ [0, π/2),

0 for t = π/2.

Then fz(·) → cosα(·) uniformly on [0, π/2], and hence

λU (Xi, Xj) = lim
z→∞

∫ π/2

(π/2−arcsin %ij)/2
fz(t)dt

∫ π/2

0
fz(t)dt

=

∫ π/2

(π/2−arcsin %ij)/2
cosα tdt

∫ π/2

0
cosα tdt

.

Since

lim
α→∞

∫ π/2

(π/2−arcsin %ij)/2
cosα tdt

∫ π/2

0
cosα tdt

= 0,

we conclude that λU (Xi, Xj) > 0 if and only if R is regularly varying with index
α > 0 and in that case

λU (Xi, Xj) =

∫ π/2

(π/2−arcsin %ij)/2
cosα tdt

∫ π/2

0
cosα tdt

.

Moreover, because elliptically distributed random vectors are radially symmetric
about µ, λU (Xi, Xj) = λL(Xi, Xj).

We close this section with a more detailed version of the counterexample already
discussed in Section 2.4.

Counterexample. Let X d= µ+RAU ∼ E2(µ, Σ, φ), where Σ11, Σ22 > 0 and µ, R, A
and U are as in Theorem 2.11. To construct a counterexample we derive the relation
between Spearman’s rho and the linear correlation coefficient % = Σ12/

√
Σ11Σ22

for W , AU. We only consider the case with rank(Σ) = 2, since the case with
rank(Σ) = 1 is trivial. From the invariance of Spearman’s rho under componentwise
strictly increasing transformations of the underlying random vector we can without
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loss of generality assume that Σ11 = Σ22 = 1 and Σ12 = Σ21 = %. We show that
the following relation holds,

%S(W1,W2) = 3
(

arcsin %

π

)
− 4

(
arcsin %

π

)3

. (2.6)

In the case of a bivariate normal distribution, i.e. R ∼ χ2
2, we know from Corollary

2.21 that the relation between Spearman’s rho and the linear correlation coefficient
is

%S(X1, X2) =
6
π

arcsin(%/2). (2.7)

Since these two relations differ (the difference is plotted in Figure 2.1) we conclude
that, contrary to Kendall’s tau, Spearman’s rho is not invariant in the class of
elliptical distributions with a fixed dispersion matrix. It remains to be shown that
(2.6) holds. This can be done following the steps below.
Step 1. Let (W1,W2), (W ′

1,W
′
2) and (W ′′

1 ,W ′′
2 ) be independent copies. Then

%S(W1,W2) = 12P(W ′
1 ≤ W1,W

′′
2 ≤ W2)− 3.

Step 2. For (W1,W2), W ′
1, W ′′

2 as above we have that,

P(W ′
1 ≤ W1,W

′′
2 ≤ W2) =

1
2π

∫ 2π

0

(
1
2

+
1
π

arcsin(sin(arcsin % + t))

− 1
2π

arccos(cos t)

− 1
π2

arccos(cos t) arcsin(sin(arcsin % + t))
)

dt.

Step 3. The following equalities hold:

(i)
∫ 2π

0

arcsin(sin(arcsin % + t))dt = 0.

(ii)
∫ 2π

0

arccos(cos t)dt = π2.

(iii)
∫ 2π

0

arccos(cos t) arcsin(sin(arcsin % + t))dt =
2
3
(arcsin %)3 − π2

2
arcsin %.

Combining Steps 1-3 yields (2.6),

%S(W1,W2) = 12P(W ′
1 ≤ W1,W

′′
2 ≤ W2)− 3

=
12
2π

(
π − π

2
− 2

3π2
(arcsin %)3 +

1
2

arcsin %

)
− 3

= 3
(

arcsin %

π

)
− 4

(
arcsin %

π

)3

.
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Proof of Step 1. Straightforward computations of Spearman’s rho for continuous
random variables yields

%S(W1,W2) = 3 (2P((W1 −W ′
1)(W2 −W ′′

2 ) > 0)− 1)
= 3 (4P(W ′

1 ≤ W1,W
′′
2 ≤ W2)− 1)

= 12P(W ′
1 ≤ W1,W

′′
2 ≤ W2)− 3.

Proof of Step 2. Let ϕ,ϕ′, ϕ′′ ∼ U(0, 2π) be independent. Then

(W1,W2)
d= (cos ϕ, sin(arcsin % + ϕ)),

(W ′
1,W

′
2)

d= (cos ϕ′, sin(arcsin % + ϕ′)),
(W ′′

1 ,W ′′
2 ) d= (cos ϕ′′, sin(arcsin % + ϕ′′)).

Conditioning on ϕ yields,

P(W ′
1 ≤ W1, W

′′
2 ≤ W2) = P(cos ϕ′ ≤ cos ϕ, sin(arcsin % + ϕ′′) ≤ sin(arcsin % + ϕ))

=
1
2π

∫ 2π

0

P(cos t− cosϕ′ ≥ 0)P(sin(arcsin % + t)− sin(arcsin % + ϕ′′) ≥ 0)dt.

The factors in the integrand can be written as

P(cos t− cos ϕ′ ≥ 0) = 1− 1
2π

2 arccos(cos t),

P(sin(arcsin % + t)− sin(arcsin % + ϕ′′) ≥ 0)

= 1− 1
2π

(π − arcsin(sin(arcsin % + t))− arcsin(sin(arcsin % + t)))

=
1
2

+
1
2π

2 arcsin(sin(arcsin % + t)).

Combining these expressions yields,

P(cost− cos ϕ′ ≥ 0)P(sin(arcsin % + t)− sin(arcsin % + ϕ′′) ≥ 0)

=
1
2

+
1
π

arcsin(sin(arcsin % + t))− 1
2π

arccos(cos t)

− 1
π2

arccos(cos t) arcsin(sin(arcsin % + t)).
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Proof of Step 3. (i) and (ii) are elementary. To compute (iii) we first split the
integral depending on arccos(cos t) and then use a variable transformation to obtain

I , 1
π2

∫ 2π

0

arccos(cos t) arcsin(sin(arcsin % + t))dt

=
1
π2

(∫ π

0

t arcsin(sin(arcsin % + t))dt

+
∫ 2π

π

(2π − t) arcsin(sin(arcsin % + t))dt

)

=
1
π2

(∫ π+arcsin %

arcsin %

(u− arcsin %) arcsin(sin u)du

+
∫ 2π+arcsin %

π+arcsin %

(2π − u + arcsin %) arcsin(sin u)du

)

=
1
π2




∫ π

0

(u− arcsin %) arcsin(sin u)du

︸ ︷︷ ︸
I

−
∫ arcsin %

0

(u− arcsin %)udu

︸ ︷︷ ︸
II

+
∫ π+arcsin %

π

(u− arcsin %)(π − u)du

︸ ︷︷ ︸
III

+
∫ 2π

π

(2π − u + arcsin %) arcsin(sinu)du

︸ ︷︷ ︸
IV

−
∫ π+arcsin %

π

(2π − u + arcsin %)(π − u)du

︸ ︷︷ ︸
V

+
∫ 2π+arcsin %

2π

(2π − u + arcsin %)(u− 2π)du

︸ ︷︷ ︸
V I




The different parts can now be computed separately.

I =
∫ π

0

(u− arcsin %) arcsin(sinu)du =
∫ π/2

0

(u− arcsin %)udu

+
∫ π

π/2

(u− arcsin %)(π − u)du = π3/8− π2(arcsin %)/4
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II =
∫ arcsin %

0

(u− arcsin %)udu = −(arcsin %)3/6

III =
∫ π+arcsin %

π

(u− arcsin %)(π − u)du = −π(arcsin %)2/2 + (arcsin %)3/6

IV =
∫ 2π

π

(2π − u + arcsin %) arcsin(sin u)du

=
∫ 3π/2

π

(2π − u + arcsin %)(π − u)du +
∫ 2π

3π/2

(2π − u + arcsin %)(u− 2π)du

=− π3/8− π2(arcsin %)/4

V =
∫ π+arcsin %

π

(2π − u + arcsin %)(π − u)du = −π(arcsin %)2/2− (arcsin %)3/6

V I =
∫ 2π+arcsin %

2π

(2π − u + arcsin %)(u− 2π)du = (arcsin %)3/6

Putting everything together yields

I =
1
π2

(I − II + III + IV − V + V I) =
1
π2

(
2
3
(arcsin %)3 − π2

2
arcsin %

)

=
2

3π2
(arcsin %)3 − 1

2
arcsin %.
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Chapter 3

Multivariate regular
variation for additive
processes

Henrik Hult and Filip Lindskog (2002) Multivariate regular variation for additive pro-
cesses, submitted.

Abstract. We study the joint tail behavior of heavy-tailed Rd-valued additive pro-

cesses, i.e. stochastically continuous processes with independent increments, and the joint

tail behavior of vectors of functionals acting on each component of such processes. More

precisely we consider additive processes which at a fixed time t > 0 satisfy a multivariate

regular variation condition. Tail equivalence between the process at time t and its Lévy

measure, in the sense of having the same multivariate regular variation limit measure,

is established. We also derive regular variation limit measures for vectors consisting of

the componentwise suprema, the componentwise suprema of the jumps and the compo-

nentwise integrals over the time interval [0, t]. In order to derive the limit measure for

the vector of componentwise integrals we study convergence of the appropriately scaled

probability that the process reaches sets in the product space [0, t]×Rd, and we establish

several equivalent formulations of this convergence.
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3.1 Introduction

Stochastic processes with heavy-tailed marginal distributions have become increas-
ingly important in many applications such as communication networks, hydrology,
insurance mathematics and mathematical finance. A lot of effort has been put
into studying such processes and into finding the tail asymptotics of the distribu-
tion of functionals of the processes (see e.g. Embrechts, Goldie and Veraverbeke [7],
Rosiński and Samorodnitsky [14] and Braverman, Mikosch and Samorodnitsky [5]).
However, whereas problems concerning the tail behavior for univariate stochastic
processes have been studied successfully for quite some time, multivariate processes
have received far less attention. Even though the intuition behind the univariate
results to a large extent extends to the multivariate case, proving results in the
multivariate case requires other tools such as vague convergence of measures.

The notion of heavy tails used in this paper is that of multivariate regular
variation. It says that an Rd-valued random vector X with unbounded support is
regularly varying if there exists a sequence {an}, 0 < an ↑ ∞, and a nonzero Radon
measure µ defined on B(Rd\{0}) with µ(Rd\Rd) = 0 such that, as n →∞,

nP(a−1
n X ∈ · ) v→ µ(·) on B(Rd\{0}).

Here v→ denotes vague convergence on B(Rd\{0}). We refer to Kallenberg [9] for
details on vague convergence. The reason for working on the space Rd\{0} instead
of Rd has to do with vague convergence; we want sets in Rd which are bounded
away from the origin to be relatively compact. We focus on multivariate additive
processes, i.e. stochastically continuous processes with independent increments,
which at some fixed time t > 0 satisfy the above regular variation condition, and
we study the tail behavior of vectors of functionals acting on such processes. By tail
behavior we mean a limit measure of the above type. The basic intuition underlying
all the results is the following: the process reaches a set far away from the origin
by making one big jump at some time τ < t, and in comparison to the size of the
jump the process does not move much before τ nor between τ and t.

We prove tail equivalence between the distribution of Xt and its associated Lévy
measure νt in the sense that if µt is a nonzero Radon measure on B(Rd\{0}) with
µt(R

d\Rd) = 0, then

nP(a−1
n Xt ∈ · ) v→ µt on B(Rd\{0}) (3.1)

if and only if
nνt(an· ) v→ µt on B(Rd\{0}). (3.2)

This is a multivariate version, in the regularly varying case, of a result in Embrechts,
Goldie and Veraverbeke [7] which says that

P(Xt > x) ∼ νt({y ∈ R : y > x}) as x →∞,



3.1. Introduction 47

for Xt subexponential. Moreover, we determine the implications of regular variation
of Xt on the joint tail behavior of vectors of functionals acting on the underlying
process {Xs : s ≥ 0}. For example, we study the componentwise suprema

X∗
t =

(
sup

0≤s≤t
X(1)

s , . . . , sup
0≤s≤t

X(d)
s

)

and the componentwise suprema of the jumps

X∆
t =

(
sup

0<s≤t
∆X(1)

s , . . . , sup
0<s≤t

∆X(d)
s

)
,

and we show that if the additive process {Xs : s ≥ 0} satisfies the regular variation
condition (3.1), then

nP(a−1
n X∗

t ∈ · ) v→ µt(·) and nP(a−1
n X∆

t ∈ · ) v→ µt(·) on B(Rd

+\{0}),
i.e. we have convergence to the same limit measure. In this case, knowing the joint
tail behavior of Xt is enough to determine the joint tail behavior of X∗

t and X∆
t

respectively. However, there are many other interesting choices of functionals for
which the joint tail behavior cannot be determined by that of Xt alone. Typically,
we would need information of the type: the probability that Xs for some s ∈ [0, t]
reaches a set anBs, where Bs is allowed to vary with s. This can be formulated in
terms of a vague limit on B([0, t] × (Rd\{0})) for the graph {(s,Xs) : 0 ≤ s ≤ t}
of the process. We prove tail equivalence between the graph of the process and the
associated measure ν̃, where ν̃([0, s]×B) = νs(B) for s ∈ [0, t] and B ∈ B(Rd\{0}),
in the sense of having the same vague limit on B([0, t]×(Rd\{0})). Since the precise
formulation of the result (Theorem 3.20) requires some additional notation and a
few technicalities, we refrain from stating it at this point. Using this result we can
determine the joint tail behavior of the componentwise integrals

It =
(∫ t

0

X(1)
s ds, . . . ,

∫ t

0

X(d)
s ds

)

in the sense of the vague limit of nP(a−1
n It ∈ · ) on B(Rd\{0}). As a special case,

if {Xs : s ≥ 0} is a Lévy process, then it follows that

nP(a−1
n It ∈ · ) v→ tα+1

α + 1
µ(·) on B(Rd\{0}),

where µ and α > 0 are such that µt(·) = tµ(·) and µ(x ·) = x−αµ(·) for x > 0.
The paper is organized as follows. We begin in Section 3.2 by reviewing the

notion of multivariate regular variation and we introduce the additive processes in
Section 3.3 and recall some of their properties. In Section 3.4 we consider sums
of independent regularly varying random vectors and prove some new results. In
Section 3.5 these results are used to prove the main results on tail equivalence and
joint tail behavior of functionals acting on the components of the processes.
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3.1.1 Notation

We denote by R = R ∪ {−∞,∞} the extended real line and R+ = [0,∞]. For sets
B ⊂ A ⊂ Rd

,
A\B = {x ∈ Rd

: x ∈ A ∩Bc}.
We denote by Rd the standard Borel σ-algebra on Rd. There is a metric ρ on
Rd\{0} which makes (Rd\{0}, ρ) a separable and complete metric space, we denote
by B(Rd\{0}) the Borel σ-algebra generated by the open sets with respect to ρ.
Furthermore, on Rd\{0}, B(Rd\{0}) and Rd coincide. For a set E ⊂ Rd\{0}
we denote by B(E) the σ-algebra generated by the subspace topology. For a set
A ⊂ Rd\{0} (Rd

+\{0}) we denote by ∂A its boundary (∂A is always measurable

since it is closed). If µ is a measure on B(Rd\{0}) (B(Rd

+\{0})), then A is called a
µ-continuity set if µ(∂A) = 0.

Operations between Rd-valued (Rd
-valued) vectors are always interpreted as

componentwise operations, e.g. a < b means a(i) < b(i) for i = 1, . . . , d. Using this
notation we have [a,b) = {x ∈ Rd

: a ≤ x < b}. We denote by | · | an arbitrary
norm on Rd and by Sd−1 = {z ∈ Rd : |z| = 1} and Bx,ε = {z ∈ Rd : |z| < ε} the
unit sphere and the open ball with radius ε centered at x, respectively, with respect
to this norm.

The symbol ∼ denotes both asymptotic equivalence, i.e. f(x) ∼ g(x) as x →
∞ if limx→∞ f(x)/g(x) = 1, and that a random vector has a certain probability
distribution, i.e. X ∼ F means that X has the distribution F . The dual use of ∼
should not cause any confusion.

3.2 Multivariate regular variation

The notion of multivariate regularly varying random vectors has appeared in several
apparently different applications such as the study of stochastic recurrence equa-
tions (see Kesten [10]), multivariate extreme value theory (see e.g. Resnick [13])
and the description of weak limits of point processes constructed from stationary
sequences of random vectors (see Davis and Hsing [6]). In recent years some effort
has been made to establish equivalence of the different notions of multivariate reg-
ular variation (see Basrak [1] and Basrak, Davis and Mikosch [3]) and as a result
several equivalent definitions are at hand. The following definition is perhaps the
most intuitive one.

Definition 3.1. An Rd-valued random vector X with unbounded support is said
to be regularly varying with index α > 0 if there exists a probability measure σ on
Sd−1 such that for all x > 0, as u →∞,

P(|X| > ux,X/|X| ∈ ·)
P(|X| > u)

v→ x−ασ(·) on B(Sd−1). (3.3)
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The probability measure σ is referred to as the spectral measure of X and α is
referred to as the tail index of X.

An equivalent formulation is the following (see Basrak [1]).

Theorem 3.2. Let X be an Rd-valued random vector with unbounded support.
Then X is regularly varying in the sense of Definition 3.1 if and only if there exists
a sequence {an}, 0 < an ↑ ∞, and a nonzero Radon measure µ on B(Rd\{0}) with
µ(Rd\Rd) = 0 such that, as n →∞,

nP(a−1
n X ∈ · ) v→ µ(·) on B(Rd\{0}). (3.4)

Moreover, if (3.4) holds, then there exists α > 0 such that µ(xB) = x−αµ(B) for
every x > 0 and B ∈ B(Rd\{0}).
Remark 3.3. (i) The scaling property of the limit measure µ implies that µ assigns
no mass to spheres centered at the origin, i.e. sets of the form rSd−1 for r > 0,
with respect to any norm on Rd. In particular µ has no atoms (see Basrak [1]).
(ii) A standard regular variation argument shows that if (3.4) holds, then the se-
quence {an} is regularly varying with index 1/α, i.e. for every λ > 0, a[λn]/an →
λ1/α as n →∞.

Let us now consider yet another possible formulation of multivariate regular
variation; there exists an α > 0 and a slowly varying function L(u) such that for
every x ∈ Rd\{0}

lim
u→∞

P(〈x,X〉 > u)
u−αL(u)

= w(x) exists and is finite (3.5)

and w(x) = 0 is possible for some but not all x ∈ Rd\{0}. It follows immedi-
ately that the function w is homogeneous, w(rx) = rαw(x) for every r > 0 and
x ∈ Rd\{0}. It is easy to show that (3.3) implies (3.5). In Basrak, Davis and
Mikosch [3] the following theorem proves equivalence of (3.3) and (3.5) under some
additional assumptions.

Theorem 3.4. Let X be an Rd-valued random vector with unbounded support.
Then (3.3) and (3.5) are equivalent if either (i) α is a positive noninteger or (ii)
X has nonnegative components and α is an odd integer.

Let X be a random vector satisfying (3.3), i.e. X is regularly varying. Then
X satisfies (3.5) and the limit function w is uniquely determined by α and σ. On
the other hand, the limit function w determines α but not necessarily the spectral
measure σ if α is a positive integer. Consider the following example.

Example 3.5. Fix an integer α ≥ 1. We will construct two regularly varying random
vectors X1 and X2 with tail index α and different spectral measures σ1(·) = P(Θ1 ∈
· ) and σ2(·) = P(Θ2 ∈ · ), such that the limit functions w1 and w2 in (3.5) coincide.
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Let Θ1 be a [0, 2π)-valued random variable with density function f1(θ) > ε for all
θ ∈ [0, 2π) and some ε > 0. Take δ ∈ (0, ε) and let Θ2 have density function f2

given by
f2(θ) = f1(θ) + δ sin((α + 2)θ), θ ∈ [0, 2π).

Let R ∼ Pareto(α), i.e. P(R > x) = x−α for x ≥ 1, be independent of Θi, i = 1, 2,
and put

Xi
d=

(
R cos(Θi)
R sin(Θi)

)
.

Take x ∈ R2\{0} and let β ∈ [0, 2π) be given by

x
|x| =

(
cos(β)
sin(β)

)
.

Then, for u > |x|,
P(〈x,X2〉 > u)− P(〈x,X1〉 > u)

= P(〈x/|x|,X2〉 > u/|x|)− P(〈x/|x|,X1〉 > u/|x|)

= δ

∫ ∞

u/|x|

∫ β+arccos((u/|x|)/r)

β−arccos((u/|x|)/r)

αr−α−1 sin((α + 2)θ)dθdr

= δ

∫ ∞

u/|x|
αr−α−1

∫ β+arccos((u/|x|)/r)

β−arccos((u/|x|)/r)

sin((α + 2)θ))dθdr

= − δα

α + 2

∫ ∞

u/|x|
r−α−1

(
cos((α + 2)(β + arccos((u/|x|)/r)))

− cos((α + 2)(β − arccos((u/|x|)/r)))
)
dr

=
2δα

α + 2
sin((α + 2)β)

∫ ∞

u/|x|
r−α−1 sin((α + 2) arccos((u/|x|)/r))dr

Using standard variable substitutions and trigonometric formulas the integral can
be rewritten as follows.∫ ∞

u/|x|
r−α−1 sin((α + 2) arccos((u/|x|)/r))dr

=
u−α

|x|−α

∫ 1

0

vα−1 sin((α + 2) arccos(v))dv

=
u−α

|x|−α

∫ π/2

0

cosα−1(s) sin((α + 2)s) sin(s)ds

=
u−α

|x|−α

∫ π/2

0

cosα−1(s) cos((α + 1)s)ds− u−α

|x|−α

∫ π/2

0

cosα(s) cos((α + 2)s)ds.

The two last integrals are zero for every integer α ∈ (0,∞); these integrals can be
found in Gradshteyn and Ryzhik [8] p. 392. Hence, for u > |x|,

P(〈x,X2〉 > u) = P(〈x,X1〉 > u).
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Remark 3.6. Theorem 3.4 (i) is proved in Basrak, Davis and Mikosch [3] by showing
that the limit function w in (3.5) uniquely determines the spectral measure σ in
(3.3) if α > 0 is not an integer. The above example shows that the idea behind the
proof can not be extended to integer-valued tail indices. Whether the result still
holds in this case is not known.

3.3 Additive processes

In this section we introduce additive processes following Sato [15]. An additive
process {Xt : t ≥ 0} on Rd is a stochastically continuous stochastic process with
independent increments, starting at zero. There exists a version of it which has right
continuous sample paths with left limits. We will always choose such a version. If
in addition {Xt : t ≥ 0} has stationary increments, then it is called a Lévy process.
For an additive process {Xt : t ≥ 0} on Rd, for every t, the distribution of Xt is
infinitely divisible, i.e. for any positive integer n, there exist iid random vectors
Z1,n,t, . . . ,Zn,n,t such that Xt

d=
∑n

i=1 Zi,n,t. If {Xt : t ≥ 0} is a Lévy process,
then we can take Zi,n,t = Xti/n −Xt(i−1)/n.

We denote by F̂ the characteristic function of a probability distribution F on
Rd,

F̂ (z) =
∫

Rd

ei〈z,x〉F (dx).

For any infinitely divisible probability distribution F on Rd we have the Lévy-
Khintchine representation (Sato [15] Theorem 8.1 p. 37)

F̂ (z) = exp
(
−1

2
〈z, Az〉+ i〈γ, z〉 (3.6)

+
∫

Rd\{0}
(ei〈z,x〉 − 1− i〈z,x〉1{|x|≤1}(x))ν(dx)

)
, z ∈ Rd,

where A is a symmetric nonnegative definite d×d matrix, ν is a measure on Rd\{0}
satisfying ∫

Rd\{0}
(|x|2 ∧ 1)ν(dx) < ∞, (3.7)

and γ ∈ Rd. We call (A, ν, γ) the generating triplet of F . The matrix A and the
measure ν are called, respectively, the Gaussian covariance matrix and the Lévy
measure of F . When A = 0, F is called purely non-Gaussian.

An important result for additive processes is the Lévy-Itô decomposition which
we will recall below. First some notation. Let

Da,b = {x ∈ Rd : a < |x| ≤ b}, for 0 ≤ a < b < ∞,
Da,∞ = {x ∈ Rd : a < |x| < ∞}, for 0 ≤ a < ∞.
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Theorem 3.7 (Sato [15] Theorem 19.2 p. 120). Let {Xt : t ≥ 0} be an additive
process on Rd defined on a probability space (Ω,F ,P) with system of generating
triplets {(At, νt, γt)} and define the measure ν̃ on (0,∞) × (Rd\{0}) by ν̃((0, t] ×
B) = νt(B) for B ∈ B(Rd\{0}). Let Ω0 ∈ F , P(Ω0) = 1, be such that t 7→ Xt(ω)
is right continuous in t ≥ 0 with left limits in t > 0 for each ω ∈ Ω0 and define, for
H ∈ B((0,∞)× (Rd\{0})),

ξ(H, ω) =
{

#{s : (s,Xs(ω)−Xs−(ω)) ∈ H}, for ω ∈ Ω0

0, for ω /∈ Ω0.
(3.8)

Then the following hold.

(i) {ξ(H) : H ∈ B((0,∞)×(Rd\{0}))} is a Poisson random measure on (0,∞)×
(Rd\{0}) with intensity measure ν̃.

(ii) There is Ω1 ∈ F with P(Ω1) = 1 such that, for any ω ∈ Ω1,

X1
t (ω) = lim

ε↓0

∫

(0,t]×Dε,1

{xξ(d(s,x), ω)− xν̃(d(s,x))} (3.9)

+
∫

(0,t]×D1,∞
xξ(d(s,x), ω)

is defined for all t ∈ [0,∞) and the convergence is uniform in t on any bounded
interval. The process {X1

t} is an additive process on Rd with {(0, νt, 0)} as
the system of generating triplets.

(iii) Define
X2

t (ω) = Xt(ω)−X1
t (ω) for ω ∈ Ω1.

There is Ω2 ∈ F with P(Ω2) = 1 such that, for any ω ∈ Ω2, X2
t (ω) is contin-

uous in t. The process {X2
t} is an additive process on Rd with {(At, 0,γt)}

as the system of generating triplets.

(iv) The two processes {X1
t} and {X2

t} are independent.

In connection to this theorem we give the supplementary result which says that
the part of the additive process containing the small jumps will always have finite
moments of all orders. This will be relevant when studying the tails of a regularly
varying additive process.

Lemma 3.8. Let Yt = limε↓0
∫
(0,t]×Dε,1

{xξ(d(s,x))−xν̃(d(s,x))}. Then for every
t > 0 and m ∈ N, E

(|Yt|m
)

< ∞.

Proof. Fix arbitrary t > 0 and integer m ≥ 1 (the case m = 0 is trivial). For
notational convenience, let zj , xj and Yt,j denote the jth component of z, x and
Yt respectively. Since any two norms on Rd are equivalent we may without loss
of generality take | · | to be the standard Euclidean norm, i.e. the norm given by
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|x| = (
∑d

i=1 x2
i )

1/2. Note that by the Lévy-Khintchine representation for infinitely
divisible distributions

∫

D0,1

(ei〈z,x〉 − 1− i〈z,x〉)νt(dx) and
∫

D0,1

|x|2νt(dx)

exist finitely. Let Yε
t =

∫
(0,t]×Dε,1

{xξ(d(s,x)) − xν̃(d(s,x))}. Then Yε
t

d→ Yt as
ε ↓ 0 and hence the characteristic functions converges,

E(ei〈z,Yε
t〉) = exp

{ ∫

Dε,1

(ei〈z,x〉 − 1− i〈z,x〉)νt(dx)
}

→ exp
{ ∫

D0,1

(ei〈z,x〉 − 1− i〈z,x〉)νt(dx)
}

= E(ei〈z,Yt〉).

If n1, . . . , nd ∈ N with nj ≥ 2 for some j ∈ {1, . . . , d}, then
∫

D0,1

xn1
1 · . . . · xnd

d νt(dx) ≤
∫

D0,1

x
nj

j νt(dx) ≤
∫

D0,1

|x|2νt(dx) < ∞.

Moreover,

E(|Yt|2m) =
∑

n1+···+nd=m

m!
n1! . . . nd!

E(Y 2n1
t,1 · . . . · Y 2nd

t,d ),

where since 2nj ≥ 2 for some j,

E(Y 2n1
t,1 · . . . · Y 2nd

t,d ) =
(1

i

∂

∂z1

)2n1 · . . . ·
(1

i

∂

∂zd

)2nd

E(ei〈z,Yt〉)
∣∣∣
z=0

=
∫

D0,1

x2n1
1 · . . . · x2nd

d νt(dx) < ∞.

Hence E(|Yt|2m) < ∞. However, E(|Yt|m) ≤ (E(|Yt|2m))1/2 from which the con-
clusion follows.

3.4 Sums of regularly varying random vectors

In this section we will derive some useful results concerning sums of regularly vary-
ing random vectors. The results generalize known results in the univariate case to
the multivariate setting but the techniques used in the proofs are quite different.
Let us start with a result on linear transformations of a regularly varying random
vector (see also Basrak, Davis and Mikosch [2]).

Proposition 3.9. Let X be an Rd-valued random vector and suppose there exist a
sequence {an}, 0 < an ↑ ∞, and a Radon measure µ on B(Rd\{0}) with µ(Rd\Rd) =
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0 such that nP(a−1
n X ∈ · ) v→ µ(·) on B(Rd\{0}). If T : Rd → Rp, p ≤ d, is a

linear transformation of full rank, then

nP(a−1
n T (X) ∈ · ) v→ µ ◦ T−1(· ∩ Rp) on B(Rp\{0}).

Remark 3.10. Note that the result above does not hold in general if p > d or if
p ≤ d but T not of full rank. In either case we can only get convergence on the
sub-σ-algebra T (B(Rd\{0})) ⊂ B(Rp\{0}).
Proof. Let B ∈ B(Rp\{0}) be relatively compact. If B ⊂ Rp\Rp, then

nP(a−1
n T (X) ∈ B) = µ ◦ T−1(B ∩ Rp) = 0

for all n. Hence we can without loss of generality assume that B ⊂ Rp. Since B is
relatively compact there exists an ε > 0 such that infx∈B |x| > ε. For x ∈ B take y
such that T (y) = x (since T is onto such a y always exists). Since |T (y)| ≤ ‖T‖|y|
and ‖T‖ < ∞ for all linear transformations T : Rd → Rp, |y| ≥ |x|/‖T‖ > ε/‖T‖ for
all y ∈ T−1(B). Hence T−1(B) is relatively compact in Rd\{0}. If µ(∂T−1(B)) = 0,
then

nP(a−1
n T (X) ∈ B) = nP(a−1

n T (X) ∈ B) = nP(T (a−1
n X) ∈ B)

= nP(a−1
n X ∈ T−1(B)) → µ(T−1(B)).

Since µ(∂T−1(B)) = µ◦T−1(∂B) and T−1(B) ∈ B(Rd\{0}) the conclusion follows.

We proceed by considering sums of a fixed number of independent regularly
varying random vectors.

Proposition 3.11. Let X be an Rd-valued random vector and suppose that there
exist a sequence {an}, 0 < an ↑ ∞, and a Radon measure µ on B(Rd\{0}) with
µ(Rd\Rd) = 0 such that nP(a−1

n X ∈ · ) v→ µ(·) on B(Rd\{0}).

(i) If X̃ is a random vector in Rd, independent of X, and if there exists a Radon
measure µ̃ on B(Rd\{0}) with µ̃(Rd\Rd) = 0 such that nP(a−1

n X̃ ∈ · ) v→ µ̃(·)
on B(Rd\{0}), then

nP(a−1
n (X + X̃) ∈ · ) v→ µ(·) + µ̃(·) on B(Rd\{0}).

(ii) If for some k, there are iid random vectors X1, . . . ,Xk such that X d= X1 +
· · ·+ Xk, then

nP(a−1
n X1 ∈ · ) v→ 1

k
µ(·) on B(Rd\{0}).
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Remark 3.12. A statement similar to (i), for Rd
+-valued random vectors, is proved

in Resnick [12] (Proposition 4.1 p. 85).

Proof. (i) Take ε > 0 and note that, by Remark 3.3 (i), µ(∂B0,ε) = µ̃(∂B0,ε) = 0.
Since

nP(a−1
n (X, X̃) ∈ Bc

0,ε ×Bc
0,ε) = nP(a−1

n X ∈ Bc
0,ε)P(a−1

n X̃ ∈ Bc
0,ε) → 0,

as n →∞, it follows that nP(a−1
n (X, X̃) ∈ · ) v→ µ̂(·) on B(R2d\{0}), where µ̂ is a

Radon measure which concentrates on ({0} ×Rd) ∪ (Rd × {0}). Let T : R2d → Rd

be the linear transformation T (x, x̃) = x + x̃. By Proposition 3.9,

nP(a−1
n (X + X̃) ∈ · ) v→ µ̂ ◦ T−1(· ∩ Rd) on B(Rd\{0}).

Hence for any B ∈ B(Rd\{0}),
µ̂ ◦ T−1(B ∩ Rd) = µ̂({(x, x̃) : x + x̃ ∈ B ∩ Rd})

= µ̂({(x,0) : x + 0 ∈ B ∩ Rd}) + µ̂({(0, x̃) : 0 + x̃ ∈ B ∩ Rd})
= µ(B) + µ̃(B).

(ii) Since nP(a−1
n X ∈ · ) v→ µ(·) on B(Rd\{0}) it follows that for any subse-

quence {nj} ⊂ N such that nj → ∞ as j → ∞, nj P(a−1
nj

X ∈ · ) v→ µ(·) on

B(Rd\{0}). Hence, it follows by (i) that any subsequential vague limit µ1 of
{nP(a−1

n X1 ∈ · )} must satisfy µ1 = µ/k. Hence, we only need to show that
{nP(a−1

n X1 ∈ · )} is relatively compact in the vague topology. By Theorem
15.7.5 in Kallenberg [9], {nP(a−1

n X1 ∈ · )} is relatively compact in the vague
topology if and only if supn≥1 nP(a−1

n X1 ∈ B) < ∞ for every relatively compact

B ∈ B(Rd\{0}). We prove this by contradiction. Suppose that there is a relatively
compact set B ∈ B(Rd\{0}) such that supn≥1 nP(a−1

n X1 ∈ B) = ∞. Then there is
an r > 0 such that supn≥1 nP(a−1

n X1 ∈ Bc
0,r) = ∞. Since nP(a−1

n X1 ∈ Bc
0,r) < ∞

for all finite n this implies lim supn→∞ nP(a−1
n X1 ∈ Bc

0,r) = ∞. Take ε ∈ (0, r/k).
Then

P(a−1
n X ∈ Bc

0,r−kε) = P(a−1
n (X1 + · · ·+ Xk) ∈ Bc

0,r−kε)

≥ P(a−1
n X1 ∈ Bc

0,r, a
−1
n Xj ∈ B0,ε for j = 2, . . . , k)

= P(a−1
n X1 ∈ Bc

0,r)P(a−1
n X1 ∈ B0,ε)k−1.

Hence

lim sup
n→∞

nP(a−1
n X ∈ Bc

0,r−kε) ≥ lim sup
n→∞

nP(a−1
n X1 ∈ Bc

0,r)P(a−1
n X1 ∈ B0,ε)k−1

= ∞.

This contradicts the assumption that {nP(a−1
n X ∈ · )} is relatively compact and

we conclude that {nP(a−1
n X1 ∈ · )} must be relatively compact in the vague

topology.
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Above we considered a sum of a fixed number of terms. Let us now consider the
case with a random number of terms N , where N is independent of the terms Xk.

Proposition 3.13. Let {Xk}k≥1 be a sequence of iid Rd-valued random vectors
and suppose that there exist a sequence {an}, 0 < an ↑ ∞, and a nonzero Radon
measure µ on B(Rd\{0}) with µ(Rd\Rd) = 0 such that nP(a−1

n X1 ∈ · ) v→ µ(·) on
B(Rd\{0}). If N is a nonnegative random variable with

∑∞
n=0 P(N = n)(1+ ε)n <

∞ for some ε > 0 and N is independent of {Xk}k≥1, then, as n →∞,

nP(a−1
n

N∑

k=1

Xk ∈ · ) v→ E(N)µ(·) on B(Rd\{0}).

If {Yk}k≥1 is another sequence of iid Rd-valued random vectors, independent of N ,
such that nP(a−1

n Y1 ∈ · ) v→ 0 as n → ∞, then nP(a−1
n

∑N
k=1 Yk ∈ · ) v→ 0 as

n →∞.

Proof. Take relatively compact B ∈ B(Rd\{0}) with µ(∂B) = 0. Since for all
n, nP(a−1

n

∑N
k=1 Xk ∈ Rd\Rd) = E(N)µ(Rd\Rd) = 0, we may without loss of

generality assume that B ⊂ Rd. Let γ = infx∈B |x|. Since

nP(a−1
n

N∑

k=1

Xk ∈ B) =
∞∑

l=1

nP(a−1
n

l∑

k=1

Xk ∈ B)P(N = l)

≤
∞∑

l=1

nP(a−1
n

l∑

k=1

|Xk| > γ)P(N = l) (3.10)

and |Xk| is univariate regularly varying, it follows from Theorem 3 in Embrechts,
Goldie and Veraverbeke [7] that (3.10) converges to E(N)µ(Bc

0,γ). Hence, using
Pratt’s Theorem (see Pratt [11]) and Proposition 3.11, we conclude that we may
interchange the sum and the limit to obtain

lim
n→∞

nP(a−1
n

N∑

k=1

Xk ∈ B) = lim
n→∞

∞∑

l=1

nP(a−1
n

l∑

k=1

Xk ∈ B)P(N = l)

=
∞∑

l=1

lim
n→∞

nP(a−1
n

l∑

k=1

Xk ∈ B)P(N = l)

= E(N)µ(B)

for every relatively compact B ∈ B(Rd\{0}) with µ(∂B) = 0. The second claim is
proved similarly.

Remark 3.14. The moment condition on N ,
∑∞

n=0 P(N = n)(1 + ε)n < ∞ for
some ε > 0, comes from the remark following Theorem 3 in Embrechts, Goldie and
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Veraverbeke [7]. This result concerns random sums of univariate random variables
with subexponential tails. Since we use this result for terms which are regularly
varying (at ∞) the moment condition can in fact be substantially weakened.

We conclude this section with a short lemma. It can be used for instance in
connection with Proposition 3.11 to show that if we add any random vector with
all moments finite to an independent regularly varying random vector X with limit
measure µ, then the sum is regularly varying with the same limit measure µ.

Lemma 3.15. Let X be an Rd-valued random vector. If E(|X|m) < ∞ for every
m ∈ N, then for every regularly varying sequence {an}, 0 < an ↑ ∞, and every
relatively compact set B ∈ B(Rd\{0}), nP(a−1

n X ∈ B) → 0 as n →∞.

Proof. Fix α > 0 and let {an}, 0 < an ↑ ∞, be a regularly varying sequence with
index 1/α. Let B ∈ B(Rd\{0}) be relatively compact. Then there is an x > 0 such
that B ⊂ Rd\B0,x. Hence

nP(a−1
n X ∈ B) ≤ nP(a−1

n X ∈ Rd\B0,x) = nP(|X| > anx).

Define f by f(t) = inf{n ∈ N : an > t}. Then by Theorem 1.5.12 p. 28 in Bingham,
Goldie and Teugels [4] f is regularly varying with index α, i.e. f(t) = tαL(t) for
some slowly varying function L, and f(an) ∼ n as n →∞. Hence

nP(|X| > anx) ∼ f(an)P(|X| > anx) as n →∞.

By Markov’s inequality we have that P(|X| > tx) ≤ E(|X|m)/(tx)m < ∞ for every
t > 0, x > 0 and m > 0. Hence, for every m > 0,

f(an)P(|X| > anx) ≤ aα
nL(an)a−m

n x−mE(|X|m) = C(m)aα−m
n L(an).

Taking m > α and letting n → ∞ yields nP(|X| > anx) → 0 from which the
conclusion follows.

3.5 Multivariate regular variation for additive
processes and functionals

We now turn to the main topic of this paper; the tail behavior of multivariate
additive processes and functionals of them. In the univariate case it is well known
(see e.g. Embrechts, Goldie and Veraverbeke [7]) that for an infinitely divisible
regularly varying (or even subexponential) random variable X with Lévy measure
ν it holds that P(X > u) ∼ ν({x : x > u}) as u →∞. This property is sometimes
referred to as tail equivalence of X and ν. For a univariate additive process {Xt :
t ≥ 0} with sequence of generating triplets {(At, νt, γt)} this implies that if Xt is
regularly varying (subexponential) for some t > 0, then P(Xt > u) ∼ νt({x : x >
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u}) as u →∞. The intuition behind this result is explained by what is sometimes
referred to as the “large deviations approach”: unlikely events happen in the most
likely way. In this case this is interpreted as follows. The most likely way the process
becomes large at time t is due to one big jump of the process before time t. The
Lévy measure of {x : x > u} gives the intensity of jumps to this set during (0, t] and
the probability of exactly one jump to this set is asymptotically νt({x : x > u}).
The same intuition holds also in the multivariate case as the next result shows.
The tail equivalence should now be interpreted as equality of the limiting measures
associated with multivariate regular variation.

Theorem 3.16. Let {Xt : t ≥ 0} be an additive process on Rd with system of gen-
erating triplets {(At, νt, γt)}. Fix an arbitrary t > 0. Then the following statements
are equivalent.

(i) There exist a sequence {an}, 0 < an ↑ ∞, and a nonzero Radon measure µt

on B(Rd\{0}) with µt(R
d\Rd) = 0 such that

nP(a−1
n Xt ∈ · ) v→ µt(·) on B(Rd\{0}). (3.11)

(ii) There exist a sequence {an}, 0 < an ↑ ∞, and a nonzero Radon measure µt

on B(Rd\{0}) with µt(R
d\Rd) = 0 such that

nνt(an· ) v→ µt(·) on B(Rd\{0}). (3.12)

Furthermore, the sequences {an} and the measures µt in (i) and (ii) can be taken
to be equal.

Remark 3.17. (i) Note that for any t > 0 and any infinitely divisible random vector
Y there exists an additive process {Xt : t ≥ 0} such that Y d= Xt. Hence Theorem
3.16 can be reformulated in terms of infinitely divisible random vectors.
(ii) Note also that if Theorem 3.4 (i) were true for arbitrary tails indices α > 0, then
Theorem 3.16 would be easily proved using the results in Embrechts, Goldie and
Veraverbeke [7] for univariate subexponential infinitely divisible random variables.

Proof of Theorem 3.16. To prove this theorem we will make use of the Lévy-Itô
decomposition, Theorem 3.7, which says that Xt has representation

Xt = Yt + Jt + X2
t a.s.,

where Yt, Jt and X2
t are independent and, with the notation of Theorem 3.7,

Yt = lim
ε↓0

∫

(0,t]×Dε,1

{xξ(d(s,x))− xν̃(d(s,x))},

Jt =
∫

(0,t]×D1,∞
xξ(d(s,x)),

X2
t = Xt −Yt − Jt.
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X2
t is Gaussian and hence has finite moments of all orders. By Lemma 3.8, Yt has

finite moments of all orders and will therefore, as we will see, not contribute to
Xt being regularly varying. It will be sufficient to consider the part Jt being the
accumulated big jumps of the process up to time t. Since ξ is a Poisson random
measure, the characteristic function of Jt is

E[ei〈z,Jt〉] = exp
{ ∫

D1,∞
(ei〈z,x〉 − 1)νt(dx)

}

and hence Jt has representation as a compound Poisson random vector

Jt
d=

Nt∑

k=0

Jk,t,

where Nt ∼ Po(νt(D1,∞)), J0,t = 0, Jk,t ∼ νt(· ∩D1,∞)/νt(D1,∞) and all vectors
are independent.

(i) ⇒ (ii) To prove this implication we will prove that

nP(a−1
n J1,t ∈ · ) v→ µt(·)/νt(D1,∞) as n →∞. (3.13)

Once this is done the implication follows since Jk,t ∼ νt(·∩D1,∞)/νt(D1,∞) and for
any relatively compact B ∈ B(Rd\{0}) and large enough n, νt({anB} ∩ D1,∞) =
νt(anB). So if (3.13) holds, then also

nνt(an· ) v→ µt(·) as n →∞.

We prove this part in two steps. First we show that for (3.11) to hold it is necessary
that

nP(a−1
n Jt ∈ · ) v→ µt(·) as n →∞, (3.14)

holds and for (3.14) to hold it is necessary that (3.13) holds. Let us start by showing
that the sequence {nP(a−1

n Jt ∈ · )} is relatively compact in the vague topology. As
in the proof of Proposition 3.11 we prove this by contradiction. Assume that there
exists a relatively compact B ∈ B(Rd\{0}) such that supn≥1 nP(a−1

n Jt ∈ B) = ∞.
Then there is an r > 0 such that B ⊂ Bc

0,r and hence supn≥1 nP(a−1
n Jt ∈ Bc

0,r) =
∞. Since nP(a−1

n Jt ∈ Bc
0,r) is finite for every n, lim supn→∞ nP(a−1

n Jt ∈ Bc
0,r) =

∞. Take ε ∈ (0, r/3). Then

lim sup
n→∞

nP(a−1
n Xt ∈ Bc

0,r−2ε) = lim sup
n→∞

nP(a−1
n (Yt + Jt + X2

t ) ∈ Bc
0,r−2ε)

≥ lim sup
n→∞

nP(a−1
n Jt ∈ Bc

0,r)P(a−1
n Yt ∈ B0,ε)P(a−1

n X2
t ∈ B0,ε) = ∞.

Thus {nP(a−1
n Xt ∈ · )} is not relatively compact which is a contradiction. We

conclude that {nP(a−1
n Jt ∈ · )} is relatively compact. Let {ni} be a subsequence
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such that limi→∞ ni = ∞ and let µ1,t be the vague limit of {ni P(a−1
ni

Jt ∈ · )} as
i → ∞. Since Yt and X2

t have finite moments of all orders, by Lemma 3.15, for
every relatively compact B ∈ B(Rd\{0}),

ni P(a−1
ni

Yt ∈ B) → 0 and ni P(a−1
ni

X2
t ∈ B) → 0 as i →∞.

Then, by Proposition 3.11 (i), ni P(a−1
ni

Xt ∈ · ) v→ µ1,t(·) as i → ∞. However, we
have assumed that (3.11) holds so µ1,t = µt. Hence, (3.14) holds.

We continue with a similar argument to show that (3.13) holds. Let us start by
showing that the sequence {nP(a−1

n J1,t ∈ · )} is relatively compact in the vague
topology. Assume that there exists a relatively compact B ∈ B(Rd\{0}) such that
supn≥1 nP(a−1

n J1,t ∈ B) = ∞. Then there is an r > 0 such that B ⊂ Bc
0,r and

hence supn≥1 nP(a−1
n J1,t ∈ Bc

0,r) = ∞. Since nP(a−1
n J1,t ∈ Bc

0,r) is finite for every
n, lim supn→∞ nP(a−1

n J1,t ∈ Bc
0,r) = ∞. We have

lim sup
n→∞

nP(a−1
n Jt ∈ Bc

0,r) ≥ lim sup
n→∞

nP(a−1
n J1,t ∈ Bc

0,r)P(Nt = 1) = ∞.

Thus {nP(a−1
n Jt ∈ · )} is not relatively compact which is a contradiction. We

conclude that {nP(a−1
n J1,t ∈ · )} is relatively compact. Let {nj} be a subsequence

such that limj→∞ nj = ∞ and let µ2,t be the vague limit of {nj P(a−1
nj

J1,t ∈ · )} as
j →∞. By Proposition 3.13 it follows that

nj P(a−1
nj

Jt ∈ · ) v→ E(Nt)µ2,t(·) = νt(D1,∞)µ2,t(·) as j →∞
and hence we must have µ2,t = µt/νt(D1,∞). Hence, (3.13) holds.

(ii)⇒ (i) Since Jk,t ∼ νt(· ∩D1,∞)/νt(D1,∞) and we have assumed that nνt(an· ) v→
µt(·) as n →∞, it follows that

nP(a−1
n Jk,t ∈ · ) v→ µt(·)/νt(D1,∞) as n →∞

since for any relatively compact B ∈ B(Rd\{0}) and large enough n, νt({anB} ∩
D1,∞) = νt(anB). Then, by Proposition 3.13,

nP(a−1
n Jt ∈ · ) v→ E(Nt)µt(·)/νt(D1,∞) = µt(·) as n →∞.

Now, since Xt = Yt+Jt+X2
t a.s. where the terms are independent, Yt and X2

t have
finite moments of all orders and nP(a−1

n Jt ∈ · ) v→ µt(·) as n →∞, the conclusion
follows by combining Lemma 3.15 and the first part of Proposition 3.11.

The next result (essentially a multivariate version of the result in Willekens [16])
will be of relevance for the subsequent study of functionals of additive processes,
but is also interesting in itself. It says essentially the following. If the tails of the
process are sufficiently heavy, then the probability that the process reaches a set far
away from the origin before time t > 0 is asymptotically equal to the probability
that the process ends up in that set at time t. Note that condition (3.15) is much
weaker than that of multivariate regular variation.
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Lemma 3.18. Let {Xt : t ≥ 0} be an additive process on Rd and let A ∈ Rd be
bounded away from 0. For z > 0 let TA

z = inf{s : Xs ∈ zA}. Fix t > 0, let r > 0
be arbitrary and put Sr(zA) = {x ∈ Rd : infy∈zA |x− y| < r}. Then

(i) P(TA
z ≤ t)P(Xs ∈ B0,r/2 all s ≤ t) ≤ P(Xt ∈ Sr(zA)).

(ii) If

lim
z→∞

P(Xt ∈ Sr(zA))
P(Xt ∈ zA)

= 1, (3.15)

then

lim
z→∞

P(TA
z ≤ t)

P(Xt ∈ zA)
= 1.

Proof.

P(TA
z ≤ t) = P(TA

z ≤ t,Xt ∈ Sr(zA)) + P(TA
z ≤ t,Xt ∈ Sr(zA)c)

≤ P(Xt ∈ Sr(zA)) + P(TA
z ≤ t,Xt ∈ Sr(zA)c)

≤ P(Xt ∈ Sr(zA)) + P(TA
z ≤ t,Xt −XT A

z
∈ Bc

0,r)

= P(Xt ∈ Sr(zA)) + P(TA
z ≤ t)P(Xt −XT A

z
∈ Bc

0,r | TA
z ≤ t)

≤ P(Xt ∈ Sr(zA)) + P(TA
z ≤ t)P(Xs ∈ Bc

0,r/2 some s ≤ t)

= P(Xt ∈ Sr(zA)) + P(TA
z ≤ t)(1− P(Xs ∈ B0,r/2 all s ≤ t))

Hence P(TA
z ≤ t)P(Xs ∈ B0,r/2 all s ≤ t) ≤ P(Xt ∈ Sr(zA)). It follows that

1 ≤ lim inf
z→∞

P(TA
z ≤ t)

P(Xt ∈ zA)
≤ lim sup

z→∞
P(TA

z ≤ t)
P(Xt ∈ zA)

≤ lim sup
z→∞

P(Xt ∈ Sr(zA))
P(Xt ∈ zA)

· 1
P(Xs ∈ B0,r/2 all s ≤ t)

=
1

P(Xs ∈ B0,r/2 all s ≤ t)
.

Since r > 0 was arbitrary we can let r →∞ and the conclusion follows.

Let us now study vectors of functionals applied to each component of a multi-
variate additive process. We consider the implications of regular variation of the
process at time t on the vector of the componentwise suprema of the process and
the componentwise suprema of its jumps up to time t. We have the following result.

Theorem 3.19. Let {Xt : t ≥ 0} be an additive process on Rd with system of gen-
erating triplets {(At, νt, γt)}. Fix an arbitrary t > 0. Then the following statements
are equivalent.

(i) There exist a sequence {an}, 0 < an ↑ ∞, and a nonzero Radon measure µt

on B(Rd\{0}) with µt(R
d\Rd) = 0 such that

nP(a−1
n Xt ∈ · ) v→ µt(·) on B(Rd\{0}).
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(ii) There exist a sequence {an}, 0 < an ↑ ∞, and a nonzero Radon measure µt

on B(Rd\{0}) with µt(R
d\Rd) = 0 such that

nP(a−1
n Xs ∈ · some s ≤ t) v→ µt(·) on B(Rd\{0}),

The sequences {an} and the measures µt in (i) and (ii) can be taken to be equal.
Moreover, if any of the statements (i) or (ii) hold, then

(iii) nP(a−1
n X∆

t ∈ · ) v→ µt(·) on B(Rd

+\{0}),
where X∆

t = (sup0<s≤t ∆X
(1)
s , . . . , sup0<s≤t ∆X

(d)
s ) and

(iv) nP(a−1
n X∗

t ∈ · ) v→ µt(·) on B(Rd

+\{0}),
where X∗

t = (sup0≤s≤t X
(1)
s , . . . , sup0≤s≤t X

(d)
s ).

Proof. (i) ⇒ (ii) Let Vu,S = {x ∈ Rd\{0} : |x| > u,x/|x| ∈ S} for u > 0 and
S ∈ B(Sd−1) be a µt-continuity set. Suppose first that µt(Vu,S) = 0. Take r > 0
such that P(Xs ∈ B0,r/2 all s ≤ t) > 0. For every δ ∈ (0, 1) there is nr,δ such that
for n > nr,δ

Sr(anVu,S) ⊂ an(1− δ)Vu,S ∪ an(1− δ)Vu,Sδ(S)\S ,

where Sr(anVu,S) = {x ∈ Rd : infy∈anVu,S
|x − y| < r} and Sδ(S) = {x ∈ Sd−1 :

infy∈S |x − y| < δ}. Furthermore, Vu,Sδ(S)\S fails to be a µt-continuity set for at
most countably many δ. Hence, by Lemma 3.18 (i), for n > nr,δ,

nP(a−1
n Xs ∈ Vu,S some s ≤ t)

≤ nP(a−1
n Xt ∈ (1− δ)Vu,S)

P(Xs ∈ B0,r/2 all s ≤ t)
+

nP(a−1
n Xt ∈ (1− δ)Vu,Sδ(S)\S)

P(Xs ∈ B0,r/2 all s ≤ t)

→ 0 +
(1− δ)−αµt(Vu,Sδ(S)\S)
P(Xs ∈ B0,r/2 all s ≤ t)

for some α > 0. Since δ ∈ (0, 1) was arbitrary, by letting δ → 0 the conclusion
follows.

Now, suppose µt(Vu,S) > 0. We first show that the condition in Lemma 3.18
(ii) is satisfied. Take ε > 0. For every δ ∈ (0, 1) there is z0 > 0 such that for z > z0

Sε(zVu,S) ⊂ (1− δ)zVu,S ∪ (1− δ)zVu,Sδ(S)\S .

Hence

1 ≤ P(Xt ∈ Sε(zVu,S))
P(Xt ∈ zVu,S)

≤ P(Xt ∈ (1− δ)zVu,S)
P(Xt ∈ zVu,S)

+
P(Xt ∈ (1− δ)zVu,Sδ(S)\S)

P(Xt ∈ zVu,S)

→ µt((1− δ)Vu,S)
µt(Vu,S)

+
µt((1− δ)Vu,Sδ(S)\S)

µt(Vu,S)
= (1− δ)−α

(
1 +

µt(Vu,Sδ(S)\S)
µt(Vu,S)

)
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for some α > 0. Since δ ∈ (0, 1) was arbitrary, by letting δ → 0 it follows that the
condition in Lemma 3.18 is satisfied, and hence, by Lemma 3.18,

lim
z→∞

P(Xs ∈ zVu,S some s ≤ t)
P(Xt ∈ zVu,S)

= 1.

Hence

nP(Xs ∈ anVu,S some s ≤ t) = nP(Xt ∈ anVu,S)
P(Xs ∈ anVu,S some s ≤ t)

P(Xt ∈ anVu,S)
→ µt(Vu,S),

as n →∞. Since convergence of every such set Vu,S implies vague convergence on
B(Rd\{0}) the conclusion follows.
(ii)⇒ (i) For any A ∈ B(Rd\{0}) we have P(a−1

n Xt ∈ A) ≤ P(a−1
n Xs ∈ A some s ≤

t) and hence
lim sup

n→∞
nP(a−1

n Xt ∈ A) ≤ µt(A).

A lower bound is constructed as follows. Let Vu,S = {x ∈ Rd\{0} : |x| > u,x/|X| ∈
S}, for u > 0 and S of the form {x ∈ Sd−1 : |x − x0| < r0} for some x0 ∈ Sd−1

and r0 ∈ (0, 1), such that Vu,S is a µt-continuity set. For such an S and small
enough δ > 0, let Sδ(S) = {x ∈ S : infy∈Sd−1\S |x − y| ≥ δ} and for r > 0 let
Sr(anVu,S) = {x ∈ anVu,S : infy∈anV c

u,S
|x − y| ≥ r}. For every δ ∈ (0, 1) there is

nr,δ such that for n ≥ nr,δ,

Sr(anVu,S) ⊃ (1 + δ)anVu,Sδ(S).

Hence, for n ≥ nr,δ,

nP(a−1
n Xt ∈ Vu,S)

≥ nP(a−1
n Xs ∈ (1 + δ)Vu,Sδ(S) some s ≤ t,Xq −Xs ∈ anB0,δ all s ≤ q ≤ t)

≥ nP(a−1
n Xs ∈ (1 + δ)Vu,Sδ(S) some s ≤ t)(1− P(|X|q > anδ some 0 ≤ q ≤ t))

→ (1 + δ)−αµt(Vu,Sδ(S)).

Since δ > 0 was arbitrary we can let δ → 0 and hence

lim inf
n→∞

nP(a−1
n Xt ∈ Vu,S) ≥ µt(Vu,S).

Since convergence of every such set Vu,S implies vague convergence on B(Rd\{0})
the conclusion follows.
(i) ⇒ (iii) Since {Xs : s ≥ 0} is an additive process there is Ω0 ∈ F with P(Ω0) = 1
such that, for every ω ∈ Ω0, Xs(ω) is right continuous in s ≥ 0 and has left limits
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in s > 0. Hence X∆
s ≥ 0 for every ω ∈ Ω0 and s > 0. Let ξ be the Poisson random

measure given by (3.8). Then, for any x ∈ Rd
+\{0},

P(X∆
t < x) = P(ξ((0, t]× [−∞,x)c) = 0) = exp(−νt([−∞,x)c)).

Hence

P(X∆
t < x) =

{
exp(−νt([−∞,x)c)) for x ∈ Rd

+\{0},
0 otherwise.

By Remark 3.3 (i), µt(∂[−∞,x)c) = 0 for every x ∈ Rd
+\{0} (boundaries of spheres

centered at 0 have zero µt-measure). Hence, by Theorem 3.16, for every x ∈ Rd
+\{0}

nP(a−1
n X∆

t ∈ [−∞,x)c) = n(1− exp(−νt(an[−∞,x)c)))
= nνt(an[−∞,x)c)(1 + O(νt(an[−∞,x)c)))
→ µt([−∞,x)c).

Take a,b ∈ Rd
+\{0} with a < b. Then

nP(a−1
n X∆

t ∈ [a,b))

=
2∑

i1=1

· · ·
2∑

id=1

(−1)i1+···+id+1nP(a−1
n X∆

t ∈ {[−∞, x1i1)× · · · × [−∞, xdid
)}c),

where xj1 = a(j) and xj2 = b(j) for every j ∈ {1, . . . , d}. Hence

nP(a−1
n X∆

t ∈ [a,b)) → µt([a,b)).

Since convergence of every such set [a,b) implies vague convergence on B(Rd

+\{0})
the conclusion follows.
(i) ⇒ (iv) Take x ∈ Rd

+\{0}. Note that if we would only take x ∈ (0,∞)d then we
would not end up with a convergence determining class. Since X∗

t ≥ Xt a.s. and
µt(∂[x, ∞)) = 0 (boundaries of spheres centered at 0 have zero µt-measure)

nP(a−1
n X∗

t ∈ [x,∞)) ≥ nP(a−1
n Xt ∈ [x, ∞)) → µt([x, ∞)),

i.e. lim infn→∞ nP(a−1
n X∗

t ∈ [x,∞)) ≥ µt([x,∞)). To complete the proof it
remains to show that lim supn→∞ nP(a−1

n X∗
t ∈ [x,∞)) ≤ µt([x,∞)). First, define

A(1−ε)x = {z ∈ Rd : z(j) ≥ (1− ε)x(j), j = 1, . . . , d}
C(k)

x,ε = {z ∈ Rd : z ∈ [−∞,x)c, z(k) ∈ [−∞, (1− ε)x(k))}
D(k)

x,ε = {z ∈ Rd : z ∈ [−∞,x)c ∩Ac
(1−ε)x, z(k) ∈ [x(k),∞]}

and note that for each k ∈ {1, . . . , d}, [−∞,x)c ⊂ A(1−ε)x∪C
(k)
x,ε ∪D

(k)
x,ε and that the

sets on the right hand side are disjoint. If X∗
t ∈ Ax, then either Xs ∈ A(1−ε)x for
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some s ≤ t or, for some k ∈ {1, . . . , d}, Xs1 ∈ C
(k)
x,ε for some s1 ≤ t and Xs2 ∈ D

(k)
x,ε

for some s2 ≤ t, s2 6= s1. Assume without loss of generality that

P(Xs1 ∈ C(1)
anx,ε,Xs2 ∈ D(1)

anx,ε some s1, s2 ≤ t)

≥ P(Xs1 ∈ C(k)
anx,ε,Xs2 ∈ D(k)

anx,ε some s1, s2 ≤ t)

for k = 2, . . . , d. Then

nP(X∗
t ∈ an[x,∞))

≤ nP(Xs ∈ Aan(1−ε)x some s ≤ t)

+nP(∪d
k=1{Xs1 ∈ C(k)

anx,ε,Xs2 ∈ D(k)
anx,ε some s1, s2 ≤ t})

≤ nP(Xs ∈ Aan(1−ε)x some s ≤ t)

+ndP(Xs1 ∈ C(1)
anx,ε,Xs2 ∈ D(1)

anx,ε some s1, s2 ≤ t)

By Lemma 3.18

nP(Xs ∈ Aan(1−ε)x some s ≤ t) ∼ nP(Xt ∈ Aan(1−ε)x)

→ µt((1− ε)[x, ∞)) = (1− ε)−αµt([x,∞)),

as n →∞. Let γ = inf
u∈C

(1)
x,ε,v∈D

(1)
x,ε
|u− v|. Then γ > 0 and

ndP(Xs1 ∈ C(1)
anx,ε,Xs2 ∈ D(1)

anx,ε some s1, s2 ≤ t)

≤ ndP(Xs1 ∈ C(1)
anx,ε,Xs2 ∈ D(1)

anx,ε some s1 < s2 ≤ t)

+ndP(Xs1 ∈ C(1)
anx,ε,Xs2 ∈ D(1)

anx,ε some s2 < s1 ≤ t)

≤ ndP(Xs1 ∈ C(1)
anx,ε,Xs2 −Xs1 ∈ Bc

0,anγ/2 some s1 < s2 ≤ t)

+ndP(Xs1 ∈ D(1)
anx,ε,Xs2 −Xs1 ∈ Bc

0,anγ/2 some s1 < s2 ≤ t)

≤ ndP(Xs ∈ C(1)
anx,ε some s ≤ t)P(Xs ∈ Bc

0,anγ/4 some s ≤ t)

+ndP(Xs ∈ D(1)
anx,ε some s ≤ t)P(Xs ∈ Bc

0,anγ/4 some s ≤ t)
→ 0,

as n → ∞. Since ε > 0 was arbitrary it follows that lim supn→∞ nP(a−1
n X∗

t ∈
[x, ∞)) ≤ µt([x, ∞)). Hence

nP(a−1
n X∗

t ∈ [x, ∞)) → µt([x,∞)).

Take a,b ∈ Rd
+\{0} with a < b. Then

nP(a−1
n X∗

t ∈ [a,b))

=
2∑

i1=1

· · ·
2∑

id=1

(−1)i1+···+idnP(a−1
n X∗

t ∈ [x1i1 ,∞)× · · · × [xdid
,∞)),
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where xj1 = a(j) and xj2 = b(j) for every j ∈ {1, . . . , d}. Hence

nP(a−1
n X∗

t ∈ [a,b)) → µt([a,b)).

Since convergence of every such set [a,b) implies vague convergence on B(Rd

+\{0})
the conclusion follows.

Assertion (ii) of the last theorem gives the asymptotics for the probability that
the process reaches a certain set during the time interval [0, t]. What if we would
allow the set of interest to vary over time? i.e. we are looking for the asymptotics
of the probability that the graph of the process {(s,Xs) : 0 ≤ s ≤ t} intersects
a relatively compact set in B([0, t] × (Rd\{0})), the σ-algebra generated by the
sets of the form T × B with T ∈ B([0, t]) and B ∈ B(Rd\{0}). This requires
knowledge of the tail of Xs for all s ∈ [0, t], not only of Xt as has been the case so
far. To obtain this kind of results we will work with the measure ν̃ (see Theorem
3.7) instead of simply νt. In order to fit into the vague convergence framework we
extend the measure ν̃ to [0,∞)×(Rd\{0}) by requiring that ν̃({(s,x) : s = 0 or x ∈
Rd\Rd}) = 0. This extension is unique. Let us introduce the operation ∗ such that
for a ∈ (0,∞) and sets of the form A × B, A ∈ B([0, t]) and B ∈ B(Rd\{0}), we
have a ∗ A × B = A × aB. Clearly this operation can be extended to all sets in
B([0, t]× Rd\{0}).
Theorem 3.20. Let {Xt : t ≥ 0} be an additive process on Rd with system of gen-
erating triplets {(At, νt, γt)}. Fix an arbitrary t > 0. Then the following statements
are equivalent.

(i) There exist a sequence {an}, 0 < an ↑ ∞, and a collection of Radon measures
{µs : 0 ≤ s ≤ t} on B(Rd\{0}) such that for every 0 ≤ s ≤ t, µs(R

d\Rd) = 0,
µ0 ≡ 0, µt is nonzero, and

nP(a−1
n Xs ∈ · ) v→ µs(·) on B(Rd\{0}). (3.16)

(ii) There exist a sequence {an}, 0 < an ↑ ∞, and a collection of Radon measures
{µs : 0 < s ≤ t} on B(Rd\{0}) such that for every 0 ≤ s ≤ t, µs(R

d\Rd) = 0,
µ0 ≡ 0, µt is nonzero, and

nνs(an· ) v→ µs(·) on B(Rd\{0}). (3.17)

(iii) There exist a sequence {an}, 0 < an ↑ ∞, and a nonzero Radon measure µ̃

on B([0, t]× (Rd\{0})) with µ̃([0, t]× Rd\Rd) = 0 such that, as n →∞,

nν̃(an ∗ · ) v→ µ̃(·) on B([0, t]× (Rd\{0})). (3.18)
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(iv) There exist a sequence {an}, 0 < an ↑ ∞, and a nonzero Radon measure µ̃

on B([0, t]× (Rd\{0})) with µ̃([0, t]× Rd\Rd) = 0 such that, as n →∞,

nP({(s,Xs) : 0 ≤ s ≤ t} ∩ (an ∗ · ) 6= ∅) v→ µ̃(·) (3.19)

on B([0, t]× (Rd\{0})).
Furthermore, the sequences {an} in (i)-(iv) can be taken to be equal and then the
measures µs and µ̃([0, s]×· ) in (i)-(iv) coincide on B(Rd\{0}) for every 0 ≤ s ≤ t.

Lemma 3.21. Let {Xt : t ≥ 0} be an additive process on Rd. Fix an arbitrary
t > 0. Then, for any sequence {an}, 0 < an ↑ ∞, and t > 0,

nP(a−1
n Xt ∈ · ) v→ 0 on B(Rd\{0}) (3.20)

if and only if

nP(a−1
n Xs ∈ · some s ≤ t) v→ 0 on B(Rd\{0}). (3.21)

Proof. Fix a sequence {an}, t > 0 and relatively compact B ∈ B(Rd\{0}).
Suppose that (3.21) holds. Since

P(Xt ∈ anB) ≤ P(Xs ∈ anB some s ≤ t)

it follows immediately that (3.20) holds.
Suppose that (3.20) holds and, without loss of generality, that B ⊂ Rd. Fix r > 0
and let γ = infx∈B |x|. By Lemma 3.18 (i),

P(Xs ∈ anB some s ≤ t) ≤ P(Xs ∈ anBc
0,γ some s ≤ t)

≤ P(Xt ∈ Sr(anBc
0,γ))

P(Xs ∈ B0,r/2 all s ≤ t)
.

For every r > 0 there is an nr,γ such that Sr(anBc
0,γ) ⊂ anBc

0,γ/2 for n > nr,γ .
Hence

lim sup
n→∞

nP(Xs ∈ anB some s ≤ t) ≤ lim sup
n→∞

nP(Xt ∈ anBc
0,γ/2)

P(Xs ∈ B0,r/2 all s ≤ t)
= 0,

from which (3.20) follows.

Proof of Theorem 3.20. (i) ⇔ (ii) For every s ∈ [0, t] for which µs is nonzero this
equivalence was established in Theorem 3.16. We need to establish the equivalence
also if µs ≡ 0. Since µt is nonzero, by Remark 3.3 (ii), the sequence {an} has to be
regularly varying. Hence equivalence can be proved by exactly the same arguments
as in the proof of Theorem 3.16.
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(ii) ⇒ (iii) Define the Radon measure µ̃ on B([0, t]× (Rd\{0})) by µ̃([0, s]×B) =
µs(B) for every s ∈ [0, t] and B ∈ B(Rd\{0}). Let us show that the sequence
{nν̃(an·)} is relatively compact in the vague topology. For each bounded set A ∈
B([0, t]×Rd\{0}) there exists a bounded set B ∈ B(Rd\{0}) such that A ⊂ [0, t]×B.
Hence,

sup
n

nν̃(an ∗A) ≤ sup
n

nνt(anB) < ∞

and it follows that {nν̃(an·)} is relatively compact. Since the sets of the form
[0, s] × B with µt(∂B) = 0 form a π-system which generates B([0, t] × (Rd\{0}))
it is sufficient to show that if µ̃′ is the limit of the subsequence {n′ν̃(an′ ·)}, then
µ̃′ and µ̃ coincide on sets of this form. Fix an arbitrary s ∈ (0, t] and relatively
compact B ∈ B(Rd\{0}) with µt(∂B) = 0. Then, µs(∂B) ≤ µt(∂B) = 0 and

n′ν̃(an′ ∗ [0, s]×B) = n′νs(an′B) → µs(B) = µ̃([0, s]×B)

and the conclusion follows.
(iii) ⇒ (ii) Put µs(·) = µ̃([0, s]× · ) for s ∈ [0, t]. Let F ∈ B(Rd\{0}) be closed and
bounded. Then [0, s]× F is closed and bounded and by the Portmanteau theorem
(see Kallenberg [9] Theorem 15.7.2 p. 169)

lim sup
n→∞

nνs(anF ) = lim sup
n→∞

nν̃(an ∗ [0, s]× F ) ≤ µ̃([0, s]× F ) = µs(F )

and hence nνs(an·) v→ µs(·).
(i) ⇒ (iv) Define the Radon measure µ̃ on B([0, t] × (Rd\{0})) by µ̃([0, s] × B) =
µs(B) for every s ∈ [0, t] and B ∈ B(Rd\{0}). Let us show that the sequence
{nP({(s,Xs) : 0 ≤ s ≤ t} ∩ (an ∗ · ) 6= ∅)} is relatively compact in the vague
topology. For each bounded set A ∈ B([0, t] × Rd\{0}) there exists a bounded set
B ∈ B(Rd\{0}) such that A ⊂ [0, t]×B. Hence, by Theorem 3.19

sup
n

nP({(u,Xu) : 0 ≤ u ≤ s} ∩ (an ∗A) 6= ∅)

≤ sup
n

nP(a−1
n Xu ∈ B some u ≤ t) < ∞

and it follows that {nP({(s,Xs) : 0 ≤ s ≤ t} ∩ (an ∗ · ) 6= ∅)} is relatively compact.
Since the sets of the form [0, s]×B with µt(∂B) = 0 form a π-system which generates
B([0, t]× (Rd\{0})) it is sufficient to show that if µ̃′ is the limit of the subsequence
{n′ν̃(an′ ·)}, then µ̃′ and µ̃ coincide on sets of this form. Fix an arbitrary s ∈
(0, t] and relatively compact B ∈ B(Rd\{0}) with µt(∂B) = 0. Then, µs(∂B) ≤
µt(∂B) = 0 and by Theorem 3.19 and Lemma 3.21

n′ P({(u,Xu) : 0 ≤ u ≤ t} ∩ (an′ ∗ [0, s]×B) 6= ∅) = n′ P(a−1
n′ Xu ∈ B some u ≤ s)

→ µs(B) = µ̃([0, s]×B)
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and the conclusion follows.
(iv) ⇒ (i) Put µs(·) = µ̃([0, s]× · ) for s ∈ [0, t]. Let F ∈ B(Rd\{0}) be closed and
bounded. Then [0, s]× F is closed and bounded and by the Portmanteau theorem
(see Kallenberg [9] Theorem 15.7.2 p. 169), Theorem 3.19 and Lemma 3.21

lim sup
n→∞

n′ P(a−1
n′ Xs ∈ F ) = lim sup

n→∞
n′ P(a−1

n′ Xu ∈ F some u ≤ s)

= lim sup
n→∞

nP({(s,Xs) : 0 ≤ s ≤ t} ∩ (an ∗ [0, s]× F ) 6= ∅) ≤ µ̃([0, s]× F )

= µs(F )

and hence nP(a−1
n Xs ∈ ·) v→ µs(·).

Working on the product space [0, t]× (Rd\{0}) allows us to consider interesting
functionals such as the integral of each component of the process. To derive the
tail behavior for this functional we use the intuition described in the introduction
which says that if the process takes a big jump, then it varies very little before and
after the jump, compared to the size of the jump. Then the intuition tells us that
the integral of component j, say, becomes bigger than u if X

(j)
s exceeds u/(t − s)

for some s ∈ [0, t]. That is, the integral of X(j) becomes bigger than u if the graph
{(s, X(j)

s ) : 0 ≤ s ≤ t} intersects with the set A
(j)
t = {(s, x) ∈ [0, t]× (R\{0}) : x >

u/(t− s)}. This intuition is made precise in the next result, which also finishes the
paper.

Theorem 3.22. Let {Xt : t ≥ 0} be an additive process on Rd with system of
generating triplets {(At, νt,γt)}. Fix an arbitrary t > 0 and suppose there exist a
sequence {an}, 0 < an ↑ ∞, and a nonzero Radon measure µ̃ on B([0, t]×(Rd\{0}))
with µ̃([0, t]× Rd\Rd) = 0 such that

nν̃(an ∗ · ) v→ µ̃(·) on B([0, t]× (Rd\{0})).

If It =
( ∫ t

0
X

(1)
s ds, . . . ,

∫ t

0
X

(d)
s ds

)
, then

nP(a−1
n It ∈ · ) v→ µ̃({(s,x) ∈ [0, t]× (Rd\{0}) : x ∈ 1

t− s
· }) on B(Rd\{0}).

In particular, if {Xs : s ≥ 0} is a Lévy process, then

nP(a−1
n It ∈ · ) v→ tα+1

α + 1
µ(·) on B(Rd\{0}),

where µ(·) = µ̃([0, 1]× · ) and α > 0 is such that µ(u · ) = u−αµ(·) for all u > 0.
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Proof. By the Lévy-Itô decomposition we may write the process {Xs} as the sum
of three independent processes. With the notation of Theorem 3.7,

Xs(ω) = X2
s(ω)

+ lim
ε↓0

∫

(0,s]×Dε,1

{xξ(d(u,x), ω)− xν̃(d(u,x))}
︸ ︷︷ ︸

Ys

+
∫

(0,s]×D1,∞
xξ(d(u,x), ω)

︸ ︷︷ ︸
Js

,

on Ω1, where {X2
s} has a version with continuous sample paths, {Ys} is a jump

process with small jumps, and {Js} is a jump process with big jumps. For j =
1, . . . , m, let Vm

j = Jtj/m − Jt(j−1)/m. For ω ∈ Ω0 ∩ Ω1,
m∑

j=1

t

m
Jtj/m(ω) →

∫ t

0

Js(ω)ds as m →∞,

and
m∑

j=1

|Vm
j (ω)| →

∑

u∈(0,t)

|∆Ju(ω)| as m →∞,

where the sum extends over all (finitely many) u such that |∆Ju(ω)| is nonzero.
Take ε ∈ (0, 1/2) and let A be a relatively compact µt-continuity set of the form
{x ∈ Rd\{0} : |x| > u,x/|x| ∈ S} for u > 0 and S ∈ B(Sd−1). Convergence
of every such set implies vague convergence on B(Rd\{0}). To begin with, we
study the behavior of nP(

∫ t

0
Jsds ∈ anA) as n → ∞. Let γ = infx∈A |x| and set

At = {(s,x) : x ∈ 1
t−sA, s ∈ [0, t]} ∈ B([0, t]×(Rd\{0})). We begin by constructing

a lower bound.

nP(
m∑

j=1

t

m
Jtj/m ∈ anA)

≥ nP(∪m
j=1{Vm

j ∈ 1
t− tj/m

an(1 + ε)A,
∑

i6=j

|Vm
i | ≤ anεγ/t})

=
m∑

j=1

P(
∑

i 6=j

|Vm
i | ≤ anεγ/t) nP(Vm

j ∈ 1
t− tj/m

an(1 + ε)A)

≥ P(
m∑

j=1

|Vm
j | ≤ anεγ/t)

m∑

j=1

nP(Vm
j ∈ 1

t− tj/m
an(1 + ε)A)

≥ P(
m∑

j=1

|Vm
j | ≤ anεγ/t) nP(∪m

j=1{Vm
j ∈ 1

t− tj/m
an(1 + ε)A}).

Letting m →∞, we arrive at

nP(
∫ t

0

Jsds ∈ anA) ≥ P(
∑

u∈(0,t)

|∆Ju| ≤ anεγ/t) nν̃((1 + ε)an ∗At).



3.5. Regular variation for additive processes and functionals 71

We now construct an upper bound.

nP(
m∑

j=1

t

m
Jtj/m ∈ anA)

≤ nP(∪m
j=1{Vm

j ∈ 1
t− tj/m

an(1− ε)A,
∑

i6=j

|Vm
i | ≤ anεγ/t})

+ nP(Jti/m ∈ Bc
0,anεγ/t,Jtj/m − Jti/m ∈ Bc

0,anεγ/t some i < j ≤ m)

≤ nP(∪m
j=1{Vm

j ∈ 1
t− tj/m

an(1− ε)A})

+ nP(Jti/m ∈ Bc
0,anεγ/t,Jtj/m − Jti/m ∈ Bc

0,anεγ/t some i < j ≤ m)

≤ nP(∪m
j=1{Vm

j ∈ 1
t− tj/m

an(1− ε)A})

+ nP(Jtj/m ∈ Bc
0,anεγ/t some j ≤ m)2.

Letting m →∞, we arrive at

nP(
∫ t

0

Jsds ∈ anA) ≤ nν̃((1− ε)an ∗At) + nP(Js ∈ Bc
0,anεγ/t some s ∈ (0, t])2.

Since limn→∞ P(
∑

u∈(0,t) |∆Ju| ≤ anεγ/t) = 1 and by the second part of Lemma
3.18 limn→∞ nP(Js ∈ Bc

0,anεγ/t some s ∈ (0, t])2 = 0, we get

lim inf
n→∞

nP(
∫ t

0

Jsds ∈ anA) ≥ µ̃((1 + ε) ∗At),

lim sup
n→∞

nP(
∫ t

0

Jsds ∈ anA) ≤ µ̃((1− ε) ∗At).

Since ε > 0 was arbitrary and µ̃(u ∗ · ) = u−αµ̃(·) for all u > 0, it follows that the
lower and upper bound coincide, i.e.

lim
n→∞

nP(
∫ t

0

Jsds ∈ anA) = µ̃(At).

Since as n →∞

nP(
∫ t

0

X2
sds ∈ anA) ≤ nP(X2

s ∈
1
t
anA some s ≤ t) → 0

and

nP(
∫ t

0

Ysds ∈ anA) ≤ nP(Ys ∈ 1
t
anA some s ≤ t) → 0,

by Proposition 3.11,

lim
n→∞

nP(
∫ t

0

Xsds ∈ anA) = lim
n→∞

nP(
∫ t

0

Jsds ∈ anA).
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Hence

lim
n→∞

nP(
∫ t

0

Xsds ∈ anA) = µ̃(At).

In the case of a Lévy process, i.e. if µ̃([0, s]× · ) = sµ(·) for s ∈ [0, t], then

µ̃(At) =
∫ t

0

µ(
1

t− s
A)ds = µ(A)

∫ t

0

(t− s)αds =
tα+1

α + 1
µ(A).
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Chapter 4

On regular variation for
stochastic processes

Henrik Hult and Filip Lindskog (2003), On regular variation for stochastic processes, sub-
mitted.

Abstract. We study a formulation of regular variation on the space of Rd-valued

right-continuous functions on [0, 1] with left limits and provide necessary and sufficient

conditions for a stochastic process with sample paths in this space to be regularly varying.

A version of the Continuous Mapping Theorem is proved which enables the derivation

of the tail behavior of rather general mappings of the regularly varying stochastic pro-

cess. For a wide class of Markov processes with asymptotically independent increments

we obtain simplified sufficient conditions for regular variation. For such processes we show

that the possible regular variation limit measures concentrate on step functions with one

step, from which we conclude that extremes for such processes are due to one big jump in

(0, 1] or an extreme starting point. Finally, using the Continuous Mapping Theorem we

derive the tail behavior of filtered regularly varying Markov processes with asymptotically

independent increments.
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4.1 Introduction

In applications one sometimes encounters data sets with a few extremely large
observations. For such data sets it is suggested to use heavy-tailed probability
distributions to model the underlying uncertainty. This is the case for instance in
so-called catastrophe insurance (fire, wind-storm, flooding) where the occurence of
large claims may lead to large fluctuations in the cash-flow process faced by the
insurance company. The situation is similar in finance where extremely large losses
sometimes occur, indicating heavy tails of the return distributions. The proba-
bility of extreme stock price movements has to be accounted for when analyzing
the risk of a portfolio. Another application is telecommunications networks where
long service times may result in large variablility in the workload process. In many
applications it is appropriate to use a stochastic process {Xt : t ≥ 0} to model the
evolution of the quantity of interest over time. The notion of heavy tails enters
naturally in this context either as an assumption on the marginals Xt or as an
assumption on the increments Xt+h −Xt of the process. However, it is often the
case that the marginals or the increments of the process are not the main concern,
but rather some functional of the process. A natural example is the supremum
of the process during a time interval, sup0≤t≤T Xt, i.e. the largest value reached
by the process during [0, T ]. Another example is the mean of the process during
a time interval, T−1

∫ T

0
Xtdt. We are then typically interested in the probability

that the functional exceeds some high level, e.g. –What is the probability that the
sea level exceeds a high barrier sometime during [0, T ]? It may therefore be im-
portant to know how the tail behavior of the marginals Xt (or the increments) is
related to the tail behavior of functionals of the process. For univariate infinitely
divisible processes results on the tail behavior for subadditive functionals are de-
rived in Rosiński and Samorodnitsky [13] under assumptions of subexponentiality.
See also Braverman, Mikosch and Samorodnitsky [5] for further results on the tail
behavior of subadditive functionals of univariate regularly varying Lévy processes.
In the multivariate case one typically studies a d-dimensional stochastic process
{Xt : t ≥ 0}. The process could be interpreted for instance as the consecutive mea-
surements of sea levels at d different locations, the daily losses of d different stocks
or the weekly amount of claims in d different insurance lines. A notable difference
between the multivariate case and the univariate case when analyzing extremes is
the possibility to have dependence between the components of the random vector.
Large values may for instance tend to occur simultaneously in the different compo-
nents. To have a good understanding of the dependence between extreme events
in the multivariate case may be of great importance in applications. Similar to the
univariate case some functional or vector of functionals of the process may be the
primary concern. Natural examples are for instance the componentwise suprema
of the process, (sup0≤t≤T X

(1)
t , . . . , sup0≤t≤T X

(d)
t ) i.e. the largest value reached by

each component of the process during [0, T ]. Another example is the component-
wise mean of the process but other functionals or combinations of functionals may
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also be of interest. We are typically interested in the probability that the vector
of functionals belongs to some extreme set far away from the origin, e.g. –What is
the probability that the sea level exceeds a high barrier at some (or all) locations
sometime during [0, T ]? To answer this type of questions we need to know how the
tail behavior of the marginals Xt is related to the tail behavior of vectors of func-
tionals of the process. In this paper we provide a natural framework for addressing
such questions and illustrate how it can be applied.

Multivariate regular variation provides a natural way of understanding the tail
behavior of heavy-tailed random vectors. A similar construction is possible for
stochastic processes with sample paths in D([0, 1],Rd); the space of Rd-valued right-
continuous functions on [0, 1] with left limits. This formulation seems to be well
suited for understanding the tail behavior of heavy-tailed stochastic processes. We
will exemplify this in various forms throughout the paper. A random vector X on
Rd is said to be regularly varying if there exist an α > 0 and a probability measure
σ on the unit sphere Sd−1 = {x ∈ Rd : |x| = 1} such that, for every x > 0, as
u →∞,

P(|X| > ux,X/|X| ∈ · )
P(|X| > u)

w→ x−ασ(·) on B(Sd−1),

where B(Sd−1) denotes the Borel σ-algebra on Sd−1 and w→ denotes weak conver-
gence. The probability measure σ is referred to as the spectral measure of X. It
describes in which directions we are likely to find extreme realizations of X. Sim-
ilarly, we say that a stochastic process X = {Xt : t ∈ [0, 1]} with sample paths in
D([0, 1],Rd) is regularly varying if there exist an α > 0 and a probability measure
σ on D1([0, 1],Rd) = {x ∈ D([0, 1],Rd) : supt∈[0,1] |xt| = 1} such that, for every
x > 0, as u →∞,

P(|X|∞ > ux,X/|X|∞ ∈ · )
P(|X|∞ > u)

w→ x−ασ(·) on B(D1([0, 1],Rd)),

where B(D1([0, 1],Rd)) denotes the Borel σ-algebra on D1([0, 1],Rd) and |x|∞ =
supt∈[0,1] |xt|. The spectral measure σ contains essentially all relevant information
for understanding the extremal behavior of the process X. For example, it might
be interesting to know under which conditions the extremes of X are due to (at
most) one single extreme jump (we allow also an extreme starting point). This can
be formalized in terms of the support of the spectral measure by showing that the
spectral measure concentrates on step functions, i.e. on the set

{x ∈ D1([0, 1],Rd) : x = y1[v,1], v ∈ [0, 1],y ∈ Sd−1}.

We show that this is the case for a large class of regularly varying Markov processes,
including all regularly varying additive processes (and hence also all regularly vary-
ing Lévy processes).

A natural question is why one would prefer formulating regular variation on
D([0, 1],Rd) rather than on, say, (Rd)[0,1]. The main reason is that many interesting



78 Chapter 4. On regular variation for stochastic processes

mappings from D([0, 1],Rd) to D([0, 1],Rd) (or to Rk) are continuous whereas the
corresponding mappings from (Rd)[0,1] are not. However, with constructions similar
to the one used in this paper, regular variation can be formulated on other complete
separable metric spaces. In this paper we prefer to work on D([0, 1],Rd).

An equivalent definition of regular variation on D([0, 1],Rd) is the following; a
stochastic process X with sample paths in D([0, 1],Rd) is regularly varying if there
exist a sequence {an}, 0 < an ↑ ∞, and a nonzero boundedly finite measure m on
B(D([0, 1],Rd)) with m(D([0, 1],Rd)\D([0, 1],Rd)) = 0 such that, as n →∞,

nP(a−1
n X ∈ · ) ŵ→ m(·) on B(D([0, 1],Rd)), (4.1)

where ŵ→ denotes so-called ŵ-convergence. (The precise meaning of D([0, 1],Rd) is
explained in Section 4.2. At this point it may be viewed as only a slight modification
of D([0, 1],Rd) needed in order to use the concept of ŵ-convergence.) Let h be a
positively homogeneous (i.e. h(λx) = λh(x) for λ ≥ 0) measurable mapping from
D([0, 1],Rd) to D([0, 1],Rd) (or to Rk). Then, if (4.1) holds and if h satisfies some
mild conditions, as n →∞,

nP(a−1
n h(X) ∈ · ) ŵ→ m ◦ h−1( · ∩D([0, 1],Rd)) on B(D([0, 1],Rd)) (4.2)

(or on B(Rk\{0}), R = [−∞,∞]), i.e. we have a version of the Continuous Mapping
Theorem. Hence, under mild conditions on h, regular variation of X implies regular
variation of h(X) and we can express its limit measure in terms of m and h as in
(4.2).

In Section 4.2 we state the two definitions of regular variation on D([0, 1],Rd)
and show that they are equivalent. Moreover, we give necessary and sufficient
conditions for regular variation for a general stochastic process with sample paths
in D([0, 1],Rd). Finally, we give a continuous mapping theorem which provides
a powerful tool in the subsequent analysis. In Section 4.3 we focus on strong
Markov processes with asymptotically independent increments (see Section 4.3 for
the precise meaning of asymptotically independent increments). We obtain suffi-
cient conditions for regular variation for such processes which are easier to verify
since they involve only the marginals Xt of the process X. Moreover, we show that
the limit measure m of such regularly varying Markov processes vanishes on Vc

where

V = {x ∈ D([0, 1],Rd) : x = y1[v,1], v ∈ [0, 1],y ∈ Rd\{0}}.

This means that, asymptotically, the process reaches a set far away from the origin
either by starting there or by making exactly one big jump to this set and, in
comparison to the size of the jump, it stays essentially constant before and after
the jump. On one hand this means that we are able to quantify the idea of one big
jump in terms of the support of the regular variation limit measure. On the other
hand, and equally important, this in combination with the Continuous Mapping
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Theorem (4.2) allow us to explicitly compute tail probabilities of h(X) for many
interesting choices of h. See e.g. Example 4.14 and 4.15 with

h(x) =
(

sup
t∈[0,1]

x
(1)
t , . . . , sup

t∈[0,1]

x
(d)
t

)
and h(x) =

( ∫ 1

0

x
(1)
t dt, . . . ,

∫ 1

0

x
(d)
t dt

)
,

respectively. In Section 4.4 we study filtered stochastic processes of the form

Yt =
∫ t

0

f(t, s)dXs, t ∈ [0, 1], (4.3)

where X is a regularly varying Markov process of the type studied in Section 4.3,
with sample paths of finite variation. Under the assumption that the kernel f is
continuous we show that Y can be viewed as a mapping of the process X, which is
sufficiently regular to satisfy the conditions of the Continuous Mapping Theorem.
We show that Y is regularly varying and determine the limit measure. The proofs
are given at the end of each section.

4.2 Regular variation on D

Let us introduce regular variation on D = D([0, 1],Rd); the space of functions x :
[0, 1] → Rd which are right continuous with left limits. This space is equipped with
the so-called J1-metric (referred to as d0 in Billingsley [2]) which makes it complete
and separable. The formulation of regular variation we will use has recently been
used in de Haan and Lin [9] in connection with max-infinitely divisible distributions
on D. See also Giné, Hahn and Vatan [8].

We denote by D1 = D1([0, 1],Rd) the subspace {x ∈ D : supt∈[0,1] |xt| = 1}
equipped with the subspace topology. Define D = (0,∞] × D1, where (0,∞] is
equipped with the metric ρ(x, y) = |1/x− 1/y| making it complete and separable.
Then D is a complete separable metric space. Note that a nonzero function x ∈ D is
associated with an element (x∗, x̃) ∈ D where x∗ = supt∈[0,1] |xt| and x̃ = x/x∗. For
x ∈ D we write |x|∞ = supt∈[0,1] |xt| and for x = (x∗, x̃) ∈ D we write |x|∞ = x∗.
A consequence of the above construction is that

B(D) ∩ (D\{0}) = B(D) ∩ (D\{0}),

i.e. the Borel sets we are interested in are the usual Borel sets on D which do not
contain the zero function.

We will see that regular variation on D is naturally expressed in terms of so-
called ŵ-convergence of boundedly finite measures on D. A boundedly finite mea-
sure assigns finite measure to bounded sets. A sequence of boundedly finite mea-
sures {mn : n ∈ N} on a complete and separable metric space E converges to m in
the ŵ-topology, mn

ŵ→ m, if mn(B) → m(B) for every bounded Borel set B with
m(∂B) = 0. If the state space E is locally compact, which D is not but Rd\{0}
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(R = [−∞,∞]) is, then a boundedly finite measure is called a Radon measure, and
ŵ-convergence coincides with vague convergence and we write mn

v→ m. Finally
we note that if mn

ŵ→ m and mn(E) → m(E) < ∞, then mn
w→ m. For details on

ŵ-, vague- and weak convergence we refer to Appendix 2 in Daley and Vere-Jones
[6]. See also Kallenberg [11] for details on vague convergence.

Definition 4.1. A stochastic process X = {Xt : t ∈ [0, 1]} with sample paths in
D is said to be regularly varying if there exist a sequence {an}, 0 < an ↑ ∞, and
a nonzero boundedly finite measure m on B(D) with m(D\D) = 0 such that, as
n →∞,

nP(a−1
n X ∈ · ) ŵ→ m(·) on B(D). (4.4)

Remark 4.2. The limit measure m has a scaling property; there exists an α > 0
such that m(uB) = u−αm(B) for every u > 0 and B ∈ B(D). This follows from
a combination of more or less standard regular variation arguments. We include a
proof in the appendix.

An equivalent and perhaps more intuitive formulation of regular variation on D
is given in the next result.

Theorem 4.3. A stochastic process X = {Xt : t ∈ [0, 1]} with sample paths in D
is regularly varying if and only if there exist an α > 0 and a probability measure σ
on B(D1) such that, for every x > 0, as u →∞,

P(|X|∞ > ux,X/|X|∞ ∈ · )
P(|X|∞ > u)

w→ x−ασ(·) on B(D1). (4.5)

The probability measure σ is referred to as the spectral measure of X and α is
referred to as the tail index.

A proof of Theorem 4.3 is given in the appendix. The two formulations of
regular variation on D given here are much inspired by the formulations of regular
variation for random vectors. Many of them are documented in e.g. Basrak [1].

Remark 4.4. For S ∈ B(D1), let V1,S = {x ∈ D : |x|∞ > 1,x/|x|∞ ∈ S}. It follows
from the proof of Theorem 4.3 that the probability measure σ and the boundedly
finite measure m are linked through

σ(S) =
m(V1,S)
m(V1,D1)

, S ∈ B(D1).

Let h : D → D or h : D → Rk be a measurable, positively homogeneous
mapping, i.e. h(λx) = λh(x) for λ ≥ 0 and x ∈ D. If X is a regularly varying
stochastic process with sample paths in D we may be interested in the tail behavior
of h(X). This is achieved using an analogue of the Continuous Mapping Theorem
for weak convergence. Let Dh = {x ∈ D : h is discontinuous at x}. Note that
Dh ∈ B(D) (see Billingsley [2] p. 225) and hence also Dh ∩D ∈ B(D).
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Theorem 4.5 (the Continuous Mapping Theorem). Let X = {Xt : t ∈ [0, 1]}
be a stochastic process with sample paths in D. Suppose that there exist a sequence
{an}, 0 < an ↑ ∞, and a nonzero boundedly finite measure m on B(D) with
m(D\D) = 0 such that, as n →∞,

nP(a−1
n X ∈ · ) ŵ→ m(·) on B(D).

Let h : D → D be a positively homogeneous measurable mapping such that h−1(B)
is bounded in D for every bounded B ∈ B(D) ∩ D and suppose m(Dh ∩ D) = 0.
Then,

nP(a−1
n h(X) ∈ · ) ŵ→ m ◦ h−1( · ∩D) on B(D).

Moreover, the result holds for mappings h : D → Rk with the obvious notational
changes.

The formulation of regular variation on D in combination with Theorem 4.5
allow us to derive the tail behavior of a large class of continuous mappings of
stochastic processes. This will be illustrated in the following sections.

The next theorem gives necessary and sufficient conditions for a stochastic pro-
cess with sample paths in D to be regularly varying. Before stating these conditions
we introduce some notation. For x ∈ D, T0 ⊂ [0, 1] and δ ∈ [0, 1] let

w(x, T0) = sup{|xs − xt| : s, t ∈ T0},
w′′(x, δ) = sup

t1≤t≤t2,t2−t1≤δ
min{|xt − xt1 |, |xt2 − xt|}.

Theorem 4.6. Let X = {Xt : t ∈ [0, 1]} be a stochastic process with sample paths
in D. Then the following statements are equivalent.

(i) There exist a set T ⊂ [0, 1] containing 0 and 1 and all but at most countably
many points of [0, 1], a sequence {an}, 0 < an ↑ ∞, and a collection {mt1...tk

:
k ∈ N, ti ∈ T} of Radon measures with m(Rdk\Rdk) = 0, and mt nonzero for
some t ∈ T , such that

nP(a−1
n (Xt1 , . . . ,Xtk

) ∈ · ) v→ mt1...tk
(·) on B(Rdk\{0}) (4.6)

holds whenever t1, . . . , tk ∈ T . Moreover, for any ε > 0 and η > 0, there exist
a δ ∈ (0, 1) and an integer n0 such that

nP(w′′(X, δ) ≥ anε) ≤ η, n ≥ n0, (4.7)
nP(w(X, [0, δ)) ≥ anε) ≤ η, n ≥ n0, (4.8)
and
nP(w(X, [1− δ, 1)) ≥ anε) ≤ η, n ≥ n0. (4.9)
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(ii) There exist a sequence {an}, 0 < an ↑ ∞, and a nonzero boundedly finite
measure m on B(D) with m(D\D) = 0, such that

nP(a−1
n X ∈ · ) ŵ→ m(·) on B(D). (4.10)

The sequences {an} in (i) and (ii) can be taken to be equal. Moreover, the measure
m in (ii) is uniquely determined by {mt1...tk

: k ∈ N, ti ∈ T}.

4.2.1 Proofs

Proof of Theorem 4.5. Let Nh = {x ∈ D : h(x) = 0} and define h : D\Nh → D by

h(x) =
{

h(x) if x ∈ D\Nh,
x if x ∈ D\D.

Then Dh ⊂ (Dh∩D)∪(D\D), where Dh denotes the set of points of D\Nh where h

is discontinuous. Take arbitrary bounded B ∈ B(D) with m(h
−1

(∂B)) = 0. Since
∂h

−1
(B) ⊂ h

−1
(∂B) ∪ Dh, we have m(∂h

−1
(B)) ≤ m(h

−1
(∂B)) + m(Dh) = 0.

Hence

nP(a−1
n h(X) ∈ B) = nP(a−1

n h(X) ∈ B, h(X) 6= 0)
= nP(a−1

n h(X) ∈ B, h(X) 6= 0)

= nP(a−1
n X ∈ h

−1
(B) ∩ (D\Nh))

= nP(a−1
n X ∈ h

−1
(B))

→ m(h
−1

(B)).

Hence, by Proposition A2.6.II p. 628 in Daley and Vere-Jones [6],

nP(a−1
n h(X) ∈ · ) ŵ→ m ◦ h

−1
(·) on B(D).

However, for every B ∈ B(D), m(h
−1

(B)) = m(h−1(B ∩D)). Hence

nP(a−1
n h(X) ∈ · ) ŵ→ m ◦ h−1(· ∩D) on B(D).

The proof for mappings h : D → Rk is similar.

Proof of Theorem 4.6. (i) ⇒ (ii) Let mn(·) = nP(a−1
n X ∈ · ). First we will show

that the sequence {mn} is relatively compact in the ŵ-topology. To prove this we
will apply Proposition A2.6.IV p. 630 in Daley and Vere-Jones [6], which says that
it is sufficient that the restrictions {mn,γ} to a sequence of closed spheres Sγ ↑ D are
relatively compact in the weak topology. For γ > 0, let Sγ = {x ∈ D : |x|∞ ≥ γ},
and for n ≥ 1, let mn,γ(·) = nP(a−1

n X ∈ · ∩ Sγ). We will show that, for every
γ > 0, the family {mn,γ} is uniformly bounded and that it is relatively compact in
the weak topology.
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Take γ > 0 and t1, . . . , tk ∈ T with 0 = t1 < · · · < tk = 1 and ti − ti−1 < δ,
where δ > 0 is such that nP(w′′(X, δ) ≥ anγ/2) ≤ η for n ≥ n0. Then

mn,γ(D) = nP(|X|∞ ≥ anγ)
≤ nP( max

1≤i≤k
|Xti | ≥ anγ/2 or w′′(X, δ) ≥ anγ/2)

≤ nP( max
1≤i≤k

|Xti
| ≥ anγ/2) + nP(w′′(X, δ) ≥ anγ/2)

=: fn(γ) + gn(γ).

By (4.6), {fn(γ)} converges to some finite limit as n →∞ and hence the sequence
{fn(γ)} is bounded. Moreover, gn(γ) ≤ η for n ≥ n0, and clearly gn(γ) < n0 for
n < n0. Hence, supn≥1 mn,γ(D) < ∞, i.e. {mn,γ} is uniformly bounded.

Since mn(·) = nP(a−1
n X ∈ · ) < n0 for n < n0 and since a probability measure

P(a−1
n X ∈ · ) on B(D) is tight it follows by Theorem 15.3 p. 125 in Billingsley

[2] that (4.7), (4.8) and (4.9) hold for the finitely many n preceding n0 by taking δ
small enough. Hence, we may assume that n0 = 1. Note that [γ,∞]×K1 ∈ B(D)
is compact in D if and only if K1 is compact in D1. For any η > 0, by (4.7), (4.8)
and (4.9), we can choose δk such that, if

Ak,1 = {x ∈ D1 : w′′(x, δk) < 1/k},
Ak,2 = {x ∈ D1 : w(x, [0, δk)) < 1/k},
Ak,3 = {x ∈ D1 : w(x, [1− δk, 1)) < 1/k},

then mn,γ([γ,∞]× (D1\Ak,j)) ≤ (1/3)η/2k for every j and n. Let B = ∩∞k=1 ∩3
j=1

Ak,j . If K1 is the closure of B, then by Theorem 14.4 p. 119 in Billingsley [2], K1

is compact in D1. Moreover, for every n,

mn,γ(D\([γ,∞]×K1)) ≤ mn,γ([γ,∞]× (D1\B))

≤
∞∑

k=1

3∑

j=1

mn,γ([γ,∞]× (D1\Ak,j))

≤ η

∞∑

k=1

2−k = η.

Hence, we have shown that {mn,γ} is uniformly bounded and tight. It follows
from Prohorov’s Theorem (Theorem A2.4.I p. 619 in Daley and Vere Jones [6])
that {mn,γ} is relatively compact in the weak topology. Thus, by Proposition
A2.6.IV p. 630 in Daley and Vere-Jones [6], {nP(a−1

n X ∈ · )} is relatively compact
in the ŵ-topology. We will now show that any subsequential ŵ-limit m satisfies
m(D\D) = 0. By (4.7) and the above argument we can choose u1 and δ such that
nP(w′′(X, δ) ≥ anu1/2) ≤ η/2 for every n ≥ 1 (i.e. we may take n0 = 1 in (4.7)).
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By (4.6) and Theorem 4.5 (for mappings h : Rk → [0,∞)) there exist a Radon
measure ν on B((0,∞]) with ν({∞}) = 0 such that

νn(·) := nP(a−1
n max

1≤i≤k
|Xtk

| ∈ · ) v→ ν(·) on B((0,∞]).

It follows that ν has the scaling property described in Remark 4.2 (the same proof
applies with the obvious notational changes). Hence there exists an α > 0 such that
ν([x,∞]) = x−αν([1,∞]) for every x > 0. Choose x such that ν([x/2,∞]) ≤ η/4.
Then there exists n′ such that νn([x/2,∞]) ≤ η/2 for n ≥ n′. Clearly there
exists x′ such that νn([x′/2,∞]) ≤ η/2 for n < n′. Hence, with u2 = max(x, x′),
νn([u2/2,∞]) ≤ η/2 for every n ≥ 1. Hence, with u = max(u1, u2), for every n ≥ 1,

nP(|X|∞ ≥ anu) ≤ nP( max
1≤i≤k

|Xti
| ≥ anu/2) + nP(w′′(X, δ) ≥ anu/2)

≤ η/2 + η/2 = η.

Suppose mn′
ŵ→ m. We have just shown that for any η > 0 there exists u > 0

such that mn′({x ∈ D : |x|∞ > u}) ≤ η for n′ ≥ 1. In particular, this implies
that mn′({x ∈ D : |x|∞ > u}) → 0 uniformly in n′ as u → ∞. Since Gu = {x ∈
D : |x|∞ > u} is open and bounded we have m(Gu) ≤ lim infn′→∞mn′(Gu) and
because of uniform convergence

m(D\D) = lim
u→∞

m(Gu) ≤ lim
u→∞

lim inf
n′→∞

mn′(Gu) = lim inf
n′→∞

lim
u→∞

mn′(Gu) = 0.

Let m and m̃ be two subsequential ŵ-limits. We will show that m = m̃ and that
m is uniquely determined by {mt1...tk

: k ∈ N, ti ∈ T}. Let Tm and Tem consist of
those t ∈ [0, 1] for which the projection πt is continuous except at points forming
a set of m-measure 0 and m̃-measure 0, respectively. Then, by Theorem 4.5, for
t1, . . . , tk ∈ Tm ∩ Tem ∩ T ,

m ◦ π−1
t1...tk

( · ∩ Rdk) = m̃ ◦ π−1
t1...tk

( · ∩ Rdk) = mt1...tk
(·) on B(Rdk\{0}).

Since Tm, Tem and T each contain all but countably many points of [0, 1], the same
is true for Tm ∩ Tem ∩ T , in particular Tm ∩ Tem ∩ T is dense in [0, 1]. Moreover,
0, 1 ∈ Tm ∩ Tem ∩ T . With some minor modifications of Theorem 14.5 p. 121 in
Billingsley [2] one can show that

{π−1
t1...tk

(H) : k ∈ N,H ∈ B(Rdk\{0}) ∩ Rdk, t1, . . . , tk ∈ Tm ∩ Tem ∩ T}

generates B(D)∩D. Hence m̃ and m coincides on B(D)∩D and since m(D\D) =
m̃(D\D) = 0 we have m = m̃.

(ii) ⇒ (i) Let Tm consist of those t in [0, 1] for which the projection πt from D
to Rd is continuous except at points forming a set of m-measure 0. The projections
π0 and π1 are continuous and hence 0, 1 ∈ Tm. For t ∈ (0, 1), πt is continuous if and
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only if m({x : xt 6= xt−}) = 0. By the same arguments as in Billingsley [2] p. 124
there are at most countably many t ∈ (0, 1] such that m({x : xt 6= xt−}) > 0.
Then, since m is nonzero and Tm is dense in [0, 1], there exists t ∈ Tm such that
mt is nonzero. Moreover, πt1...tk

is continuous except at points forming a set of
m-measure 0 if t1, . . . , tk ∈ Tm. Hence, by Theorem 4.5, for t1, . . . , tk ∈ Tm,

nP(a−1
n (Xt1 , . . . ,Xtk

) ∈ · ) = nP(a−1
n X ∈ π−1

t1...tk
( · ∩ Rdk))

v→ m ◦ π−1
t1...tk

( · ∩ Rdk) on B(Rdk\{0}).

For t1, . . . , tk ∈ Tm, let mt1...tk
(·) = m ◦ π−1

t1...tk
( · ∩ Rdk).

For n ≥ 1, let mn(·) = nP(a−1
n X ∈ · ). By the scaling property of m, the set

Su = {x ∈ D : |x|∞ ≥ u} is an m-continuity set for every u > 0. Hence, mn(Su) →
m(Su) = u−αm(S1) for every u > 0. Choose u such that u−αm(S1) ≤ η/4. Then
there exists n1 such that mn(Su) ≤ η/2 for n ≥ n1. By Proposition A2.6.IV
p. 630 in Daley and Vere-Jones [6], for every 0 < γ < u < ∞, {mn( · ∩ {x ∈
D : |x|∞ ∈ [γ, u]})} is relatively compact in the weak topology on D. Since
{x ∈ D : |x|∞ ∈ [γ, u]} ⊂ D\{0} and on this subspace the subspace topologies (of
D and D) coincide it follows that {mn( · ∩ {x ∈ D : |x|∞ ∈ [γ, u]})} is relatively
compact in the weak topology on D. Hence, by Theorem 15.3 p. 125 in Billingsley
[2], for any ε > 0 and η > 0 there exist δ ∈ (0, 1) and integer n2 such that

nP(w′′(X, δ) ≥ anε, |X|∞ ∈ an[γ, u]) ≤ η/2, n ≥ n2,

nP(w(X, [0, δ)) ≥ anε, |X|∞ ∈ an[γ, u]) ≤ η/2, n ≥ n2,

and
nP(w(X, [1− δ, 1)) ≥ anε, |X|∞ ∈ an[γ, u]) ≤ η/2, n ≥ n2.

In particular the three inequalities above hold, with η/2 replaced by η and n2 re-
placed by n0 = max(n1, n2), for u = ∞ and γ ≤ ε/2 and for such γ they coincide
with (4.7), (4.8) and (4.9).

4.3 Markov processes with asymptotically inde-
pendent increments

In this section we will study Markov processes with increments that are not too
strongly dependent in the sense that an extreme jump does not trigger further
jumps or oscillations of the same magnitude with a nonnegligible probability. We
will derive surprisingly concrete results for such Markov processes (see Theorem 4.8
and 4.12) which will prove very useful when used in combination with Theorem 4.5
(see e.g. Example 4.14 and 4.15).
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Let {Xt : t ∈ [0, 1]} be a Markov process on Rd with transition function
Ps,t(x,B). For r ≥ 0 and 0 ≤ u ≤ T ≤ 1 define

αr,T (u) = sup{Ps,t(x, Bc
x,r) : x ∈ Rd and s, t ∈ [0, T ], t− s ∈ [0, u]}.

Note that if the random vectors Y and Ỹ are independent and, for some se-
quence {an}, 0 < an ↑ ∞, and nonzero Radon measures m and m̃ with m(Rd\Rd) =
m̃(Rd\Rd) = 0 we have

nP(a−1
n Y ∈ · ) v→ m(·) and nP(a−1

n Ỹ ∈ · ) v→ m̃(·) on B(Rd\{0}),

then, by Proposition 3.11 in Chapter 3,

nP(a−1
n (Y + Ỹ) ∈ · ) v→ m(·) + m̃(·) on B(Rd\{0}),

i.e. the limit measure of the sum is the sum of the limit measures. If a regularly
varying Markov process satisfies αr,1(1) → 0 as r → ∞, then it has asymptoti-
cally independent increments in the above sense (with Y and Ỹ representing two
nonoverlapping increments).

Lemma 4.7. Let {Xt : t ∈ [0, 1]} be a Markov process on Rd such that αr,1(1) → 0
as r → ∞. Fix arbitrary s, t ∈ [0, 1] with s < t. Let {an} be a sequence with 0 <

an ↑ ∞, and let ms, mt and µ be Radon measures on B(Rd\{0}) with ms(R
d\Rd) =

mt(R
d\Rd) = µ(Rd\Rd) = 0. Consider the following statements.

nP(a−1
n Xs ∈ · ) v→ ms(·) on B(Rd\{0}), (4.11)

nP(a−1
n Xt ∈ · ) v→ mt(·) on B(Rd\{0}), (4.12)

nP(a−1
n (Xt −Xs) ∈ · ) v→ µ(·) on B(Rd\{0}). (4.13)

If any two of the above three statements hold, then the third also holds and the limit
measures are related through mt = ms + µ.

It turns out that for a strong Markov process with sample paths in D satisfying
αr,1(1) → 0 as r → ∞ we can obtain sufficient conditions for regular variation on
D, which are easier to verify than the general conditions of Theorem 4.6.

Theorem 4.8. Let X = {Xt : t ∈ [0, 1]} be a strong Markov process with sample
paths in D such that αr,1(1) → 0 as r → ∞. Suppose there exist a set T ⊂ [0, 1]
containing 0 and 1 and all but at most countably many points of [0, 1], a sequence
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{an}, 0 < an ↑ ∞, and a collection {mt : t ∈ T} of Radon measures on B(Rd\{0}),
with mt(R

d\Rd) = 0 and with m1 nonzero, such that

nP(a−1
n Xt ∈ · ) v→ mt(·) on B(Rd\{0}) for every t ∈ T, (4.14)

and such that, for any ε > 0 and η > 0 there exists a δ > 0, δ ∈ T , 1− δ ∈ T such
that

mδ(Bc
0,ε)−m0(Bc

0,ε) ≤ η and m1(Bc
0,ε)−m1−δ(Bc

0,ε) ≤ η. (4.15)

Then there exists a nonzero boundedly finite measure m on B(D) with m(D\D) = 0,
such that, as n →∞,

nP(a−1
n X ∈ · ) ŵ→ m(·) on B(D).

Moreover, the measure m is uniquely determined by {mt : t ∈ T}.
Example 4.9. If {Xt : t ≥ 0} is a Lévy process, then it is strong Markov, it has
sample paths in D, αr,t(t) → 0 as r →∞ for every t > 0 and, if (4.14) holds, then
it is not difficult to show that (4.15) holds and Theorem 4.8 applies.

Remark 4.10. By Theorem 11.1 p. 59 in Sato [14], a sufficient condition for a
Markov process {Xt : t ≥ 0} on Rd to have a version in D is that

lim
u↓0

αε,T (u) = 0 for any ε > 0 and T > 0.

Theorem 11.1 considers Markov processes with fixed starting points, however this
requirement can be dropped as seen from the proof. Note that the above condition
implies stochastic continuity.

Remark 4.11. We have chosen to formulate the above theorem and results below for
strong Markov processes, since it is convenient to use the strong Markov property in
some of the proofs. We could however, instead of the strong Markov property, have
assumed that we have the Markov property and that, for every ε > 0, nα2

anε,1(1) →
0 as n →∞.

It turns out that a regularly varying Markov process with asymptotically inde-
pendent increments, in the sense of Lemma 4.7, has a very simple extremal behavior.
In this case the process reaches a set far away from the origin by making at most
one jump to that set (it might start there at time 0 since we allow for a regularly
varying starting point) and the process essentially stays constant before and after
the jump. This is formalized in the next theorem. Let

V = {x ∈ D : x = y1[v,1], v ∈ [0, 1],y ∈ Rd\{0}}.

Theorem 4.12. Let X = {Xt : t ∈ [0, 1]} be a strong Markov process with sample
paths in D such that αr,1(1) → 0 as r → ∞. Suppose there exist a sequence {an},
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0 < an ↑ ∞, and a nonzero boundedly finite measure m on B(D) with m(D\D) = 0
such that, as n →∞,

nP(a−1
n X ∈ · ) ŵ→ m(·) on B(D).

Then m(Vc) = 0. Moreover, there exist an α > 0 and a probability measure σ on
B(D1) such that, for every x > 0, as u →∞,

P(|X|∞ > ux,X/|X|∞ ∈ · )
P(|X|∞ > u)

w→ x−ασ(·) on B(D1),

with σ({x ∈ D1 : x = y1[v,1], v ∈ [0, 1],y ∈ Sd−1}) = 1 and

σ({x ∈ D1 : x = y1[v,1], v ∈ [0, 1],y ∈ · })

coincides with the spectral measure of X1 on B(Sd−1).

For Lévy processes we can be even more explicit.

Example 4.13. Let X = {Xt : t ∈ [0, 1]} be a Lévy process on Rd. Suppose
there exist a sequence {an}, 0 < an ↑ ∞, and a nonzero Radon measure m1 with
m1(R

d\Rd) = 0 such that

nP(a−1
n X1 ∈ · ) v→ m1(·) on B(Rd\{0}).

Then, since X has stationary and independent increments, nP(a−1
n Xt ∈ ·) v→ tm1(·)

on B(Rd\{0}) for every t ∈ [0, 1]. Hence, combining Theorems 4.3 and 4.8 gives,
for every x > 0, as u →∞,

P(|X|∞ > ux,X/|X|∞ ∈ · )
P(|X|∞ > u)

w→ x−ασ(·) on B(D1),

where α > 0 is the tail index of X1 and it follows that

σ(·) = P({Z1[V,1](t), t ∈ [0, 1]} ∈ · ),

where Z and V are independent, the distribution of Z is the spectral measure of
X1 and V is uniformly distributed on [0, 1]. The random vector Z is the direction
of the big jump and V is the time of the big jump.

The following two examples illustrate the usefulness of Theorem 4.12 in combi-
nation with the Continuous Mapping Theorem.
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Example 4.14. Let X be a strong Markov process with X0 = 0 satisfying the
conditions in Theorem 4.12 and let h : D → Rd be defined by

h(x) =
(

sup
t∈[0,1]

x
(1)
t , . . . , sup

t∈[0,1]

x
(d)
t

)
.

Then it is straightforward to show that h satisfies the conditions of Theorem 4.5.
Hence,

nP(a−1
n h(X) ∈ · ) v→ m ◦ h−1(· ∩ Rd) on B(Rd\{0})

and for B ∈ B(Rd\{0}), with Rd
+ = [0,∞),

m ◦ h−1(B ∩ Rd) = m({x ∈ D : h(x) ∈ B ∩ Rd} ∩ V)
= m({x ∈ D : x = y1[v,1], v ∈ [0, 1],y ∈ B ∩ Rd

+})
= m(π−1

1 (B ∩ Rd
+) ∩ V)

= m(π−1
1 (B ∩ Rd

+))

= m1(B ∩ Rd
+),

where m1 is vague limit of {nP(a−1
n X1 ∈ · )}.

Example 4.15. Let X be a strong Markov process with X0 = 0 satisfying the
conditions in Theorem 4.12 and let h : D → Rd be defined by

h(x) =
( ∫ 1

0

x
(1)
t dt, . . . ,

∫ 1

0

x
(d)
t dt

)
.

Then it is straightforward to show that h satisfies the conditions of Theorem 4.5.
Hence,

nP(a−1
n h(X) ∈ · ) v→ m ◦ h−1(· ∩ Rd) on B(Rd\{0})

and for B ∈ B(Rd\{0})
m ◦ h−1(B ∩ Rd) = m({x ∈ D : h(x) ∈ B ∩ Rd} ∩ V)

= m({x ∈ D : x = y1[v,1], v ∈ [0, 1],y(1− v) ∈ B ∩ Rd})
= m({x ∈ D : xt ∈ 1

1− t
B ∩ Rd some t ∈ [0, 1]} ∩ V)

= m({x ∈ D : xt ∈ 1
1− t

B ∩ Rd some t ∈ [0, 1]}).

In particular, if {Xt : t ∈ [0, 1]} is a Lévy process, then the last expression reduces
to (see also Chapter 3)

∫ 1

0

m1(
1

1− s
B ∩ Rd)ds = m1(B ∩ Rd)

∫ 1

0

(1− s)αds =
1

α + 1
m1(B),

where m1 is vague limit of {nP(a−1
n X1 ∈ · )}
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4.3.1 Proofs

Proof of Lemma 4.7. Fix a relatively compact B ∈ B(Rd\{0}). Then there exist
r > 0 such that B ⊂ Bc

0,r. Note that the scaling property implies that sets of the
form Bc

0,r, r > 0, are always ms-, mt- and µ-continuity sets.
Suppose that (4.11) and (4.12) hold. We first show that {nP(a−1

n (Xt−Xs) ∈ · )}
is vaguely relatively compact. We have

sup
n≥1

nP(a−1
n (Xt −Xs) ∈ B) ≤ sup

n≥1
nP(a−1

n (Xt −Xs) ∈ Bc
0,r)

≤ sup
n≥1

nP(a−1
n Xs ∈ Bc

0,r/2) + sup
n≥1

nP(a−1
n Xt ∈ Bc

0,r/2) < ∞,

since {nP(a−1
n Xs ∈ · )} and {nP(a−1

n Xt ∈ · )} are vaguely relatively compact.
Hence {nP(a−1

n (Xt −Xs) ∈ · )} is vaguely relatively compact.
By essentially the same argument it follows that if (4.11) and (4.13) hold, then

{nP(a−1
n Xt ∈ · )} is vaguely relatively compact, and if (4.12) and (4.13) hold, then

{nP(a−1
n Xs ∈ · )} is vaguely relatively compact.

Suppose that (4.11) and (4.12) hold. Let µ be a subsequential vague limit such
that

n′ P(a−1
n′ (Xt −Xs) ∈ · ) v→ µ(·).

Fix ε1 > 0, ε2 > 0 and a relatively compact B ∈ B(Rd\{0}) with ms(∂B) =
µ(∂B) = 0. We have

n′ P(a−1
n′ (Xs,Xt −Xs) ∈ Bc

0,ε1 ×Bc
0,ε2)

= n′ P(a−1
n′ Xs ∈ Bc

0,ε1)︸ ︷︷ ︸
→ms(Bc

0,ε1
)

P(a−1
n′ (Xt −Xs) ∈ Bc

0,ε2 | a−1
n′ Xs ∈ Bc

0,ε1)︸ ︷︷ ︸
≤αa

n′ ε2,1(1)→0

→ 0.

Since ms(R
d\Rd) = µ(Rd\Rd) = 0 we may without loss of generality assume that

B ∩ Rd 6= ∅. Then,

n′ P(a−1
n′ (Xs,Xt −Xs) ∈ B ×B0,ε2)

= n′ P(a−1
n′ Xs ∈ B)︸ ︷︷ ︸
→ms(B)

(1− P(a−1
n′ (Xt −Xs) ∈ Bc

0,ε2 | a−1
n′ Xs ∈ B)︸ ︷︷ ︸

≤αa
n′ ε2,1(1)→0

) → ms(B).

Clearly,

n′ P(a−1
n′ (Xs,Xt −Xs) ∈ B0,ε1 ×B) ≤ n′ P(a−1

n′ (Xt −Xs) ∈ B) → µ(B).
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Set γ = infx∈B∩Rd |x|. Then

n′ P(a−1
n′ (Xs,Xt −Xs) ∈ B0,ε1 ×B)

= n′ P(a−1
n′ (Xt −Xs) ∈ B)

− n′ P(a−1
n′ Xs ∈ Bc

0,ε1)P(a−1
n′ (Xt −Xs) ∈ B | a−1

n′ Xs ∈ Bc
0,ε1)

≥ n′ P(a−1
n′ (Xt −Xs) ∈ B)

− n′ P(a−1
n′ Xs ∈ Bc

0,ε1)︸ ︷︷ ︸
→ms(Bc

0,ε1
)

P(a−1
n′ (Xt −Xs) ∈ Bc

0,γ | a−1
n′ Xs ∈ Bc

0,ε1)︸ ︷︷ ︸
≤αa

n′γ,1(1)→0

→ µ(B).

It follows that n′ P(a−1
n′ (Xs,Xt − Xs) ∈ ·) v→ µ̂(·) on B(R2d\{0}), where µ̂ is a

Radon measure which concentrates on ({0} × Rd) ∪ (Rd × {0}). Hence

n′ P(a−1
n′ (Xs + Xt −Xs) ∈ · ) v→ µ̂((x, x̃) : x + x̃ ∈ · ),

where

µ̂((x, x̃) : x + x̃ ∈ · ) = µ̂((x,0) : x + 0 ∈ · ) + µ̂((0, x̃) : 0 + x̃ ∈ · )
= ms(·) + µ(·).

However, n′ P(a−1
n′ (Xs + Xt −Xs) ∈ · ) v→ mt(·) and hence µ = mt −ms. Since

this is true for any subsequential vague limit of {nP(a−1
n (Xt−Xs) ∈ · )} it follows

that
nP(a−1

n (Xt −Xs) ∈ · ) v→ mt(·)−ms(·).
Suppose now that (4.11) and (4.13) hold. By the same arguments as above,

replacing n′ by n, it follows that

nP(a−1
n Xt ∈ · ) = nP(a−1

n (Xs + Xt −Xs) ∈ · )
v→ µ̂((x, x̃) : x + x̃ ∈ · ) = ms(·) + µ(·).

Suppose now that (4.12) and (4.13) hold, and let ms be a subsequential limit
such that n′ P(a−1

n′ Xs ∈ · ) v→ ms(·). By the same arguments as above it follows
that

n′ P(a−1
n′ (Xs + Xt −Xs) ∈ · ) v→ µ̂((x, x̃) : x + x̃ ∈ · ) = ms(·) + µ(·).

However, n′ P(a−1
n′ (Xs + Xt −Xs) ∈ · ) v→ mt(·) along every subsequence {n′} so

we must have ms = mt − µ.

To prove Theorems 4.8 and 4.12 we need a couple of technical lemmas. For
ε > 0, positive integer p and M ⊂ [0, 1] we say that an element x ∈ D has ε-
oscillation p times in M if there exist t0, . . . , tp ∈ M with t0 < · · · < tp such that
|xti − xti−1 | > ε for i = 1, . . . , p. Let

B(p, ε, M) = {x ∈ D : x has ε-oscillation p times in M}.
The following lemma is an immediate consequence of Lemma 2 p. 420 in Gihman

and Skorohod [7].
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Lemma 4.16. Let X = {X : t ∈ [0, 1]} be a Markov process with sample paths in
D. If for ε > 0 and 0 ≤ T1 < T2 ≤ 1 the quantity αε/4,T2(T2 − T1) is less than 1,
then

P(X ∈ B(1, ε, [T1, T2])) ≤
αε/4,T2(T2 − T1)

1− αε/4,T2(T2 − T1)
.

Proof. First,

P(X ∈ B(1, ε, [T1, T2])) = P( sup
s,t∈[T1,T2]

|Xt −Xs| > ε)

≤ P( sup
s∈[T1,T2]

|Xs −XT1 | ≥ ε/2),

and, by Lemma 2 p. 420 in Gihman and Skorohod [7],

P( sup
s∈[T1,T2]

|Xs −XT1 | ≥ ε/2) ≤ P(|XT2 −XT1 | ≥ ε/4)
1− αε/4,T2(T2 − T1)

.

Since P(|XT2 −XT1 | ≥ ε/4) ≤ αε/4,T2(T2 − T1) the conclusion follows.

Lemma 4.17. Let X = {Xt : t ∈ [0, 1]} be a strong Markov process with sample
paths in D such that αr,1(1) → 0 as r → ∞. Suppose there exist a sequence {an},
0 < an ↑ ∞, and Radon measures m0 and m1 on B(Rd\{0} with m0(R

d\Rd) =
m1(R

d\Rd) = 0 such that

nP(a−1
n X0 ∈ · ) v→ m0(·) and nP(a−1

n X1 ∈ · ) v→ m1(·) on B(Rd\{0}).

Then, for every ε > 0, nP(X ∈ anB(2, ε, [0, 1])) → 0 as n →∞.

Proof. Fix an arbitrary ε > 0 and let τn = inf{t : |Xt − X0| ≥ anε/2} with the
convention inf ∅ = ∞. Then

nP(X ∈ anB(2, ε, [0, 1])) ≤ nE(1{τn≤1}Eτn,Xτn (1B(1,anε,[τn,1])(X)))
≤ nE(1{τn≤1}αanε/4,1(1)/(1− αanε/4,1(1)))

= nP( sup
t∈[0,1]

|Xt −X0| ≥ anε/2)
αanε/4,1(1)

1− αanε/4,1(1)

by combining Lemma 4.16 and the strong Markov property. Moreover, by combin-
ing Lemma 2 p. 420 in Gihman and Skorohod [7] and Lemma 4.7,

nP( sup
t∈[0,1]

|Xt −X0| ≥ anε/2) ≤ nP(|X1 −X0| ≥ anε/4)
1− αanε/4,1(1)

→ m1(Bc
0,ε/4)−m0(Bc

0,ε/4),

as n →∞, from which the conclusion follows.
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Proof of Theorem 4.8. Fix s, t ∈ T with s < t. We will show that there is a unique
vague limit ms,t such that nP(a−1

n (Xs,Xt) ∈ · ) v→ ms,t(·). By repeating the
procedure one can then show that, for any k ∈ N, there is a unique vague limit
mt1,...,tk

, with mt1,...,tk
(Rdk\Rdk) = 0, such that nP(a−1

n (Xt1 , . . . ,Xtk
) ∈ · ) v→

mt1,...,tk
(·) if t1, . . . , tk ∈ T . By Lemma 4.7,

nP(a−1
n (Xt −Xs) ∈ · ) v→ mt(·)−ms(·).

Clearly, there are unique vague limits (Radon measures) ms,s and m̃ on B(R2d\{0})
with ms,s(R

2d\R2d) = m̃(R2d\R2d) = 0 such that

nP(a−1
n (Xs,Xs) ∈ · ) v→ ms,s(·) and nP(a−1

n (0,Xt −Xs) ∈ · ) v→ m̃(·).

on B(R
2d\{0}). By arguments similar to those in the proof of Lemma 4.7,

nP(a−1
n (Xs,Xt) ∈ · ) = nP(a−1

n ((Xs,Xs) + (0,Xt −Xs)) ∈ · )
v→ ms,s(·) + m̃(·) =: ms,t(·) on B(R2d\{0}).

Note that, by Lemma 4.17,

nP(w′′(X, δ) ≥ anε) ≤ nP(X ∈ anB(2, ε, [0, 1])) → 0

as n →∞. Hence, for any positive ε and η there is an n0 such that nP(w′′(X, δ) ≥
anε) ≤ η for any δ ∈ (0, 1) if n ≥ n0. Hence condition (4.7) of Theorem 4.6 holds.

It remains to show that conditions (4.8) and (4.9) also hold. Fix arbitrary ε > 0
and η > 0. By Lemma 2 p. 420 in Gihman and Skorohod [7],

nP(w(X, [1− δ, 1)) ≥ anε) ≤ nP( sup
t∈[1−δ,1]

|Xt −X1−δ| ≥ anε/2)

≤ nP(|X1 −X1−δ| ≥ anε/4)
1− αanε/4,1(δ)

.

By Lemma 4.7, for 1− δ ∈ T

lim
n→∞

nP(|X1 −X1−δ| ≥ anε/4) = m1(Bc
0,ε/4)−m1−δ(Bc

0,ε/4).

Hence, by (4.15) there exists a δ > 0, 1− δ ∈ T such that

lim sup
n→∞

nP(w(X, [1− δ, 1)) ≥ anε) ≤ lim sup
n→∞

nP(|X1 −X1−δ| ≥ anε/4)
1− αanε/4,1(δ)

= m1(Bc
0,ε/4)−m1−δ(Bc

0,ε/4) ≤ η,

and it follows that (4.9) holds. That (4.8) holds is shown by an almost identical
argument. The conclusion now follows by Theorem 4.6.



94 Chapter 4. On regular variation for stochastic processes

Proof of Theorem 4.12. First note that B(2, ε, [0, 1]) is open and, by Lemma 4.17,
lim infn→∞ nP(X ∈ anB(2, ε, [0, 1])) = 0. By assumption, lim infn→∞ nP(X ∈
anG) ≥ m(G) for every open bounded G ∈ B(D). Hence m(B(2, ε, [0, 1])) = 0.
Since ε > 0 was arbitrary it follows that m(B(2, ε, [0, 1])) = 0 for every ε > 0 and
hence also m(∪ε>0,ε∈QB(2, ε, [0, 1])) = 0. Since

∪ε>0,ε∈QB(2, ε, [0, 1]) = (D\D) ∪ Vc,

it follows that m(Vc) ≤ m(∪ε>0,ε∈QB(2, ε, [0, 1])) = 0.

Moreover, by Theorem 4.3, there exist α > 0 and a probability measure σ such
that (4.5) holds. Furthermore, by Theorem 4.5,

nP(a−1
n X1 ∈ · ) v→ m ◦ π−1

1 (·) on B(Rd\{0}),

which holds if and only if there exists a probability measure σ1 on B(Sd−1) such
that, for every x > 0, as u →∞,

P(|X1| > ux,X1/|X1| ∈ · )
P(|X1| > u)

w→ x−ασ1(·) on B(Sd−1)

holds, and σ1 is given by

σ1(·) =
m ◦ π−1

1 ({x ∈ Rd\{0} : |x| > 1,x/|x| ∈ · })
m ◦ π−1

1 ({x ∈ Rd\{0} : |x| > 1})
.

We have

P(|X|∞ > an,X/|X|∞ ∈ · )
P(|X|∞ > an)

=
nP(a−1

n X ∈ {x ∈ D : |x|∞ > 1,x/|x|∞ ∈ · })
nP(a−1

n X ∈ {x ∈ D : |x|∞ > 1})
ŵ→ m({x ∈ D : |x|∞ > 1,x/|x|∞ ∈ · })

m({x ∈ D : |x|∞ > 1}) ,

which necessarily is equal to σ(·). Moreover,

σ({x ∈ D1 : x = y1[v,1], v ∈ [0, 1],y ∈ Sd−1}) =
m({x ∈ D : |x|∞ > 1} ∩ V)

m({x ∈ D : |x|∞ > 1})
=

m({x ∈ D : |x|∞ > 1})
m({x ∈ D : |x|∞ > 1}) = 1
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and

σ1(·) =
m(π−1

1 ({x ∈ Rd\{0} : |x| > 1,x/|x| ∈ · }))
m(π−1

1 ({x ∈ Rd\{0} : |x| > 1}))

=
m(π−1

1 ({x ∈ Rd\{0} : |x| > 1,x/|x| ∈ · }) ∩ V)

m(π−1
1 ({x ∈ Rd\{0} : |x| > 1}) ∩ V)

=
m({x ∈ D : x = y1[v,1], v ∈ [0, 1], |y| > 1,y/|y| ∈ · })

m({x ∈ D : x = y1[v,1], v ∈ [0, 1], |y| > 1})

=
m({x ∈ D : |x|∞ > 1,x/|x|∞ = y1[v,1], v ∈ [0, 1],y ∈ · })

m({x ∈ D : |x|∞ > 1} ∩ V)
= σ({x ∈ D1 : x = y1[v,1], v ∈ [0, 1],y ∈ · }).

The conclusion follows.

4.4 Filtered Markov processes

In this section we will give another application of regular variation on D by studying
asymptotics of stochastic processes Y of the type

Yt =
∫ t

0

f(t, s)dXs, t ∈ [0, 1], (4.16)

where X is a regularly varying stochastic process with sample paths in D of finite
variation. The idea here is that if X is a strong Markov process satisfying αr,1(1) →
0 as r → 0, then the process Y can be viewed as a mapping of X. This mapping
is sufficiently regular to apply Theorem 4.5. In this way we can show that the
process Y is regularly varying. Furthermore, and equally important, we are able to
explicitly compute the spectral measure of such processes. In doing so we provide
a natural way to understanding the extremal behavior of such filtered regularly
varying Markov processes. As a concrete example we will compute the spectral
measure of an Ornstein-Uhlenbeck type process driven by a regularly varying Lévy
process (Example 4.19). Note that finite variation of the sample paths of X allows
us to define the integral in (4.16) in a pathwise sense. As in the previous section,
let

V = {x ∈ D : x = y1[v,1], v ∈ [0, 1],y ∈ Rd\{0}}.
For a continuous f : [0, 1]2 → R define hf : D → D by

hf (x)(t) =
{ ∫ t

0
f(t, s)dxs if x has finite variation,

0 otherwise.

Note that hf is in general not continuous, not even on the finite variation part of D.
However, it is continuous on V, and this is sufficient when considering integrators
whose regular variation limit measure concentrates on V.
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Theorem 4.18. Let X = {Xt : t ∈ [0, 1]} be a strong Markov process with sample
paths in D of finite variation such that αr,1(1) → 0 as r → 0. Suppose that there
exist a sequence {an}, 0 < an ↑ ∞, and a nonzero boundedly finite measure m on
B(D) with m(D\D) = 0 such that, as n →∞,

nP(a−1
n X ∈ · ) ŵ→ m(·) on B(D).

For f : [0, 1]2 7→ R continuous, define Y = {Yt : t ∈ [0, 1]} by Yt =
∫ t

0
f(t, s)dXs.

Then Y has sample paths in D and, as n →∞,

nP(a−1
n Y ∈ · ) ŵ→ m̃(·) on B(D),

where m̃(·) = m ◦ h−1
f ( · ∩ D) is a nonzero boundedly finite measure on B(D).

Moreover, m̃(hf (V)c) = 0.

To illustrate Theorem 4.18 we will now compute the the spectral measure of an
Ornstein-Uhlenbeck type process driven by a regularly varying Lévy process.

Example 4.19. Let X = {Xt : t ∈ [0, 1]} be a Lévy process on Rd with sample paths
of finite variation. Necessary and sufficient conditions for having sample paths of
finite variation are that the generating triplet (A, ν, γ) satisfies A = 0 and either
(i) ν(Rd\{0}) < ∞ or (ii) ν(Rd\{0}) = ∞ and

∫
|x|≤1,x 6=0

ν(dx) < ∞ (see Sato
[14]p. 140). Suppose there exist a sequence {an}, 0 < an ↑ ∞, and a nonzero
Radon measure m1 with m1(R

d\Rd) = 0 such that

nP(a−1
n X1 ∈ · ) v→ m1(·) on B(Rd\{0}).

Then, since X has stationary and independent increments, nP(a−1
n Xt ∈ · ) v→

tm1(·) on B(Rd\{0}) for every t ∈ [0, 1]. Let Y = {Yt : t ∈ [0, 1]} be an Ornstein-
Uhlenbeck type process driven by X, given by,

Yt =
∫ t

0

e−θ(t−s)dXs, θ > 0, t ∈ [0, 1].

Hence, by combining Theorems 4.3, 4.8 and 4.18, for every x > 0, as u →∞,

P(|Y|∞ > ux,Y/|Y|∞ ∈ · )
P(|Y|∞ > u)

w→ x−ασ(·) on B(D1),

where α > 0 is the tail index of X1 and it follows that

σ(·) = P({Ze−θ(t−V )1[V,1](t), t ∈ [0, 1]} ∈ · ),

where Z and V are independent, the distribution of Z is the spectral measure of
X1 and V is uniformly distributed on [0, 1].



4.4. Filtered Markov processes 97

Proof of Theorem 4.18. We first show that Y has sample paths in D. By assump-
tion there is Ω′ ⊂ Ω with P(Ω′) = 1 such that for each ω ∈ Ω′, X(ω) ∈ D and has
finite variation. For such ω we also have, since f is continuous on [0, 1]2 and hence
also uniformly continuous on [0, 1]2,

lim
v↑t

∣∣∣
∫

[0,v]

(f(t, s)−f(v, s))dXs(ω)
∣∣∣ ≤ lim

v↑t
sup

s∈[0,t]

|f(t, s)−f(v, s)|FV(X(ω); [0, t]) = 0,

where FV(g; T ) denotes the total variation of g on T ⊂ [0, 1]. Hence, for ω ∈ Ω′,

lim
v↑t

(Yt(ω)−Yv(ω)) = lim
v↑t

(∫

[0,t]

f(t, s)dXs(ω)−
∫

[0,v]

f(v, s)dXs(ω)
)

= lim
v↑t

∫

[0,v]

(f(t, s)− f(v, s))dXs(ω) + lim
v↑t

∫

(v,t]

f(t, s)dXs(ω)

= 0 + f(t, t)(Xt(ω)−Xt−(ω)),

since X(ω) is right-continuous with left limits. Similarly,

lim
v↓t

(Yv(ω)−Yt(ω)) = lim
v↓t

(∫

[0,v]

f(v, s)dXs(ω)−
∫

[0,t]

f(t, s)dXs(ω)
)

= lim
v↓t

∫

[0,t]

(f(v, s)− f(t, s))dXs(ω) + lim
v↓t

∫

(t,v]

f(v, s)dXs(ω)

= 0 + f(t, t)(Xt+(ω)−Xt(ω)) = 0.

Hence Y(ω) is right-continuous with left limits. Since m vanishes on Vc it is
sufficient to show that hf is continuous on V. Moreover, it is sufficient to show that
hf is continuous on V ⊂ D equipped with the Skorohod metric since this metric
and the J1-metric are equivalent (see Billingsley [2] p. 114). Let xn,x ∈ V. Then
there is y,yn, v, vn such that xn = yn1[vn,1] and x = y1[v,1]. Suppose that xn → x.
Then there exists a sequence λn of strictly increasing continuous mappings of [0, 1]
onto itself satisfying supt∈[0,1] |λn(t)− t| → 0 and

sup
t∈[0,1]

|yn1[vn,1](λn(t))− y1[v,1](t)| → 0 as n →∞.

First we show that xn → x implies that yn → y and vn → v. Since

sup
t∈[0,1]

|yn1[vn,1](λn(t))− y1[v,1](t)| ≥ |yn − y|,

it follows that yn → y. Suppose that vn 6→ v. Then there exists ε > 0 such that
lim supn→∞ |vn − v| > ε. Since supt∈[0,1] |λn(t) − t| → 0 and yn → y, this implies
that

lim sup
n→∞

sup
t∈[0,1]

|yn1[vn,1](λn(t))− y1[v,1](t)| ≥ |y|/2,
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which is a contradiction. Hence vn → v. We may now proceed to show that xn → x
implies hf (xn) → hf (x). Indeed

sup
t∈[0,1]

∣∣∣
∫ λn(t)

0

f(λn(t), s)dxn(s)−
∫ t

0

f(t, s)dx(s)
∣∣∣

≤ sup
t∈[0,1]

|f(λn(t), vn)(yn1[vn,1](λn(t))− y1[v,1](t))|

+ sup
t∈[0,1]

|(f(λn(t), vn)− f(t, v))y1[v,1](t)|

≤ sup
t∈[0,1]

|f(λn(t), vn)| sup
t∈[0,1]

|yn1[vn,1](λn(t))− y1[v,1](t)|

+ |y| sup
t∈[0,1]

|f(λn(t), vn)− f(t, v)|.

Since f is bounded and xn → x,

sup
t∈[0,1]

|f(λn(t), vn)| sup
t∈[0,1]

|yn1[vn,1](λn(t))− y1[v,1](t)| → 0.

Since f is uniformly continuous on [0, 1]2, supt∈[0,1] |λn(t) − t| → 0 and vn → v it
follows that

sup
t∈[0,1]

|f(λn(t), vn)− f(t, v)| → 0.

Hence hf is continuous on V. Note that nP(a−1
n Y ∈ B) = nP(a−1

n hf (X) ∈ B) for
every bounded B ∈ B(D) and, by Theorem 4.5,

nP(a−1
n hf (X) ∈ · ) ŵ→ m ◦ h−1

f (· ∩D) on B(D).

Hence nP(a−1
n Y ∈ · ) ŵ→ m ◦ h−1

f ( · ∩D) on B(D). Note that

h−1
f (hf (V)c ∩D) = h−1

f (hf (V))c ∩D ⊂ Vc ∩D ⊂ Vc

and, by Theorem 4.12, m(Vc) = 0. Hence m̃(hf (V)c) = m(h−1
f (hf (V)c ∩ D)) =

0.
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Appendix: Results on regular variation

Definition 4.20. A stochastic process X = {Xt : t ∈ [0, 1]} with sample paths in
D is said to be regularly varying if there exist a sequence {an}, 0 < an ↑ ∞ and
a nonzero boundedly finite measure m on B(D) with m(D\D) = 0, such that, as
n →∞,

nP(a−1
n X ∈ · ) ŵ→ m(·) on B(D). (4.17)
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The limit measure m has a scaling property; there exists an α > 0 such that
m(uB) = u−αm(B) for every u > 0 and B ∈ B(D). This follows from a combination
of standard regular variation arguments. For r > 0 and S ∈ B(D1), let Vr,S = {x ∈
D ∩D : |x|∞ > r,x/|x|∞ ∈ S}. Fix S ∈ B(D1) such that for some r > 0 we have
m(∂Vr,S) = 0. Since m is boundedly finite such a set S ∈ B(D1) exists. Then
m(∂uVr,S) = 0 for all but at most countably many u ∈ [1,∞). Denote this set by
U , i.e. U = {u ∈ [1,∞) : m(∂uVr,S) = 0}.

Suppose that m(Vr,S) > 0. Define f and g on (0,∞) by f(x) = P(X ∈ xVr,S)
and g(x) = m(xVr,S). Then

nf(uan) = nP(X ∈ anuVr,S) → m(uVr,S) = g(u), as n →∞, u ∈ U.

For x ≥ a1, let t = t(x) be the largest integer with at ≤ x. Since f is nonincreasing,
i.e. x ≤ y implies f(x) ≥ f(y),

f(uat+1)/f(at) ≤ f(ux)/f(x) ≤ f(uat)/f(at+1).

However, the lower bound is (t/(t + 1))(t + 1)f(uat+1)/(tf(at)) which tends to
g(u)/g(1), for each u ∈ U . Similarly for the upper bound. Hence

f(ux)/f(x) → g(u)/g(1), as x →∞, u ∈ U.

For arbitrary u > 0, let g∗(u) = lim supx→∞ f(ux)/f(x). Then, g∗(u) = g(u)/g(1)
for u ∈ U . Moreover, g∗ is nonincreasing since for any x > 0, f(ux)/f(x) is
nonincreasing in u. Hence, for u > 1,

g∗(u) ≤ inf
v∈U∩[1,u)

g(v)/g(1).

However, since m(∂Vr,S) = 0, g is continuous at u = 1 and hence

lim sup
u↓1

g∗(u) ≤ lim sup
u↓1

inf
v∈U∩[1,u)

g(v)/g(1) = 1.

It now follows by Theorem 1.4.3 (ii) p. 18 in Bingham, Goldie and Teugels [4] that
there exists α ∈ R such that

f(ux)/f(x) → u−α, as x →∞, for each u > 0,

i.e. m(uVr,S) = u−αm(Vr,S) for each u > 0.
Suppose that m(Vr,S) = 0. We will show that this implies that m(Vu,S) = 0

for every u > 0. Suppose that there exists r0 ∈ (0, r) such that m(Vr0,S) > 0.
Then, by the above arguments, there exists r1 ∈ (0, r) such that m(Vr1,S) > 0 and
m(∂Vr1,S) = 0. However, by the above arguments, we must then have

m(uVr1,S) = u−αm(Vr1,S) for every u > 0.

In particular, 0 = m(Vr,S) = (r/r1)−αm(Vr1,S) > 0, which is a contradiction.
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Hence, for each m-continuity set Vr,S there is an α ∈ R such that

m(uVr,S) = u−αm(Vr,S) for every u > 0.

It remains to show that α does not depend on Vr,S . This can be shown by the same
arguments as in Resnick [12] p. 277. Since the m-continuity sets of the form Vr,S

for r > 0 and S ∈ B(D1) form a π-system which generates B(D) ∩ D the scaling
property holds for every B ∈ B(D) ∩D. However, since m(D\D) = 0 the scaling
property holds for every B ∈ B(D). Since m is a boundedly finite measure we must
have α ≥ 0 and since m(D\D) = 0 we must have α > 0.

Theorem 4.21. A stochastic process X = {Xt : t ∈ [0, 1]} with sample paths in D
is regularly varying if and only if there exist an α > 0 and a probability measure σ
on B(D1) such that, for every x > 0, as u →∞,

P(|X|∞ > ux,X/|X|∞ ∈ · )
P(|X|∞ > u)

w→ x−ασ(·) on B(D1). (4.18)

The probability measure σ is referred to as the spectral measure and α is referred
to as the tail index.

Proof. Suppose that (4.18) holds. For x > 0 and S ∈ B(D1), let

Vx,S = {x ∈ D ∩D : |x|∞ > x,x/|x|∞ ∈ S},
P = {Vx,S : x > 0, S ∈ B(D1)}.

For u, x > 0 define the measures

mu(Vx,·) = P(|X|∞ > ux,X/|X|∞ ∈ · )/P(|X|∞ > u),
m(Vx,·) = x−ασ(·)

on B(D1). This also defines, uniquely, set functions mu and m on the semiring P.
By Theorem 11.3 p. 166 in Billingsley [3], mu and m can be uniquely extended
to measures on σ(P) = B(D) ∩ D. By requiring that mu(D\D) = m(D\D) = 0,
mu and m can be uniquely extended to (boundedly finite) measures on B(D). By
definition of m, m(Vx,S) = x−αm(V1,S) for x > 0 and S ∈ B(D1). Suppose that
there exist x, c > 0 such that m(∂Vx,D1) = c. Then, for y > x,

m(Vx,D1\Vy,D1) ≥ m(∪q∈Q∩(x,y]∂Vq,D1) =
∑

q∈Q∩(x,y]

m(∂Vq,D1)

≥ cy−α
∑

q∈Q∩(x,y]

1 = ∞.

Since Vx,D1\Vy,D1 is bounded in D this is a contradiction and we conclude that
m(∂Vx,D1) = 0 for every x > 0. This implies in particular that m(∂Vx,S) =



102 Chapter 4. On regular variation for stochastic processes

m(Vx,∂S) for every x > 0 and S ∈ B(D1). Since mu(Vx,·)
ŵ→ m(Vx,·) for every

x > 0 this implies mu(Vx,S) → m(Vx,S) as u →∞ for every m-continuity set Vx,S .
Since mu(D\D) = m(D\D) = 0, the m-continuity sets of P form a convergence
determining class, i.e. mu

ŵ→ m on B(D). Finally, choose a sequence {an} such that
nP(|X|∞ > an) → 1. Then

nP(a−1
n X ∈ · )

nP(|X|∞ > an)
= man(·) ŵ→ m(·) on B(D),

i.e. nP(a−1
n X ∈ · ) ŵ→ m(·) on B(D).

Suppose that (4.17) holds. Then, for x > 0 and S ∈ B(D1),

nP(|X|∞ > anx,X/|X|∞ ∈ S) = nP(a−1
n X ∈ Vx,S) → m(Vx,S) = x−αm(V1,S),

if m(∂Vx,S) = 0. Since m has the scaling property m(xB) = x−αm(B) it follows
by the same arguments as above that m(∂Vx,S) = m(Vx,∂S) for every x > 0 and
S ∈ B(D1). Hence, with ân = (m(V1,D1))

1/αan,

nP(|X|∞ > ânx,X/|X|∞ ∈ · ) w→ x−ασ(·) on B(D1),

where σ(·) = m(V1,·)/m(V1,D1) is a probability measure on B(D1). For u ≥ a1, let
n = n(u) be the largest integer with ân ≤ u. For any x > 0 and S ∈ B(D1) with
σ(∂S) = 0 we have

nP(|X|∞ > ân+1x,X/|X|∞ ∈ S)
nP(|X|∞ > ân)

≤ P(|X|∞ > ux,X/|X|∞ ∈ S)
P(|X|∞ > u)

≤ nP(|X|∞ > ânx,X/|X|∞ ∈ S)
nP(|X|∞ > ân+1)

.

However,

nP(|X|∞ > ân+1x,X/|X|∞ ∈ S)
nP(|X|∞ > ân)

=
n

n + 1
(n + 1)P(â−1

n+1X ∈ Vx,S)
nP(â−1

n X ∈ V1,D1)

→ x−ασ(S)
σ(D1)

= x−ασ(S)

as u →∞. Similarly for the upper bound. Hence (4.18) holds.
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Chapter 5

Approximating some
Volterra type stochastic
integrals with applications to
parameter estimation
Henrik Hult (2002) Approximating some Volterra type stochastic integrals with applica-
tions to parameter estimation, Stochastic Processes and their Applications, Vol. 105 No. 1,
1–32.

Abstract We consider Volterra type processes which are Gaussian processes admit-

ting representation as a Volterra type stochastic integral with respect to the standard

Brownian motion, for instance the fractional Brownian motion. Gaussian processes can

be represented as a limit of a sequence of processes in the associated reproducing kernel

Hilbert space and as a special case of this representation we derive Karhunen-Loéve expan-

sions for Volterra type processes. In particular a wavelet decomposition for the fractional

Brownian motion is obtained. We also consider a Skorohod type stochastic integral with

respect to a Volterra type process and using the Karhunen-Loéve expansions we show how

it can be approximated. Finally we apply the results to estimation of drift parameters in

stochastic models driven by Volterra type processes using a Girsanov transformation and

we prove consistency, the rate of convergence and asymptotic normality of the derived

maximum likelihood estimators.
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5.1 Introduction

Gaussian processes admitting representation as a Volterra type stochastic integral
with respect to the standard Brownian motion such as the fractional Brownian
motion are used in several fields including telecommunication networks, subsurface
hydrology and mathematical finance. An important problem in such areas is to
estimate the parameters within a given family of models, for example in a stochas-
tic differential equation driven by the fractional Brownian motion. In this paper
we will consider the fractional Brownian motion and related processes. Since the
fractional Brownian motion is quite complicated, one generally tries to find an ap-
proximation which is easier to handle. Different approximations have been studied
in the literature. In Comte [6], and Comte and Renault [7], Gaussian processes of
the form,

Xt =
∫ t

0

a(t− s)dBs, (5.1)

where {Bt : t ≥ 0} is standard Brownian motion are studied. In particular the
authors show how to estimate parameters in some special cases when a(·) depend
on an unknown parameter. A natural tool when studying approximations is to use
wavelets. We can represent the process in a wavelet basis, {ψj,k}, as a Mercer-type
representation,

Xt =
∑

j,k

ψj,k(t)ξj,k, (5.2)

where the wavelet coefficients {ξj,k} is a sequence of Gaussian variables (see Abry,
Flandrin, Taqqu and Veitch [1] and the references therein). The correlations be-
tween the wavelet coefficients depend on the number of vanishing moments of the
wavelet used. Ideal would be to have independent coefficients. In Meyer, Sellan and
Taqqu [21], the authors obtain a wavelet decomposition for the fractional Brownian
motion using a generalization of the midpoint displacement technique. They show
that it has the representation

BH(t) =
∑

k

SkΦH
k (t) +

∑

j,k

ξj,kΨH
j,k(t), (5.3)

where convergence holds almost surely uniformly on compact intervals, {Sk} is a
fractional ARIMA process and {ξj,k} is a sequence of iid N(0, 1) random variables
and independent of {Sk}. The sequence {ΦH

k , ΨH
j,k} is constructed from a suitable

wavelet basis, for instance the Meyer wavelets. As we shall see below, in Section
5.3.1, the representation (5.3) can be derived as a special case of a more general
representation. Let us also mention the work by Carmona, Coutin and Montseny [5],
Decreusefond and Üstünel [9] and Norros, Mannersalo and Wang [22], on further
approximations and problems concerning simulation of the fractional Brownian
motion.
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In this paper we study centered Gaussian processes X = {Xt : t ∈ T}, where T
is an index set, admitting a representation of the form:

Xt =
∫

T

V (t, r)dBr, t ∈ T, (5.4)

where {Bt : t ∈ T} denotes standard Brownian motion and V is a kernel satisfying
some conditions (see Section 5.2). The conditions are such that X has a continuous
modification and includes the fractional Brownian motion. We will throughout the
paper use the representation of Gaussian processes

Xt =
∑

j

Ψj(t)ξj , t ∈ T, (5.5)

where {ξj} is a sequence of iid N(0, 1) random variables and {Ψj} is an orthonormal
basis in the reproducing kernel Hilbert space associated with X. If T is compact
and X is a.s. continuous then the sum converges a.s. uniformly. To get an explicit
representation (5.5) we need to find an orthonormal basis in the reproducing kernel
Hilbert space. For processes of the form (5.4) this is not difficult since, as we will
see, the reproducing kernel Hilbert space is the image of L2(T ) under the integral
transform

(V f)(t) =
∫

T

V (t, s)f(s)ds, f ∈ L2(T ),

equipped with the inner product,

〈V f, V g〉V (L2(T )) = 〈f, g〉L2(T ).

An orthonormal basis for the reproducing kernel Hilbert space is then obtained
from an orthonormal basis in L2(T ) by applying the integral transform V on each
basis function. That is, if {ψj} is an orthonormal basis in L2(T ) then {Ψj}, where
Ψj = V ψj , is an orthonormal basis in V (L2(T )). It should be noted that the
representation (5.5) can also be useful for simulations.

Furthermore, we introduce a Skorohod type stochastic integral with respect to
a Volterra type process by extending the stochastic integral for fractional Brownian
motion introduced by Decreusefond and Üstünel in [9]. The integral is defined
as δX(V u) where u = {u(t, ω) : t ∈ T, ω ∈ Ω} satisfies suitable conditions and
δX is the divergence operator associated with the Gaussian process X. Using the
expansion (5.5) we find an approximation for this stochastic integral.

Using a Girsanov transformation we derive a maximum likelihood estimator of
the drift parameter θ in models of the type

Y (t, ω) = θA(t, ω) + X(t, ω),

where A(·) is a sufficiently smooth drift function and {Xt : t ∈ T} is a Volterra
type process. We prove strong consistency, the rate of convergence and asymptotic
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normality of the estimator. Our results extends previous work by Norros, Valkeila
and Virtamo [23] who studied the case where A(t) = t for the fractional Brownian
motion. We can also derive an estimator for the mean reverting parameter in an
Ornstein-Uhlenbeck type process

Y (t) = θ

∫ t

0

Ysds + X(t).

This problem is also studied in Kleptsyna and Le Breton [15] for the fractional
Brownian motion. There the authors also obtain the asymptotic bias and the
asymptotic mean square error of the estimator using Laplace transforms. We show
how their estimator can be obtained via the approach taken in this paper.

The paper is organized as follows. In Section 5.2 we give some preliminaries on
fractional calculus, define Volterra type processes and introduce the reproducing
kernel Hilbert space associated with a Gaussian process. In Section 5.3 we state
the general representation (5.5) for Volterra type processes (processes of the form
(5.4)) and obtain as special cases, the Karhunen-Loéve expansion for the standard
Brownian motion and a wavelet representation (5.3) for the fractional Brownian
motion. In Section 5.4 we introduce a Skorohod type stochastic integral with respect
to a Volterra type process. We also give approximations of these integrals for
deterministic as well as stochastic integrands. In Section 5.5 we apply the results
to parameter estimation using a Girsanov transformation. As examples we consider
the estimation of a fractional Brownian motion with linear drift and estimation of
the mean-reverting parameter in an Ornstein-Uhlenbeck type process driven by a
fractional Brownian motion. We also prove consistency, the law of the iterated
logarithm and asymptotic normality of the derived estimators.

5.2 Preliminaries and definitions

We begin by reviewing some results on fractional calculus to be used later in the
paper. The main reference on fractional calculus is the book by Samko, Kilbas and
Marichev [26]. We will use the Liouville fractional integral.

Definition 5.1. For f ∈ L1([a, b]) and α > 0, the integrals

(Iα
a+f)(t) , 1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds, t ≥ a, (5.6)

(Iα
b−f)(t) , 1

Γ(α)

∫ b

t

(s− t)α−1f(s)ds, t ≤ b, (5.7)

is called the right- and left fractional integral of order α, respectively.

One can also define fractional differentiation as follows.
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Definition 5.2. For functions f given in the interval [a, b], the left-handed and
right-handed fractional derivative of order α > 0, is defined by,

(Dα
a+f)(t) ,

(
d
dt

)[α]+1

I
1−{α}
a+ f(t),

(Dα
b−f)(t) ,

(
− d

dt

)[α]+1

I
1−{α}
b− f(t),

respectively where [α] denotes the integer part of α and {α} = α− [α].

The connection between fractional integration and differentiation is given by
the following theorem (see Samko et. al. [26] Theorem 2.4, p. 44).

Theorem 5.3. For α > 0 we have,

Dα
a+Iα

a+f = f, for f ∈ L1([a, b]), (5.8)

Iα
a+Dα

a+f = f, for f ∈ Iα
a+(L1([a, b])). (5.9)

Because of this theorem we will sometimes write, I−α
a+ for Dα

a+ . By Corollary 2
on p. 46 in Samko et. al. [26], we have the integration by parts formula

∫ b

a

f(t)(Dα
a+g)(t)dt =

∫ b

a

g(t)(Dα
b−f)(t)dt, (5.10)

for 0 < α < 1 and f ∈ Iα
b−(Lp), g ∈ Iα

a+(Lq), 1/p + 1/q ≤ 1 + α. Similarly,
we can define fractional integration and differentiation on the real line by similar
expressions

(Iα
+f)(t) , 1

Γ(α)

∫ t

−∞
(t− s)α−1f(s)ds, t ∈ R, (5.11)

(Iα
−f)(t) , 1

Γ(α)

∫ ∞

t

(s− t)α−1f(s)ds, t ∈ R. (5.12)

We refer to Samko et. al. [26] Chapter 2 for further details.

5.2.1 Gaussian processes of Volterra type

Let us denote by T an index set which will be a compact interval or the whole
of R. We will often use the unit interval and therefore we introduce the notation
I = [0, 1] ⊂ R. We may think of t ∈ T as time. Consider a deterministic function
V : T × T → [0,∞) satisfying the following hypothesis.
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Hypothesis 1.

(H1) V (0, s) = 0 for all s ∈ T and V (t, s) = 0 for s > t.

(H2) There are constants C, α > 0 such that for all s, t ∈ T∫

T

(V (t, r)− V (s, r))2 dr ≤ C|t− s|α.

(H3) V is injective as a transformation of functions in L2(T )

(V f)(t) =
∫

T

V (t, s)f(s)ds, f ∈ L2(T ).

Let (Ω,A,P) be a probability space and B = {Bt : t ∈ T} denote the standard
Brownian motion. If T = R the standard Brownian motion is constructed as
Bt = B′

t if t ≥ 0 and Bt = B′′
−t if t < 0 where {B′

t : t ≥ 0} and {B′′
t : t ≥ 0} are

independent Brownian motions starting at t = 0. Let X = {Xt : t ∈ T} be the
process defined by

Xt =
∫

T

V (t, s)dBs, t ∈ T. (5.13)

Since (H2) implies that V (t, ·) ∈ L2(T ) for each t ∈ T , the process X is well defined.
Clearly X is Gaussian and has covariance function

ρ(t, s) = E (XtXs) =
∫

T

V (t, r)V (s, r)dr. (5.14)

The assumption (H2) guarantees the existence of a Hölder continuous modification
of the process X. Indeed, since the process is Gaussian, for even p ≥ 2 there is a
constant Cp such that for each t, s ∈ T

E (|Xt −Xs|p) = E
(∣∣∣∣

∫

T

V (t, r)dBr −
∫

T

V (s, r)dBr

∣∣∣∣
p)

≤ Cp

(
E

∣∣∣∣
∫

T

V (t, r)dBr −
∫

T

V (s, r)dBr

∣∣∣∣
2
)p/2

= Cp

(∫

T

(V (t, r)− V (s, r))2 dr

)p/2

≤ C ′p|t− s|αp/2 ≤ C ′p|t− s|1+δ,

for some δ > 0 and p > 2/α. Hence, Kolmogorov’s condition is satisfied so X
has a modification with sample paths which are Hölder continuous of index β for
every β < α/2. Note also that the image of L2(T ) under the integral transform in
(H3) consists of continuous functions. Clearly, by (H2) and the Cauchy-Schwartz
inequality the function (V f)(t), f ∈ L2(T ), is continuous. We also remark that by
(H1) X is adapted to the natural filtration generated by B. Finally, note that a
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sufficient condition for the operator V in (H3) to be injective is that V (t, s) > 0 for
Lebesgue a.e. t > s. Indeed, put φ(t) = f(t) − g(t), suppose that (V φ)(t) = 0 for
every t ∈ T and let t0 < t1 ∈ T . Then it follows that,

∫ t

t0

V (t1, s)φ(s)ds = −
∫ t1

t

V (t1, s)φ(s)ds, for every t0 ≤ t ≤ t1.

If we differentiate the left- and the right-hand side with respect to t then it holds
that V (t1, t)φ(t) = −V (t1, t)φ(t) for every t0 ≤ t ≤ t1 which implies φ(t) = 0
for every t0 ≤ t ≤ t1 where V (t1, t) > 0. Since t0, t1 was arbitrary φ(t) = 0 for
Lebesgue a.e. t ∈ T .

Hypothesis 1 enables the following setup which we will use throughout the paper.
Let V : T × T → [0,∞) satisfy Hypothesis 1. We take Ω = C(T ), the space of
continuous functions, equipped with the Borel σ-field A. The canonical process
X = {Xt : t ∈ T} is defined by Xt(ω) = ω(t) and the probability measure P on
(Ω,A) is the unique measure such that X is centered Gaussian with covariance given
by (5.14). Then the representation (5.13) holds in law. We denote by {FX

t : t ∈ T}
the natural filtration generated by X.

Definition 5.4. A centered Gaussian process X = {Xt : t ∈ T} with covariance
(5.14) and kernel V satisfying Hypothesis 1 is called a Volterra type process.

The following are our primary examples.

Example 5.5 (Brownian motion). Let T = I and

V (t, s) = 1[0,t](s).

Then V satisfies Hypothesis 1 and X is the standard Brownian motion with co-
variance function ρ(t, s) = t ∧ s. We will denote standard Brownian motion by
{Bt : t ∈ T}. Note that, as an integral operator acting on functions in L2(T ), V is
simply the integration operator

(V f)(t) =
∫

T

V (t, s)f(s)ds =
∫ t

0

f(s)ds = (I1
0+f)(t).

Example 5.6 (Ornstein-Uhlenbeck process). Let T = I and

V (t, s) = eθ(t−s)1[0,t](s).

Then V satisfies Hypothesis 1 and X is the Ornstein-Uhlenbeck process. That is,
the solution to the stochastic differential equation

dXt = θXtdt + dBt, X0 = 0.

This can easily be verified using Itô’s formula.
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Example 5.7 (Fractional Brownian motion). For H ∈ (0, 1), let T = I and V (t, s) =
KH(t, s) where

KH(t, s) , 1√
VHΓ(H + 1

2 )
(t− s)H− 1

2 1F2

(
H − 1

2
,
1
2
−H, H +

1
2
, 1− t

s

)
1[0,t)(s),

with 1F2 the Gauss hypergeometric function and

VH , Γ(2− 2H) cos(πH)
πH(1− 2H)

(5.15)

a normalizing constant which makes Var[X(1)] = 1. Then V satisfies Hypothesis
1 and X is called the fractional Brownian motion with index H (see Decreusefond
and Üstünel [9]). Note that, as an integral operator acting on functions in L2(I),
V is the operator

(V f)(t) =
∫

I

V (t, s)f(s)ds =
∫ t

0

KH(t, s)f(s)ds = (KHf)(t),

which is an isomorphism from L2(I) onto I
H+1/2
0+ (L2(I)) and

√
VHKH f =

{
I2H
0+ t1/2−HI

1/2−H
0+ tH−1/2 f, for H ≤ 1/2,

I1
0+tH−1/2I

H−1/2
0+ t1/2−H f, for H ≥ 1/2,

see Samko et. al. [26] p. 187. The fBm has stationary increments and covariance
function

ρ(t, s) = E (XtXs) =
1
2

(
t2H + s2H − |t− s|2H

)
.

We will denote fBm by {BH
t : t ∈ I}. One of the most important properties of the

fBm is self-similarity in the sense that for any c > 0,

{
BH(ct) : t ∈ I

}
d=

{
cHBH(t) : t ∈ I

}
.

This property allows us to give a representation of fBm on any interval. In fact,
the representation

BH
t =

∫ t

0

KH(t, u)dBu,
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holds for any t ≥ 0. Indeed, since KH(t, u) = TH−1/2KH(t/T, u/T ) for any 0 ≤
u ≤ t ≤ T we get for any 0 ≤ s ≤ t

E
( ∫ t

0

KH(t, u)dBu

∫ s

0

KH(s, v)dBv

)
=

∫ s

0

KH(t, u)KH(s, u)du

=
∫ s/t

0

t2H−1KH(1, w)KH(s/t, w)tdw

= t2H 1
2
(12H + (s/t)2H − |1− s/t|2H)

=
1
2
(t2H + s2H − |t− s|2H)

which is the covariance function of the fBm.
One can also define the fractional Brownian on the whole real line in another

way. This moving average representation is often used in the literature. For H ∈
(0, 1) let

MH(t, s) =
1

C1(H)

(
(t− s)H−1/2

+ − (−s)H−1/2
+

)
, s, t ∈ R,

where u+ = max(0, u) and

C1(H) =
{∫ ∞

0

(
(1 + s)H−1/2 − sH−1/2

)2

ds +
1

2H

}1/2

.

Then X given by Xt =
∫∞
−∞MH(t, s)dBs is the fractional Brownian motion (see

e.g. Samorodnitsky and Taqqu [27] p. 321). This function can be expressed in
terms of the Marchaud fractional derivative D (see Pipiras and Taqqu [25] and
Samko et. al. [26]) for H < 1/2

MH(t, s) =
Γ(H + 1/2)

C1(H)
(D−(H−1/2)
− 1[0,t))(s) (5.16)

and for H > 1/2 as

MH(t, s) =
Γ(H + 1/2)

C1(H)
(IH+1/2
− 1[0,t))(s) (5.17)

Note that, as an integral operator acting on functions in L2(R), MH can be written
as

(MHf)(t) =
1

C1(H)

∫ ∞

−∞

(
(t− s)H−1/2

+ − (−s)H−1/2
+

)
f(s)ds,

or in terms of the fractional integration operator in (5.11)

(MHf)(t) =
Γ(H + 1/2)

C1(H)
(IH+1/2

+ f)(t)− Γ(H + 1/2)
C1(H)

(IH+1/2
+ f)(0).

It should be noted that for t < 0, MH is not a Volterra type operator since (H1) is
not satisfied.
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Since the kernel of the fractional Brownian motion is fairly complicated one
sometimes modifies it to simplify computations. One such modification is given
in the next example where we simply remove the Gauss hypergeometric function
(and its singularity at zero). This process is sometimes referred to as fractional
Brownian motion of type II, fBm(II).

Example 5.8 (Fractional Brownian motion of type II). For H ∈ (0, 1), let T = I
and V (t, s) = JH(t, s) where

JH(t, s) , 1
Γ(H + 1

2 )
(t− s)H− 1

2 1[0,t)(s).

Then V satisfies Hypothesis 1 and X is fractional Brownian motion of type II
(see Feyel and la Pradelle [11]). It is convenient to use the parameterization α =
H + 1/2 when working with fBm(II). The fBm(II) has non-stationary increments
and covariance function

ρ(t, s) = E (XtXs) =
1

Γ(α)2

∫ t∧s

0

(t− r)α−1(s− r)α−1dr.

We will denote fBm(II) by {WH
t : t ∈ I}. Note that, as an integral operator acting

on functions in L2(I), V is the Liouville fractional integration operator

(V f)(t) =
∫

I

V (t, s)f(s)ds =
∫ t

0

JH(t, s)f(s)ds = (Iα
0+f)(t).

Example 5.9 (Multifractal Brownian motion). Let T = R, H ∈ Cr(R; (0, 1)) with
supt∈T H(t) < r and put

V (t, s) = MH(t)(t, s) =
1

C1(H(t))

(
(t− s)H(t)−1/2

+ − (−s)H(t)−1/2
+

)
, s, t ∈ R.

Then V satisfies Hypothesis 1 for t > 0. For t < 0 it does not satisfy (H1).
The process X is then the multifractal Brownian motion of Benassi, Jaffard and
Roux [3]. In [3] the multifractal Brownian motion is introduced through a spectral
representation as

XH(t) =
∫ ∞

−∞

eitξ − 1
|ξ|H(t)+1/2

M̂(dξ)

where M̂ is a complex Gaussian random measure. Let us show that the two defi-
nitions gives the same process in law. Writing MH(t)(t, s) as in (5.16) or (5.17) if



5.2. Preliminaries and definitions 115

H(t) > 1/2 or H(t) < 1/2 (or 1[0,t)(s) if H = 1/2) we see that by Proposition 3.3
(3) in Pipiras and Taqqu [25] the Fourier transform of MH(t)(t, ·) equals

M̂H(t)(t, ξ) = F{MH(t)(t, ·)}(ξ) =
eitξ − 1

(iξ)|ξ|H(t)−1/2
.

By Proposition 7.2.7 in Samorodnitsky and Taqqu [27] it follows that the process
Y = {Y (t) : t ∈ R} defined by

Y (t) =
∫ ∞

−∞

eitξ − 1
(iξ)|ξ|H(t)−1/2

M̂(dξ)

has the same distribution as X and since the covariance functions of Y and XH

coincides we also have Y d= XH . Thus X d= XH which is the multifractal Brownian
motion of Benassi et. al. [3].

5.2.2 The reproducing kernel Hilbert space

Let us introduce the general definition of a reproducing kernel.

Definition 5.10. A function ρ defined on T ×T is said to be a reproducing kernel
for the Hilbert space H of functions on T if

(1) ρ(t, ·) ∈ H for each t ∈ T ,
(2) 〈G, ρ(t, ·)〉H = G(t), for each G ∈ H.

For Gaussian processes we can construct the reproducing kernel Hilbert space
with reproducing kernel ρ(t, s) = E [XtXs] as follows. Let H be the closure in L2(Ω)
of the space spanned by {Xt : t ∈ T} equipped with the inner product 〈ξ, ζ〉H =
E(ξζ), for ξ, ζ ∈ H. The reproducing kernel Hilbert space H associated with X
is the space R(H) = {R(ξ) : ξ ∈ H} where for any ξ ∈ H, R(ξ) is the function
R(ξ)(t) = 〈ξ, Xt〉H = E(ξXt). H has inner product 〈F,G〉H = 〈R−1F, R−1G〉H .
Since ρ(s, ·) = R(Xs), we clearly have ρ(s, ·) ∈ H. Furthermore, (2) is satisfied since
for ξ ∈ H, 〈R(ξ), ρ(s, ·)〉H = E (ξXs) = R(ξ)(s). For more details on reproducing
kernel Hilbert spaces we refer to Grenander [12] or Janson [13].

For processes of the form (5.13) where the kernel V satisfies (H2) and (H3)
we have the expression (5.14) of the covariance function. Then the reproducing
kernel Hilbert space can also be represented as the image of L2(T ) under the in-
tegral transform V , H = V (L2(T )) equipped with the inner product, 〈F, G〉H =
〈V −1F, V −1G〉L2(T ). Indeed, it is clear that V (L2(T )) is a Hilbert space with
ρ(t, ·) ∈ V (L2(T )), proving (1) and for any F = V f we have

〈F, ρ(t, ·)〉H = 〈f, V (t, ·)〉L2(T ) =
∫

T

V (t, s)f(s)ds = F (t).

which proves (2).
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We also note that if K ⊆ T is compact then the embedding H ↪→ {F |K : F ∈
C(T )} given by F 7→ F |K is continuous, where F |K denotes the restriction of F to
K. Indeed, since K is compact we have by (H2) that there is a constant C such that
for each t ∈ K,

∫
T

V (t, s)2ds ≤ C. It follows that for each F (t) =
∫

T
V (t, s)f(s)ds,

sup
t∈K

|F (t)| = sup
t∈K

∣∣∣
∫

T

V (t, s)f(s)ds
∣∣∣

≤ sup
t∈K

( ∫

T

|V (t, s)|2ds
)1/2( ∫

T

|f(s)|2ds
)1/2

≤ C‖f‖L2(T ) = C‖F‖H.

Finally, by Theorem 3 in Kallianpur [14] we have that, for compact T , the
closure of H in C(T ) is equal to the support of P.

Example 5.11 (Brownian motion). For the standard Brownian motion on T = I
we saw that V is just the integration operator. Therefore the reproducing kernel
Hilbert space is simply the Sobolev space W 1,2

0 of differentiable functions, vanishing
at zero, with first derivative in L2(T ).

Example 5.12 (Fractional Brownian motion on I). For the fractional Brownian
motion on T = I we have V = KH . Since KH is an isomorphism from L2(I) onto
I

H+1/2
0+ (L2(I)) the reproducing kernel Hilbert space is I

H+1/2
0+ (L2(I)) with the inner

product 〈F, G〉H = 〈K−1
H F, K−1

H G〉L2(I).

Example 5.13 (Fractional Brownian motion on R). For the fractional Brownian
motion on T = R we have the representation Xt =

∫∞
−∞MH(t, s)dBs which is not

a Volterra type representation for t < 0 but satisfies (H2) and (H3). We conclude
that the reproducing kernel Hilbert space is the space MH(L2(R)) (see also Pipiras
and Taqqu [25]).

Example 5.14 (Fractional Brownian motion of type II). For V = Iα
0+ , i.e. in the case

of fractional Brownian motion of type II on T = I, the reproducing kernel Hilbert
space is the space Iα

0+(L2(T )) with the inner product 〈F, G〉H = 〈I−α
0+ F, I−α

0+ G〉L2(T ).
That is, the fractional Sobolev space Wα,2

0 .

Example 5.15 (Multifractal Brownian motion). As for the Brownian motion on R
we can obtain the reproducing kernel Hilbert space for the mutifractal Brownian
motion as MH(·)(L2(R)). An alternative representation is given in Benassi, Jaffard
and Roux [3] as the set of functions of the form

fϕ(t) =
∫ ∞

−∞

eitξ − 1
|ξ|H(t)+1/2

ϕ̂(ξ)dξ, t ∈ R,

where ϕ̂ is the Fourier transform of ϕ ∈ L2(R).
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5.3 Representation of Volterra type stochastic in-
tegrals

In this section we apply a general representation theorem for Gaussian processes to
Volterra type processes. As examples we obtain the Karhunen-Loéve decomposition
and the classical Lévy construction of standard Brownian motion and also a wavelet
representation for the fractional Brownian motion studied in Meyer et. al. [21].
In the Section 5.5 we will apply this representation in the context of parameter
estimation. The general representation theorem mentioned above is the following,
which is proved in e.g. Janson [13] Theorem 8.22.

Theorem 5.16. Suppose that {Xt : t ∈ Λ} is a Gaussian process on some index
set Λ and {Ψj : j = 1, 2, . . . } is a countable orthonormal basis in the associated
reproducing kernel Hilbert space H. Then there exist independent standard normal
random variables {ξj : j = 1, 2, . . . } such that for each t ∈ Λ,

Xt =
∞∑

j=1

Ψj(t)ξj (5.18)

with the sum converging in L2(Ω) and almost surely.
Conversely, for any sequence {ξj : j = 1, 2, . . . } of independent standard normal

random variables, the sum converges almost surely for each t ∈ Λ and defines a
centered Gaussian process with the same distribution as {Xt : t ∈ Λ}.
As indicated in Remark 8.24 in Janson [13] we can prove the following corollary.

Corollary 5.17. If X is a.s. continuous and T ⊂ Λ is compact then the sum in
(5.18) converges almost surely uniformly on T .

Proof. Since X is a.s. continuous, H consists of continuous functions on Λ. We
consider the compact subset T ⊂ Λ. We have in particular that each Ψj(·) restricted
to T is in C(T ) so the partial sums,

Sn(·) =
n∑

j=1

Ψj(·)ξj

form a random sequence of elements in C(T ). Now, since T is compact, C(T )∗ ∼=
M(T ), where C(T )∗ is the dual of C(T ) and M(T ) is the space of finite signed
regular Borel measures on T . On Λ the function ρ(t, ·) can be expanded in the
basis {Ψj : j = 1, 2, . . . } and we find that

ρ(t, ·) =
∞∑

j=1

Ψj(·)〈Ψj(·), ρ(t, ·)〉H =
∞∑

j=1

Ψj(·)Ψj(t).



118 Chapter 5. Approximating some Volterra type stochastic integrals

Furthermore, E
[
Sn(t)2

]
=

∑n
j=1 Ψj(t)2 ≤

∑∞
j=1 Ψj(t)2 = ρ(t, t) and E

[
X(t)2

]
=

ρ(t, t). Since Sn(t) → X(t) in L2(Ω) for each t, and ρ(t, t) is bounded on T , the
bounded convergence theorem implies that for µ ∈ M(T ),

∫

T

Sn(t)µ(dt) →
∫

T

X(t)µ(dt), in L2(Ω).

The statement now follows from the Lévy-Itô-Nisio Theorem (see Ledoux and Ta-
lagrand [18] Theorem 2.4).

In our quest for finding an explicit representation we are left with the problem
of finding an orthonormal basis in H. This is however very simple because H =
V (L2(T )). Simply take any orthonormal basis {ψj : j = 1, 2, . . . } in L2(T ) and
apply the integral transform V on each function. Then {Ψj : j = 1, 2, . . . } with
Ψj(·) = (V ψj)(·), is an orthonormal basis in V (L2(T )). Indeed,

〈Ψj ,Ψk〉V (L2(T )) = 〈V −1Ψj , V
−1Ψk〉L2(T ) = 〈ψj , ψk〉L2(T ) = 0, j 6= k

and

‖Ψj‖V (L2(T )) = ‖ψj‖L2(T ) = 1.

Example 5.18 (Brownian motion). Let {ψj : j = 0, 1, . . . } be the orthonormal basis
of L2(I) defined by

ψj(t) =
√

2 cos(t/λj), j ≥ 0,

where λj = 1/π(j + 1/2), j ≥ 0. Then the functions

Ψj(t) = (I1
0+ψj)(t) =

∫ t

0

√
2 cos(r/λj)dr = λj

√
2 sin(t/λj), j ≥ 0,

form an orthonormal basis in the reproducing kernel Hilbert space W 1,2
0 and

Bt =
∞∑

j=0

λj

√
2 sin(t/λj)ξj ,

where {ξj : j = 0, 1, . . . } is a sequence of iid N(0, 1) random variables. This is the
standard Karhunen-Loéve expansion for Brownian motion.
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Example 5.19 (Brownian motion). Let {ψn : n = 0, 1, . . . } be the Haar basis of
L2(I) defined by,

ψ0(t) = 1[0,1](t),

ψn(t) = 2j/2ψ
(
2jt− k

)
, n = 2j + k, j ≥ 0 and 0 ≤ k < 2j .

where ψ(t) = 1 on [0, 1/2) and ψ(t) = −1 on [1/2, 1]. Integrating gives us the basis
{Ψn : n = 0, 1, . . . } of the reproducing kernel Hilbert space,

Ψ0(t) = t,

Ψn(t) = 2−j/2Ψ
(
2jt− k

)
, n = 2j + k,

where Ψ(·) is the primitive of ψ(·),

Ψ(t) =
1
2

max(0, 1− |2t− 1|).

We obtain the representation,

Bt =
∑

n

Ψn(t)ξn,

where {ξn : n = 0, 1, . . . } is an iid N(0, 1) sequence. This is a classical construction
of Brownian motion by Lévy (see e.g. Steele [28] for a nice exposition).

Remark 5.20. We see that any orthonormal L2(T )-basis, {ψj : j = 1, 2, . . . }, yields
a representation of Brownian motion as,

Bt =
∑

j

Ψj(t)ξj ,

where, Ψj(t) =
∫ t

0
ψ(s)ds and {ξj}∞1 is a sequence of iid N(0, 1) random variables.

This is of course a very well known result.

5.3.1 A wavelet representation of fractional Brownian mo-
tion

Consider the fractional Brownian motion on T = R with the kernel MH(t, s). Even
though MH is not of Volterra type for t < 0 it is easy to verify (see Example 5.13)
that the reproducing kernel Hilbert space is H = MH(L2(R)). Let {φ, ψ} be a
wavelet pair such that {φk, ψj,k}, where,

φk(t) = φ(t− k) k = 0,±1,±2, . . .

ψj,k(t) = 2j/2ψ(2jt− k), j ≥ 0, k = 0,±1,±2, . . .

form a basis in L2(R). For instance we may take the Meyer wavelets which have
vanishing moments of all orders (see Meyer et. al. [21] and references therein). Since
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BH has representation (5.18) there exists independent sequences {ηk} and {ξj,k}
of iid N(0, 1) random variables such that (5.18) can be written as,

BH(t) =
∞∑

k=−∞
Φ(t− k)ηk +

∑

j≥0

∞∑

k=−∞
2−jHΨ(2jt− k)ξj,k, (5.19)

where Φ(t) = (MHφ)(t), Ψ(t) = (MHψ)(t) and MH is the integral transform in
Example 5.7. Indeed, a simple transformation of variables yields

(MHφk)(t) = (MHφ)(t− k) = Φ(t− k),

(MHψj,k)(t) = 2−jH(MHψ)(2jt− k) = 2−jHΨ(2jt− k).

By Corollary 5.17, convergence holds almost surely uniformly on compact intervals.
From this representation of fBm we can, as a special case, derive the wavelet

representation

BH(t) = cH

∞∑

k=−∞
SH

k ΦH(t− k) + cH

∑

j≥0

∞∑

k=−∞
2−jHΨH(2jt− k)ξj,k − b0, (5.20)

given in a recent paper by Meyer et. al. [21]. Here convergence holds uniformly on
compact intervals, {Sk} is a fractional ARIMA process and {ξj,k} is a sequence of
iid N(0, 1) random variables, independent of {Sk}. The random variable b0 is a
correction such that BH(0) = 0 and the functions ΦH and ΨH are defined via their
Fourier transform as

Φ̂H(ξ) =
(1− eiξ

iξ

)H+1/2

φ̂(ξ),

Ψ̂H(ξ) = (iξ)−1/2−H ψ̂(ξ).

In the representation (5.20) we have included the constants cH to have a represen-
tation of the standard fBm (Var[BH(1)] = 1). Let us show how one obtains (5.20)
from (5.19).

We start with the second sum in (5.19). For f ∈ S(R), the Schwartz space of
rapidly decreasing functions on R, with vanishing moments of all orders, the Fourier
transform of Iα

+f , α > 0, is (see Samko et. al. [26] Section 8.2)

F{Iα
+f}(ξ) = (iξ)−αf̂(ξ).

This implies that

ΨH(t) = (IH+1/2
+ ψ)(t).
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Using Definition 5.11 of the fractional integral we see that

Ψ(t) = (MHψ)(t) =
1

C1(H)

∫ ∞

−∞
[(t− s)H−1/2

+ − (−s)H−1/2
+ ]ψ(s)ds

=
1

C1(H)

(∫ t

−∞
(t− s)H−1/2ψ(s)ds−

∫ 0

−∞
(−s)H−1/2ψ(s)ds

)

=
Γ(H + 1/2)

C1(H)
(
(IH+1/2

+ ψ)(t)− (IH+1/2
+ ψ)(0)

)

So we have

Ψ(t) = cHΨH(t)− cHΨH(0),

with cH = Γ(H + 1/2)/C1(H). Hence,

∑

j≥0

∞∑

k=−∞
2−jHΨ(2jt− k)ξj,k = cH

∑

j≥0

∞∑

k=−∞
2−jHΨH(2jt− k)ξj,k

− cH

∑

j≥0

∞∑

k=−∞
2−jHΨH(−k)ξj,k

and we include the second sum in the last expression in b0.
Let us now focus on the first sum in (5.19). We want to show that

∞∑

k=−∞
ηkΦ(t− k) = cH

∞∑

k=−∞
S

(H)
k ΦH(t− k)− cH

∞∑

k=−∞
S

(H)
k ΦH(−k)

and this requires a little more work. First note that

Φ(t) = cH

(
(IH+1/2

+ φ)(t)− (IH+1/2
+ φ)(0)

)
= cHΦ(1)(t)− cHΦ(1)(0),

where Φ(1)(t) = (IH+1/2
+ φ)(t). If we include the sum cH

∑∞
k=−∞ Φ(1)(−k)ηk in b0,

then it is sufficient to show that
∞∑

k=−∞
Φ(1)(t− k)ηk =

∞∑

k=−∞
ΦH(t− k)S(H)

k . (5.21)

The fractional ARIMA process S
(H)
k can be defined as

S
(H)
k =

∞∑

l=0

γ
(−1/2−H)
l (ηk−l − η−l), k = 0,±1,±2, . . .

where γ
(−d)
l is the coefficients in the expansion (1− x)−d =

∑∞
l=0 γ

(−d)
l xl. We also

have (see Meyer et. al. [21] Section 4) that for a function f ∈ S(R)

F
{ ∞∑

l=0

γ
(−d)
l f(t− l)

}
(ξ) = (1− eiξ)−df̂(ξ).
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Since ΦH ∈ S(R) (see Lemma 6 in Meyer et. al. [21]) it follows that

F{IH+1/2
+ φ}(ξ) = (iξ)−1/2−H φ̂(ξ) = (1− eiξ)−1/2−HΦ̂H(ξ)

= F
{ ∞∑

l=0

γ
(−1/2−H)
l ΦH(t− l)

}
(ξ)

and then (5.21) follows since
∞∑

k=−∞
Φ(1)(t− k)ηk =

∞∑

k=−∞
(IH+1/2

+ φ)(t− k)ηk

=
∞∑

k=−∞

∞∑

l=0

γ
(−1/2−H)
l ΦH(t− l − k)ηk

=
∞∑

j=−∞

∞∑

l=0

γ
(−1/2−H)
l ΦH(t− j)ηj−l

=
∞∑

j=−∞
ΦH(t− j)S(H)

j .

5.4 Stochastic integrals with respect to Volterra
type processes

In this section introduce stochastic integrals w.r.t. a Volterra type process X on
T = [0, τ ] and show how they can be approximated. A stochastic integral of a
deterministic integrand with respect to a Gaussian process can be defined as an
isometry between L2(T ) and a subspace of L2(Ω). There are essentially two different
ways to define a stochastic integral of deterministic functions with respect to the
Volterra type process X. Either as the isometry which associates 1[0,t] 7→ X(t)
or the one which associates V (t, ·) 7→ X(t) (see e.g. Decreusefond [8]). For our
purposes it is convenient to define the stochastic integral as the isometry IX of
L2(T ) onto H given by IX = R−1 ◦ V . With this definition we see that IX maps
V (t, ·) 7→ X(t). One advantage with this approach is that orthogonality relations
become straightforward

E
[
Xt|FX

s

]
= IX(V (t, ·)1[0,s]), s < t

but contrary to many other stochastic integrals it is not the limit of Riemann sums.
We have for instance that {Wt : t ∈ T} , {IX(1[0,t]) : t ∈ T} is a Brownian motion
with respect to {FX

t : t ∈ T}. Indeed, W is Gaussian with covariance function

E[WtWs] = 〈V (1[0,t]), V (1[0,s])〉H = 〈1[0,t], 1[0,s]〉L2(T ) = t ∧ s.

Moreover, the filtration {FW
t : t ∈ T} generated by W coincides with the filtration

{FX
t : t ∈ T} generated by X. To see this note that span{1[0,s] : s ≤ t} is dense
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in L2([0, t]) and hence span{Ws : s ≤ t} = span{IX(1[0,s]) : s ≤ t} is dense in Ht,
the closure of span{Xs : s ≤ t} in L2(Ω). The sigma algebra σ(ξ : ξ ∈ Ht) is equal
to FX

t and does not change if we restrict the ξ’s to a dense subset of Ht. Hence
FX

t = FW
t .

It may seem difficult to approximate this stochastic integral since we can not
approximate it by Riemann sums. However, we can approximate it using the rep-
resentation (5.18) (see Proposition 5.29 below). We will also define a stochastic
integral for stochastic integrands with respect to X. For our purposes it will be
natural to consider a stochastic integral w.r.t. X which has been introduced for
the fractional Brownian motion by Decreusefond and Üstünel [9]. We use similar
techniques as in [9] with fractional Brownian motion replaced by a Volterra type
process.

Another approach to stochastic integration is to consider pathwise stochastic
integrals defined ω by ω. This can be done for very general stochastic processes
and do not rely on the Gaussian Hilbert space structure used here. A detailed
account on these constructions can be found in Dudley and Norvaisa [10].

In order to define the stochastic integral for stochastic integrands we introduce
some concepts of Malliavin calculus. For further details we refer to Nualart [24] and
Üstünel [29].

5.4.1 Malliavin calculus

Let (Ω,F ,P) be a complete probability space and {G(h) : h ∈ H} an isonormal
Gaussian process on (Ω,F ,P) (see Definition 1.1.1 in Nualart [24]) indexed by a
separable Hilbert space H that consists of real valued functions on T and equipped
with the inner product 〈·, ·〉H. Let X be a separable Hilbert space and F : Ω → X
be an X -valued functional of the form

F (ω) = f(G(h1), G(h2), . . . , G(hn))x,

where h1, h2, . . . , hn ∈ H and x ∈ X . If f belongs to the space C∞b (Rn) of bounded
infinitely differentiable functions from Rn to R with all partial derivatives bounded,
then we call F an X -valued smooth cylindrical functional and denote by S(X ) the
space of all X -valued smooth cylindrical functionals. If X = R we write S for the
space of all real-valued smooth cylindrical functionals. We introduce the derivative
of F ∈ S(X ) as

∇·F =
n∑

j=1

∂jf(G(h1), . . . , G(hn))hj(·)⊗ x.

The directional derivative of F ∈ S in the direction h ∈ H is then 〈∇F, h〉H
which we sometimes denote by ∇hF . By Lemma 1.2.1 in Nualart [24] we have the
following result.
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Lemma 5.21. If F ∈ S and h ∈ H, then

E[〈∇F, h〉H] = E[FG(h)].

Applying Lemma 5.21 with F1F2 gives us:

Lemma 5.22. If F1, F2 ∈ S and h ∈ H, then

E[F2〈∇F1, h〉H] = E[−F1〈∇F2, h〉H] + E[F1F2G(h)]. (5.22)

Furthermore, the derivative operator ∇ is a closable operator (see page 27 in
Nualart [24] or Proposition I.1 in Üstünel [29]).

Lemma 5.23. ∇ is a closable operator from Lp(Ω) to Lp(Ω;H), p > 1.

This result implies that we can define the Lp-domain of ∇.

Definition 5.24. We say that F is in Domp(∇) if there exists a sequence {Fn : n ≥
1} of smooth cylindrical functionals such that Fn → F in Lp(Ω) and {∇Fn : n ≥ 1}
is a Cauchy sequence in Lp(Ω;H). Then we define

∇F = lim
n→∞

∇Fn.

This extended operator ∇ is called the Gross-Sobolev derivative.

We denote by Dp,1 the linear space Domp(∇) equipped with the norm

‖F‖p
p,1 = ‖F‖p

Lp(Ω) + ‖∇F‖p
Lp(Ω;H).

Starting with X = R we can define the derivative of a real valued smooth cylindrical
functional F . Then, for k ≥ 2, taking X = H⊗k−1 we define the k-th derivative as
∇(k)F = ∇(k−1)(∇F ) and we can define the spaces Dp,k as the closure of S with
respect to the norm

‖F‖p
p,k = ‖F‖p

Lp(Ω) +
k∑

j=1

‖∇(j)F‖p
Lp(Ω;H⊗j).

Using the Meyer inequalities (see Üstünel [29] or Decreusefond and Üstünel [9]) one
can extend ∇ to a continuous linear operator from Dp,k to Dp,k−1(H) for any p > 1,
but we will not enter the details here. From the closablility of ∇ we the conclude.

Lemma 5.25. The relation (5.22) holds for any F1, F2 ∈ Dp,1.

Next we introduce the divergence operator δ which is the formal adjoint of ∇.
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Definition 5.26. Let U : Ω → H. We say that U ∈ Domp(δ), if for any F ∈ Dq,1

with 1/p + 1/q = 1 there exists a constant cp,q(U) such that

E[〈∇F, U〉H] ≤ cp,q(U)‖F‖q,

and in this case we define δ(U) by

E[Fδ(U)] = E[〈∇F, U〉H] for each F ∈ Dq,1.

The element δ(U) is called the Skorohod integral of U .

For k ≥ 1 we denote by Dp,−k the dual of Dp,k. Since∇ has continuous extension
δ also has continuous extension from Dp,−k(H) to Dp,−k−1 for any p > 1. In this
paper we will use the domain Dom2(δ). Next we turn to Skorohod integration of
elementary processes. Let

Un(t) =
n∑

j=1

Fjhj(t),

where Fj ∈ S and hj ∈ H for each 1 ≤ j ≤ n. Any process of this type is in
Dom2(δ). Indeed, using Lemma 5.25 we get for each F ∈ D2,1

E[〈∇F,Un〉H] = E[〈∇F,

n∑

j=1

Fjhj〉H] =
n∑

j=1

E[Fj〈∇F, hj〉H]

=
n∑

j=1

E[−F 〈∇Fj , hj〉H + FFjG(hj)]

=
n∑

j=1

E[−F 〈∇Fj , hj〉H] +
n∑

j=1

E[FFjG(hj)]

≤ E[F 2]1/2
( n∑

j=1

E[(〈∇Fj , hj〉H)2]1/2 +
n∑

j=1

E[(FjG(hj))2]1/2
)

≤ c(Un)E[F 2]1/2

since 〈∇Fj , hj〉H and FjG(hj) are in L2(Ω) for each 1 ≤ j ≤ n. From this compu-
tation we also see that

δ(Un) =
n∑

j=1

FjG(hj)−
n∑

j=1

〈∇Fj , hj〉H.

5.4.2 A stochastic integral with respect to a Volterra type
process

We use the setup described in Section 5.2.1. Let V : T × T → [0,∞) satisfy
Hypothesis 1. We take Ω = C(T ) equipped with the Borel σ-field A. The canonical
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process X = {Xt : t ∈ T} is defined by Xt(ω) = ω(t) and the probability measure P
on (Ω,A) is the unique measure such that X is centered Gaussian with covariance

ρ(t, s) =
∫

T

V (t, r)V (s, r)dr.

We denote by {FX
t : t ∈ T} the natural filtration generated by X. To the stochas-

tic process {Xt : t ∈ T} we can associate the stochastic process {X(h) : h ∈ H}
by X(h) = R−1(h) with R as in Section 5.2.2 and H = V (L2(T )). Note that for
h1, h2 ∈ H we have E[X(h1)X(h2)] = 〈h1, h2〉H and {X(h) : h ∈ H} is an isonormal
Gaussian process. Since {Wt : t ∈ T} = {IX(1[0,t]) : t ∈ T} is a Brownian motion
we can also consider the process{W (f) : f ∈ L2(T )} where W (f) = X(V f). We
denote by ∇X , δX , ∇W and δW the Gross-Sobolev derivative and the divergence
associated with the Gaussian processes {X(h)}h∈H and {W (f) : f ∈ L2(T )} respec-
tively. We see that for any f1, . . . , fn ∈ L2(T ) and any L2(T )-valued square inte-
grable random variable u we have, with F = f(X(V f1), . . . , X(V fn)), f ∈ C∞b (Rn)
that

E[〈V u,∇XF 〉H] = E[〈V u,
n∑

j=1

∂jf(X(V f1), . . . , X(V fn))V fj〉H]

= E[〈u,

n∑

j=1

∂jf(W (f1), . . . ,W (fn))fj〉L2(T )]

= E[〈u,∇W F 〉L2(T )].

This implies that δX(V u) = δW (u) and in particular that Dom2(δX) is the image
of Dom2(δW ) under the integral transform V . Similarly F ∈ DX

2,1 if and only if
F ∈ DW

2,1. Let us define a stochastic integral for stochastic integrands with respect
to a Volterra type process X for integrands u such that V u ∈ Dom2(δX).

Definition 5.27. For a process {u(t, ω) : t ∈ T, ω ∈ Ω} in L2(T × Ω) such that
V u ∈ Dom2(δX), the stochastic integral with respect to X is defined as,

∫

T

usδXs , δX(V u).

Note that for adapted processes {u(t, ω) : t ∈ T, ω ∈ Ω} this definition reduces
to the Ito integral w.r.t. the standard Brownian motion {Wt : t ∈ T} (see also
Decreusefond and Üstünel [9] Theorem 4.8). This stochastic integral is analogous
to the one introduced by Alós, Mazet and Nualart in [2] where the authors consider
the Volterra process X indexed by H = (V ∗)−1(L2(T )) and the stochastic integral
of u ∈ (V ∗)−1(Dom2 δW ) with respect to X is given by δW (V ∗u). For further
details on the construction of different stochastic integrals in the case of fractional
Brownian motion we refer to Decreusefond [8]. Using the representation (5.18) we
can approximate the stochastic integral δX(V u). Let us first make a couple of
remarks.
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Remark 5.28. Recall that the Skorohod integral of an elementary process Un(t) =∑n
j=1 FjV (hj)(t) given in the last section is

δX(Un) = δW (un) =
n∑

j=1

FjX(V (hj))−
n∑

j=1

〈∇W Fj , hj〉L2(T ).

(i) Note that if the Fj ’s are deterministic, then ∇W Fj = 0 for each 1 ≤ j ≤ n and
the second sum in the expression for δX(Un) vanishes.
(ii) If Un is an elementary and adapted process Un(t) =

∑n
j=1 FjV (1(tj ,tj+1])(t)

with Fj ∈ S and Fj is FX
tj

-measurable, then Fj is also FW
tj

-measurable and Propo-
sition 1.2.4 in Nualart [24] implies that ∇W

t Fj = 0 on (tj , T ]. Thus, in this case
the second sum in the expression for δX(Un) vanishes as well.

Proposition 5.29. Let {ψj : j = 1, 2, . . . } be an orthonormal basis in L2(T ) and X
a Volterra type process with kernel V . Then there exist a sequence {ξj : j = 1, 2, . . . }
of iid N(0, 1) random variables such that the following statements hold.

(1) If f ∈ L2(T ) is a deterministic function and fj = 〈f, ψj〉L2(T ), then

δX(V f) = IX(f) =
∞∑

j=1

fjξj , a.s.

(2) If u ∈ L2(T × Ω) is an adapted process with V u ∈ Dom2(δX) and uj =
〈u, ψj〉L2(T ), then

δX(V u) =
∞∑

j=1

ujξj , a.s.

(3) Let u ∈ L2(T × Ω) be a process with V u ∈ DX
2,1(H) and uj = 〈u, ψj〉L2(T ).

Then

δX(V u) =
∞∑

j=1

[
ujξj − 〈∇X

Ψj
V u, Ψj〉H

]
, a.s.

Proof. (1) First we show that the integrals δX(V f) and IX(f) coincide. Since f
is deterministic V f is a deterministic function in H and it is in Dom2(δX) by the
same arguments as for an elementary process. By Remark 5.28 (i) we have that

δX(V f) = X(V f) = R−1 ◦ V (f) = IX(f).

Hence the two integrals coincide. Since {ψj : j = 1, 2, . . . } is an orthonormal basis
in L2(T ) it follows that Ψj = V ψj is an orthonormal basis of the reproducing
kernel Hilbert space H and therefore the sequence {ξj : j = 1, 2, . . . } defined by



128 Chapter 5. Approximating some Volterra type stochastic integrals

ξj , R−1 ◦ V ψj , j ≥ 1, is an orthonormal basis in H. Hence, {ξj : j = 1, 2, . . . }
is a sequence of iid N(0, 1) random variables. Writing the function f as, f(t) =∑∞

j=1 fjψj(t), where fj = 〈f, ψj〉L2(T ) and using the definition of IX we find,

IX(f) = R−1 ◦ V (f) = R−1 ◦ V




∞∑

j=1

fjψj


 = R−1




∞∑

j=1

fjΨj


 =

∞∑

j=1

fjξj .

Since f ∈ L2(T ) we have that the sequence {fj : j = 1, 2, . . . } is in l2(N) and
Sn ,

∑n
j=1 fjξj , is a square integrable martingale so convergence follows from the

martingale convergence theorem. This proves (1).
(2) First we show the result for an elementary adapted process un and then we use
a limit argument for general adapted processes u. Suppose that un is an elementary
adapted process of the form un(t) =

∑n
i=1 Fi1(ti,ti+1](t), where Fi ∈ S and Fi is FX

ti
-

measurable. Then Un = V un is of the form Un(t) =
∑n

i=1 Fi(V 1(ti,ti+1])(t) which
is in Dom2(δX). By Definition 5.26 and Lemma 5.25 we have for any G ∈ DX

2,1,

E
[
GδX(V

n∑

i=1

Fi1(ti,ti+1])
]

= E
[
GδW (

n∑

i=1

Fi1(ti,ti+1])
]

(5.23)

= E
[
〈∇W G,

n∑

i=1

Fi1(ti,ti+1]〉L2(T )

]

= E
[ n∑

i=1

(
GFiX(V 1(ti,ti+1])−G〈∇W Fi, 1(ti,ti+1]〉L2(T )

)]
. (5.24)

By (1) we have X(V 1(ti,ti+1]) = δX(V 1(ti,ti+1]) and since Fi is FX
ti

-measurable we
have, as in Remark 5.28 (ii),

E[G
n∑

i=1

〈∇W Fi, 1(ti,ti+1]〉L2(T )] = 0.

Inserting this into (5.23) we obtain

E
[
GδX(V

n∑

i=1

Fi1(ti,ti+1])
]

= E
[
G

n∑

i=1

Fiδ
X(V 1(ti,ti+1])

]

By (1), δX(V 1(ti,ti+1]) =
∑∞

j=1 f i
jξj where f i

j =
∫

T
1(ti,ti+1](t)ψj(t)dt so we get,

δX(V
n∑

i=1

Fi1(ti,ti+1]) =
∞∑

j=1

n∑

i=1

ξj

∫

T

Fi1(ti,ti+1](t)ψj(t)dt =
∞∑

j=1

ξju
n
j .

Any adapted process in L2(Ω×T ) can be approximated by a sequence un of simple
adapted processes in the norm of L2(Ω × T ). Furthermore, un → u in L2(Ω ×
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T ) implies that un
j = 〈un, ψj〉L2(T ) → uj in L2(Ω) uniformly in j. Since V u ∈

Dom2(δX) and δX is continuous on Dom2(δX) we get that δX(V un) → δX(V u) in
L2(Ω). We can now identify the limit to obtain

δX(V u) =
∞∑

j=1

ujξj ,

which completes the proof of (2).
(3) First note that we have

DX
2,1(H) = V (DW

2,1(L
2(T ))) ⊂ V (Dom2(δW )) = Dom2(δX)

so the integral δX(V u) exists. Recall that by the proof of (1) we have that ξj =
δX(Ψj) = X(Ψj) is standard normal and the ξj ’s are independent. We approximate
V u by Un =

∑n
j=1 ujΨj . Then Un → V u in DX

2,1(H). Now for any F ∈ DX
2,1 we

have

E[FδX(Un)] = E
[
〈∇F,

n∑

j=1

ujΨj〉H
]

= E
[ n∑

j=1

FujX(Ψj)−
n∑

j=1

F 〈∇Xuj ,Ψj〉H
]

= E
[
F

n∑

j=1

ujδ
X(Ψj)− F

n∑

j=1

〈∇X
Ψj

Un, Ψj〉H
]

= E
[
F

n∑

j=1

ujξj − 〈∇X
Ψj

Un,Ψj〉H)
]
.

Hence, δX(Un) =
∑n

j=1 ujξj−〈∇X
Ψj

Un, Ψj〉H. Since Un → V u in DX
2,1(H) and δX is

continuous on Dom2(δX) it follows that δX(Un) → δX(V u) in L2(Ω). Furthermore
∇X

Ψj
Un = ∇X

Ψj
V u for j ≤ n so identifying the limit we obtain

δX(V u) =
∞∑

j=1

[
ujξj − 〈∇X

Ψj
V u, Ψj〉H

]
.

This completes the proof.

We have the following consequence of the above definition of the stochastic
integral.

Proposition 5.30. Assume that u = {u(t, ω) : t ∈ T, ω ∈ Ω} is a process in
L2(T × Ω) such that V u is in Dom2(δX) and that u is adapted to {FX

t : t ∈ T}.
Then M = {Mt : t ∈ T} defined by Mt , δX(V (u1[0,t])) is a square integrable
continuous martingale w.r.t. {FX

t : t ∈ T} with associated Doob-Meyer process
〈M〉t =

∫ t

0
u(s)2ds.
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See also Theorem 4.7 in Decreusefond and Üstünel [9] in the case of the fractional
Brownian motion.

Proof. Since u is adapted we have δX(V (u1[0,t])) = δW (u1[0,t]) which coincides
with the Itô integral

∫ t

0
u(s)dWs. This is a continuous martingale with Doob-Meyer

process
∫ t

0
u(s)2ds.

5.5 Applications to parameter estimation

In this section we will study estimation of drift parameters in some stochastic mod-
els driven by Volterra type processes. Throughout this section we assume that the
index set T is a compact interval [0, τ ]. We will start to develop theory for estima-
tion of drift parameters in a fairly general setting using a Girsanov transformation.
Then, the following subsections we will apply the theoretical results to some par-
ticular models involving the fractional Brownian motion. We start by deriving a
Girsanov formula for the Volterra process X.

Theorem 5.31 (Girsanov transformation). Let X = {Xt : t ∈ [0, τ ]} be a
Volterra process on (Ω,F ,P0) with kernel V and let a = {a(t, ω) : t ∈ [0, τ ], ω ∈ Ω}
be a process in L2([0, τ ] × Ω) with V a in Dom2(δX) and a(t, ·) FX

t -measurable.
Define the probability measure Pθ, θ ∈ R, by

dPθ

dP0

∣∣∣
FX

t

= exp
(
θδX(V (a1[0,t]))−

θ2

2

∫ t

0

a(s)2ds
)
.

Then the process Y = {Yt : t ∈ [0, τ ]} defined by

Y (t) = X(t)− θ

∫ t

0

V (t, s)a(s)ds,

is a Volterra process with kernel V under Pθ.

Proof. Since W = {IX(1[0,t]) : t ∈ [0, τ ]} is a Brownian motion under P0 and
δX(V (a1[0,t])) =

∫ t

0
a(s)dWs it follows from the Girsanov theorem for Brownian

motion (see e.g. Liptser and Shiryayev [20] Theorem 6.3 p. 232) that W̃ = {W̃t :
t ∈ [0, τ ]} given by

W̃t = Wt − θ

∫ t

0

a(s)ds, W̃0 = 0,

is a Brownian motion under Pθ. Therefore, we can represent Y as

Yt =
∫ t

0

V (t, s)dW̃s,

which is a Volterra process with kernel V under Pθ.
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Let us now consider parameter estimation for processes defined on the positive
half-axis [0,∞). We will assume that the processes are observed on [0, τ ] and use the
Girsanov transformation to derive maximum likelihood estimators for the unknown
parameter θ.

Suppose that X = {Xt : t ∈ [0,∞)} is a Volterra type process with kernel V
defined on [0,∞) × [0,∞) satisfying Hypothesis 1 on every interval [0, τ ] × [0, τ ],
0 < τ < ∞. We assume that X is defined on the probability space (Ω,F) and
has distribution P0. Let a = {a(t, ω) : t ≥ 0, ω ∈ Ω} be a process such that
{a(t, ω) : t ∈ [0, τ ], ω ∈ Ω} belongs to L2([0, τ ]× Ω) with V a1[0,τ ] in Dom2(δX) for
every 0 < τ < ∞. Suppose further that a(t, ·) is FX

t -measurable. Consider the
class of models {Pθ : θ ∈ Θ}, Θ ⊂ R, intΘ 6= ∅ given by

dPθ

dP0

∣∣∣
FX

t

= exp
(
θδX(V (a1[0,t]))−

θ2

2

∫ t

0

a(s)2ds
)
. (5.25)

To simplify notations we will write A(t, ω) = (V a(·, ω))(t) =
∫ t

0
V (t, s)a(s, ω)ds

throughout this section. By the Girsanov formula given above we have the repre-
sentation

X(t) = θA(t) + X̃(t)

where X̃ is a Volterra type process with kernel V under Pθ. Our objective is to
estimate θ based on observing {Xt : t ∈ [0, τ ]}. Let us briefly comment on this
assumption.

From a practical point of view it is unrealistic to assume that the whole trajec-
tory of the process is observed. In practice one would like to obtain an estimator
based on discrete observations of the process. In the case of classical diffusion pro-
cesses this problem has been thoroughly investigated by e.g. Bibby and Sørensen
[4] using martingale estimation functions. We will however not follow this approach
here.

To construct an estimator of θ we maximize the likelihood (5.25) to get

θ̂τ =
δX(V (a1[0,τ ]))∫ τ

0
a(s)2ds

. (5.26)

Recall that the process W defined by Wt = δX(V 1[0,t]) is a Brownian motion
under P0 and in particular δX(V a1[0,t]) = δW (a1[0,t]) =

∫ t

0
a(s)dWs. Then we see

that

θ̂τ =

∫ τ

0
a(s)dWs∫ τ

0
a(s)2ds

. (5.27)

Furthermore, the Girsanov transformation can be written as

dPθ

dP0

∣∣∣
FX

τ

= exp
(
θ

∫ τ

0

a(s)dWs − θ2

2

∫ τ

0

a(s)2ds
)
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which falls into the framework of the exponential families of stochastic processes
(see e.g. Chapter 5 in Küchler and Sørensen [17]). Thus, the properties of the
estimator θ̂τ is derived by straightforward application of the results in Küchler and
Sørensen [17]. Denote by Mτ the P0-martingale δX(V (a1[0,τ ])) with Doob-Meyer
process 〈M〉τ =

∫ τ

0
a(s)2ds.

Theorem 5.32. Suppose that X, a, θ̂τ and M are as above and 〈M〉τ → ∞
Pθ-a.s. as τ →∞. Then the following statements hold.

(1) (Strong consistency) θ̂τ → θ Pθ − a.s as τ →∞.

(2) (Law of the iterated logarithm)

lim sup
τ→∞

〈M〉τ |θ̂τ − θ|
(2 log log〈M〉τ )1/2

= 1, Pθ-a.s.

Moreover, if a is deterministic, then θ̂τ ∼ N(θ, 1/〈M〉τ ).

Proof. (1) By Proposition 5.30 M is a continuous martingale w.r.t. P0 with associ-
ated Doob-Meyer process

〈M〉τ =
∫ τ

0

a(s)2ds.

Then Mτ − θ〈M〉τ is a Pθ martingale with the same Doob-Meyer process 〈M〉τ
which tends to infinity Pθ almost surely as τ → ∞, by assumption. From the law
of large numbers for martingales it follows that, as τ →∞,

Mτ − θ〈M〉τ
〈M〉τ → 0, on {〈M〉∞ = ∞}.

Hence, θ̂τ → θ Pθ-a.s.
(2) This follows from law of the iterated logarithm for martingales (see e.g. Lepingle
[19] Theorem 3).
The last assertion follows since, if a is deterministic, then under Pθ we have Mτ ∼
N(θ, 〈M〉τ ).

We can also derive a central limit theorem under some extra assumptions (see
Küchler and Sørensen [17]).

Theorem 5.33. Suppose θ ∈ intΘ and that there exists an increasing positive non-
random function ϕθ(τ) such that under Pθ, 〈M〉τ/ϕθ(τ) → η2(θ) in probability as
τ →∞, where η2(θ) is a finite non-negative random variable for which Pθ(η2(θ) >
0) > 0. Then, under Pθ

[〈M〉1/2
τ (θ̂τ − θ), 〈M〉τ/ϕθ(τ)] → N(0, 1)× Fθ

weakly as τ →∞ conditionally on {η2(θ) > 0}, where Fθ is the conditional distri-
bution of η2(θ) given {η2(θ) > 0}.
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Proof. This is a direct application of Theorem 5.2.2 p. 49 in Küchler and Sørensen
[17].

We denote by {ψj : j = 1, 2, . . . } an orthonormal basis of L2([0, τ ]) and {Ψj :
j = 1, 2, . . . } the associated basis in the reproducing kernel Hilbert space H =
V (L2([0, τ ])). Then according to Proposition 5.29, we can rewrite the estimator as

θ̂τ =

∑∞
j=1 ajξj∑∞
j=1 a2

j

(5.28)

giving us a spectral representation of the estimator.
In order to compute θ̂τ we need to compute the coefficients aj and ξj . The aj ’s

can be computed simply as aj = 〈A, Ψj〉H but the ξj ’s are more difficult to compute
since the process X is typically not in H. The next result solves this problem using
the adjoint operator. We denote by V ∗ the adjoint of V with respect to the L2(T )
inner product, i.e. for f, g ∈ L2(T )

〈V f, g〉L2(T ) = 〈f, V ∗g〉L2(T )

and V −1∗ denotes the adjoint of V −1.

Proposition 5.34. Let {Xt : t ∈ T} be a Volterra type process with kernel V . As-
sume that {ψj : j = 1, 2, . . . } is an orthonormal basis in L2(T ) and ψj ∈ V ∗(L2(T )),
j ≥ 1. Then, the coefficients {ξj : j = 1, 2, . . . } in the representation (5.18) are
given by

ξj =
∫

T

X(t)(V −1∗ψj)(t)dt, j = 1, 2, . . . (5.29)

Proof. By the proof of Theorem 5.16 we have that ξj = R−1Ψj(t), where {Ψj :
j = 1, 2, . . . } is an orthonormal basis in the reproducing kernel Hilbert space. For
processes of the form (5.13) we have that the reproducing kernel Hilbert space is
V (L2(T )) and hence Ψj = V ψj is an orthonormal basis in this space. We need to
prove that R(ξj)(t) = Ψj(t) for ξj given by (5.29). Indeed, using integration by
parts,

R(ξj)(t) = E (ξjX(t)) = E
(

X(t)
∫

T

X(s)(V −1∗ψj)(s)ds

)

=
∫

T

ρ(t, s)(V −1∗ψj)(s)ds =
∫

T

(V −1ρ(t, ·))(s)ψj(s)ds

=
∫

T

V (t, s)ψj(s)ds = (V ψj)(t) = Ψj(t).
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In the following subsections we will give two concrete examples where this es-
timation technique is applied. The first example studies the case of a fractional
Brownian motion with deterministic linear drift which was considered by Norros
et. al. in [23]. The second example studies the fractional Ornstein-Uhlenbeck type
process considered by Kleptsyna and Le Breton in [15]. We will show how the
general results derived so far applies in these two cases.

5.5.1 Deterministic drift

Let us consider the family {Pθ : θ ∈ Θ} of models given by

dPθ

dP0

∣∣∣
FX

t

= exp
(
θδX(KH(a1[0,t]))−

θ2

2

∫ t

0

a(s)2ds
)

(5.30)

where X is the fractional Brownian motion and A(t) = (KH(a1[0,t]))(t) = t. Then
the maximum likelihood estimator of θ is given as in (5.27)

θ̂τ =
δX(KH(a1[0,τ ]))∫ τ

0
a(s)2ds

=

∫ τ

0
a(s)dWs∫ τ

0
a(s)2ds

. (5.31)

Note that using Table 9.1 in Samko et. al. [26] we find that

a(s) = (K−1
H A)(s) =

√
VH

Γ(3/2−H)
Γ(2− 2H)

s1/2−H ,

with VH as in (5.15). Hence a is deterministic and thus θ̂τ is normally distributed
under Pθ with mean θ and variance 〈M〉τ =

∫ τ

0
a(s)2ds. We can explicitly compute

the variance as

Varθ(θ̂τ ) =
∫ τ

0

a(s)2ds = τ2−2H 1
VH

(2− 2H)Γ(2− 2H)2

Γ(3/2−H)2

= τ2−2H πH(1− 2H)(2− 2H)Γ(2− 2H)
cos(πH)Γ(3/2−H)2

In Norros et. al. [23] this particular example is studied. We will now show that
our approach leads to the same results in this case. Their estimator is given by

θτ =
M ′

τ

〈M ′〉τ ,

where M ′
t =

∫ t

0
kH(t, s)dBH

s , kH(t, s) = c1s
1/2−H(t− s)1/2−H1(0,t)(s) which can be

rewritten as (see Norros et. al. [23] p. 584) cH

2H

∫ t

0
s1/2−HdWs where

c1 =
1

HΓ(3/2−H)Γ(H + 1/2)
,

cH =
( 2HΓ(3/2−H)

Γ(H + 1/2)Γ(2− 2H)

)1/2

.
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Figure 5.1. The variance of the estimator bθ1.

Since a(s) =
√

VH
Γ(3/2−H)
Γ(2−2H) s1/2−H we get that cH

2H

∫ τ

0
s1/2−HdWs = δW (a1[0,τ ]) =

δBH

(KH(a1[0,τ ])) = δX(KH(a1[0,τ ])) and then also 〈M ′〉τ = 〈M〉τ . It follows that
θτ = θ̂τ .

We can compare this estimator at τ = 1 with the sample mean Xτ/τ = X1 which
is unbiased and has variance 1 for all H ∈ (0, 1). The variance of the estimator θ̂τ ,
as a function of H, is illustrated in Figure 5.1. We conclude from this figure that
the estimator θ̂τ has significantly lower variance than the sample mean for small
values of H, has the same variance for H = 1/2 and has negligible lower variance
for H ∈ (1/2, 1).

5.5.2 The fractional Ornstein-Uhlenbeck type process.

Let us consider the family {Pθ : θ ∈ Θ} of models given by

dPθ

dP0

∣∣∣
FX

t

= exp
(
θδX(KH(a1[0,t]))−

θ2

2

∫ t

0

a(s)2ds
)

(5.32)

where X is the fractional Brownian motion and the drift is given by A(t, ω) =
(KHa(·, ω))(t) =

∫ t

0
X(s, ω)ds. This means that we must take a(·, ω) = (K−1

H ◦
I1X(·, ω))(·). To verify that this choice is possible we need to check that I1X(·, ω) ∈
H for Pθ-a.e. ω ∈ Ω. For every θ ∈ Θ the measure Pθ is absolutely continuous
w.r.t. P0 so it is sufficient to check this for θ = 0, i.e. when X is the fractional
Brownian motion. We denote by Holα([0, τ ]) the Hölder space of order α over
the interval [0, τ ]. For every α < H we have X ∈ Holα([0, τ ]) P0-a.s. so I1X ∈
Holα+1([0, τ ]) P0-a.s. For β < α+1 < H +1 we have Holα+1([0, τ ]) ⊂ Iβ(L2([0, τ ]))
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so in particular I1X ∈ IH+1/2(L2([0, τ ])) P0-a.s. Hence, the process a is well
defined. Using the Girsanov transformation we see that X has the representation

X(t) = θ

∫ t

0

X(s)ds + B̃H(t),

where B̃H is a fractional Brownian motion under Pθ.
The maximum likelihood estimator of θ is given as in (5.26)

θ̂τ =
δX(KH(a1[0,τ ]))∫ τ

0
a(s)2ds

Let us derive the relation to the results in Le Breton and Kleptsyna [15] where
this problem is studied for H ≥ 1/2 as an extension of Norros et. al. [23]. The
authors introduce the process Q defined by

∫ t

0

Q(s)dwH
s =

∫ t

0

kH(t, s)X(s)ds,

where

wH(t) =
Γ(3/2−H)

2HΓ(3− 2H)Γ(H + 1/2)
t2−2H .

The estimator θτ of θ is then derived as

θτ =

∫ τ

0
Q(s)dM ′

s∫ τ

0
Q2(s)dwH

s

,

with M ′ as in Section 5.5.1. To show that the estimators θ̂τ and θτ coincides it is
sufficient to show that

∫ τ

0
Q(s)dM ′

s = δX(KH(a1[0,τ ])). Indeed,

∫ τ

0

Q(s)dM ′
s =

∫ τ

0

Q(s)s1/2−HdWs = δW (Q(s)s1/2−H) = δX(KH(Q(s)s1/2−H))

and using (12) in Kleptsyna, Le Breton and Roubaud [16] we find

(KHQ(s)s1/2−H)(t) =
∫ t

0

KH(t, s)Q(s)s1/2−Hds =
∫ t

0

X(s)ds.

Thus we have established that θ̂τ = θτ . It is proved in Kleptsyna and Le Breton
[15] Proposition 2.2 that

∫ τ

0
Q2(s)dwH

s →∞ Pθ-a.s. and since 〈M〉τ =
∫ τ

0
a(s)2ds =∫ τ

0
Q2(s)dwH

s Theorem 5.32 applies and we derive consistency and the law of the
iterated logarithm of the estimator. In Kleptsyna and Le Breton [15] the bias and
mean square error is also determined using Laplace transforms.
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Chapter 6

Parameter estimation for
discretely observed fractional
Ornstein-Uhlenbeck process

Henrik Hult (2003) Parameter estimation for the fractional Ornstein-Uhlenbeck process.

Abstract. The fractional Ornstein-Uhlenbeck process is constructed as a classical

Ornstein-Uhlenbeck process with the Brownian noise replaced by a fractional Brownian

noise. It is a continuous time stationary Gaussian process and has long memory if the

Hurst index in the driving fractional Brownian motion is greater than 1/2. We study the

problem of estimating unknown parameters in this model based on discrete observations

of the process. The idea of Whittle estimation is well adapted to this particular estima-

tion problem as the covariance function is complicated whereas the spectral density has a

simple form. This allows us to derive consistency, asymptotic normality and asymptotic

efficiency of our estimator. The theoretical results are illustrated by simulations.
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6.1 Introduction

Stationary time series with long memory such as the fractional Gaussian noise and
the fractionally integrated ARMA processes are currently used as stochastic mod-
els in various applications including telecommunications, hydrodynamics and eco-
nomics. A stationary time series {Xj : j ∈ Z} is said to have long memory if the sum
of correlations diverges, i.e.

∑
k ρ(k) = ∞, where ρ(k) = Cov(Xj+k, Xj)/ Var(Xj).

In continuous time the fractional Ornstein-Uhlenbeck process is a natural analogue
to these models. It is constructed as a classical Ornstein-Uhlenbeck process with
the Brownian noise replaced by a fractional Brownian noise. It can be defined the
stationary solution to the equation

Xt −Xs = −θ

∫ t

s

Xudu + σ(BH
t −BH

s ), s < t,

where σ > 0, θ > 0, H ∈ (0, 1) and {BH
t : t ∈ R} is the fractional Brownian

motion with Hurst index H. The increments of the fractional Brownian motion
have long memory if H > 1/2 and this property is transfered to the fractional
Ornstein-Uhlenbeck process. The fractional Ornstein-Uhlenbeck process has re-
cently received some attention in the literature. Cheridito, Kawaguchi and Maejima
[3] derives some of its properties and show, contrary to the classical case, that it can
not be derived as the stationary process obtained by the Lamperti transformation
of fractional Brownian motion for H 6= 1/2. Kleptsyna and Le Breton [7] and Hult
[6] study the fractional Ornstein-Uhlenbeck process via a Girsanov transformation
of the fractional Brownian motion and discuss the use of the Girsanov transforma-
tion in the context of parameter estimation.

In this paper we use the following setup. Let {Xt : t ∈ R} be the fractional
Ornstein-Uhlenbeck process with H > 1/2 and suppose we have at hand discrete
observations x = (x1, . . . , xN )′ of {Xj∆ : j = 1, . . . , N}, with ∆ > 0 being the
time between consecutive observations. Based on these observations we want to
estimate all the unknown parameters Ψ = (σ2, θ,H). Since the process is Gaussian
the exact log-likelihood may be explicitly computed as

log L(x; Ψ) ∝ −1
2

log |Σ∆,N | − 1
2
x′Σ−1

∆,Nx,

where Σ∆,N is the covariance matrix of (X∆, . . . , XN∆)′. A problem here is that the
expression for the covariance function for the fractional Ornstein-Uhlenbeck process
is complicated and the inversion of Σ∆,N may be computationally demanding if the
number of observations N is large. A way around these problems is to use an idea
introduced by Whittle [11] and further developed for Gaussian sequences with long
memory by Fox and Taqqu [5] and Dahlhaus [4]. This approach is also discussed
in some detail in Beran [1]. The idea is to approximate the exact likelihood by
replacing log |Σ∆,N | by N(2π)−1

∫ π

−π
log f∆(λ; Ψ)dλ and Σ−1

∆,N by a matrix A where

Ajk = (2π)−2

∫ π

−π

1
f∆(λ; Ψ)

ei(j−k)λdλ,
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and f∆ is the spectral density for the Gaussian sequence {Xj∆ : j ∈ Z}. In the case
of the fractional Ornstein-Uhlenbeck process this spectral density is easily computed
and this provides a satisfactory solution to the estimation problem. Using results by
Fox and Taqqu [5] and Dahlhaus [4] we see that the derived estimator is consistent,
asymptotically normal and asymptotically efficient as N →∞. The results are also
illustrated by simulations.

The paper is organized as follows. In Section 6.2 the fractional Ornstein-
Uhlenbeck process is introduced and we derive its spectral density and its covariance
function. In Section 6.3 we study the problem of parameter estimation based on dis-
crete observations and show that the asymptotic results derived by Fox and Taqqu
[5] and Dahlhaus [4] may be applied. Section 6.4 contains numerical illustrations
and simulations.

6.2 The fractional Ornstein-Uhlenbeck process

In this section we introduce the fractional Ornstein-Uhlenbeck process and study
some of its properties. The fractional Ornstein-Uhlenbeck is constructed as a clas-
sical Ornstein-Uhlenbeck process with the Brownian noise replaced a fractional
Brownian noise. The fractional Brownian motion {BH

t : t ∈ R} is a continuous
Gaussian process with mean zero and covariance function

rBH (t, s) =
1
2
(|t|2H + |s|2H − |t− s|2H),

where H ∈ (0, 1) is called the Hurst index. For H = 1/2 is coincides with the
standard Brownian motion. The classical Ornstein-Uhlenbeck process is defined as
the process {Yt : t ∈ R} given by

Yt = σ

∫ t

−∞
e−θ(t−u)dB1/2

u , t ∈ R,

where σ > 0, θ > 0. For arbitrary H ∈ (0, 1) the stochastic integral

σ

∫ t

−∞
e−θ(t−u)dBH

u (ω), t ∈ R,

is well defined as a pathwise Riemann-Stiltjes integral (see Cheridito, Kawaguchi
and Maejima [3]) and it is the almost surely continuous process which satisfy the
equation

Xt(ω)−Xs(ω) = −θ

∫ t

s

Xu(ω)du + σ(BH
t (ω)−BH

s (ω)), s < t.

This motivates the following definition.
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Definition 6.1. The fractional Ornstein-Uhlenbeck process {Xt : t ∈ R} is the
stochastic process given by

Xt(ω) = σ

∫ t

−∞
e−θ(t−u)dBH

u (ω), t ∈ R,

where σ > 0, θ > 0, H ∈ (0, 1) and {BH
t : t ∈ R} is the fractional Brownian motion.

For every t ∈ R the functions ft(u) = σ exp{−θ(t − u)}1{u≤t} belongs to the
space of integrands (see Pipiras and Taqqu [9])

Λ̃H−1/2 = {f : f ∈ L2(R),
∫ ∞

−∞
|f̂(ξ)|2|ξ|1−2Hdξ < ∞},

where

f̂(ξ) =
∫ ∞

−∞
eiuξf(u)du.

Indeed,

f̂t(ξ) =
∫ t

−∞
eiuξσe−θ(t−u)du = σ

eitξ

θ + iξ
.

Hence the stochastic integrals I(ft) =
∫∞
−∞ ft(u)dBH

u may be consistently defined
as limits of elementary functions and I(ft) is Gaussian with E(I(ft)) = 0 and

E(I(ft)I(fs)) =
C(H)

2π

∫ ∞

−∞
f̂t(ξ)f̂s(ξ)|ξ|1−2Hdξ,

where

C(H) = Γ(2H + 1) sin(πH).

This enables the derivation of the spectral density of the fractional Ornstein-
Uhlenbeck process. Indeed,

r(t + s, s) = E(Xt+sXs) = E(I(ft+s)I(fs))

=
C(H)

2π

∫ ∞

−∞
f̂t+s(ξ)f̂s(ξ)|ξ|1−2Hdξ

=
C(H)

2π

∫ ∞

−∞
σ

ei(t+s)ξ

θ + iξ
σ

e−isξ

θ − iξ
|ξ|1−2Hdξ

=
∫ ∞

−∞
eitξ σ2C(H)

2π
|ξ|1−2H(θ2 + ξ2)−1dξ

Hence, we can identify the spectral density as

f(ξ) = σ2C(H)(2π)−1|ξ|1−2H(θ2 + ξ2)−1. (6.1)
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By inverting the spectral density (see e.g. Oberhettinger [8] p. 6) we obtain an
alternative expression for its covariance function

r(t) = σ2C(H)
[1
2
θ−2H sec(π(1− 2H)/2) cosh(θt) (6.2)

+ π−
1
2 2−2H−1t2HΓ(−H)[Γ(H + 1/2)]−1

1F2

(
1;H +

1
2
,H + 1,

1
4
θ2t2

)]
,

where 1F2 is the Gauss hypergeometric function. We have just proved the following
result.

Proposition 6.2. The spectral density and the covariance function of the fractional
Ornstein-Uhlenbeck process are given by (6.1) and (6.2) respectively.

The process {Xt : t ∈ R} can also be given a spectral representation

Xt = (σ2C(H)/2π)
1
2

∫ ∞

−∞
eitξ(θ2 + ξ2)−

1
2 |ξ| 12−HM̃(dξ) (6.3)

where M̃ is a complex Gaussian measure (see e.g. Samorodnitsky and Taqqu [10]).
Indeed, the covariance function is then given by

r(t) = E(XtX0) = σ2C(H)(2π)−1

∫ ∞

−∞
eitξ(θ2 + ξ2)−1|ξ|1−2Hdξ =

∫ ∞

−∞
eitξf(ξ)dξ.

The spectral density of the fractional Ornstein-Uhlenbeck process satisfies

f(ξ) ∼ C(H)σ2(2π)−1θ−2|ξ|1−2H , as |ξ| → 0.

Hence, using a Tauberian theorem (Bingham, Goldie and Teugels [2] Theorem
4.10.3 p. 240) its covariance function satisfies

r(t) ∼ σ2H(2H − 1)θ−2|t|2H−2, as |t| → ∞.

We may conclude that the fractional Ornstein-Uhlenbeck process has long mem-
ory for H ∈ (1/2, 1) since

∑
k r(k) diverges (see also Cheridito, Kawaguchi and

Maejima [3]).
An alternative construction of the fractional Ornstein-Uhlenbeck process is to

consider a Girsanov transformation of the fractional Brownian motion. If {σXt :
t ∈ R} is a fractional Brownian motion under the probability measure P0 then σX
is a fractional Ornstein-Uhlenbeck process under the measure Pθ given by

dPθ

dP0

∣∣∣
FX

t

= exp
(
θMt − θ2

2
〈M〉t

)
,

where Mt =
∫ t

0
(K−1

H ◦ I1X)(s)dB(s) is a martingale and B is a Brownian motion.
Here I1 denotes the integration operator and KH is the kernel in the representation
of the fractional Brownian motion (see e.g. Hult [6])

BH
t =

∫ t

0

KH(t, s)dBs.
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6.3 Parameter estimation based on discrete obser-
vations

Let {Xt : t ∈ R} be a fractional Ornstein-Uhlenbeck process with unknown pa-
rameters Ψ = (σ2, θ, H). We will throughout the rest of the paper assume that
H > 1/2. Suppose we have made discrete observations (x1, . . . , xN ) of the pro-
cess {Xj∆ : j = 1, . . . , N} with ∆ > 0. That is xj is the observed value of Xj∆,
j = 1, . . . , N . Based on these observations we want to estimate the unknown pa-
rameters.

This is a natural situation that one encounters in practice. We have a sample
of discrete observations and want to estimate parameters for the continuous time
stochastic process generating the sample. In the case of diffusion processes this
problem have been well studied and one of the fundamental examples in this con-
text appears to be the classical Ornstein-Uhlenbeck process. The Markov-structure
of diffusion processes is essential for most of the methods used and therefore study-
ing this problem for non-Markovian models as in this paper seems challenging.
On the other hand, for Gaussian processes estimation techniques have been quite
extensively developed and it will become apparent that some of these techniques
works fine for estimation of the unknown parameters for the fractional Ornstein-
Uhlenbeck process.

In analogy to the classical case a natural starting point for estimating unknown
parameters would be to use the likelihood given by the Girsanov transformation for
estimating the unknown parameters. Let us comment on this approach. First of all
the Girsanov transformation gives the likelihood for continuous observations of the
process. In practice we have discrete observations so we need to approximate the
integrals appearing in the likelihood by discrete analogues. This requires the time
between observations, ∆, to be small which is not always the case. Furthermore,
the Girsanov transformation gives the likelihood as a function of θ. It can not
provide us with insights for estimating H which in most practical situations will
be unknown. This differs from the classical case where H = 1/2 is known. Hence,
although the Girsanov transformation is theoretically interesting, it does not seem
very practical to use it in the context of parameter estimation for the fractional
Ornstein-Uhlenbeck process.

On the other hand, since the fractional Ornstein-Uhlenbeck process is Gaussian
the log-likelihood for the discrete observations x = (x1, . . . , xN )′ of {Xj∆ : j =
1, . . . , N} may be explicitly computed.

log L(x; Ψ) ∝ −1
2

log |Σ∆,N | − 1
2
x′Σ−1

∆,Nx,

where (Σ∆,N )jk = r((j − k)∆). The problem with this approach is the computa-
tional effort needed to maximize the exact log-likelihood. First have to compute
Σ∆,N which is complicated since this involves computing the hypergeometric func-
tion 1F2. Then, Σ∆,N must be inverted which may be computationally demanding
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if the number of observations N is large. A way around the computational problems
is to use an approximation of the exact likelihood. Since the spectral density of
the fractional Ornstein-Uhlenbeck process is known we may consider the approxi-
mation of the exact likelihood suggested by Whittle (see Whittle [11]) and further
developed for Gaussian sequences with long memory by Fox and Taqqu in [5] and
Dahlhaus [4]. This approach is well suited for the current problem and allows us
in a straightforward way to estimate all the unknown parameters. The exact log-
likelihood is approximated by replacing log |Σ∆,N | by N(2π)−1

∫ π

−π
log f∆(λ; Ψ)dλ

and Σ−1
∆,N by the matrix A where

Ajk = (2π)−2

∫ π

−π

1
f∆(λ; Ψ)

ei(j−k)λdλ.

Here f∆ denotes the spectral density for the sequence {Xj∆ : j ∈ Z}. It is given by

f∆(λ) =
σ2C(H)∆2H

2π

∞∑

k=−∞

|λ + 2πk|1−2H

(∆θ)2 + (λ + 2πk)2
.

Indeed, using the spectral representation (6.3) we have

r(j∆) = E(Xj∆X0) = σ2C(H)(2π)−1

∫ ∞

−∞
eij∆ξ |ξ|1−2H

θ2 + ξ2
dξ

= σ2C(H)(2π)−1
∞∑

k=−∞

∫ (π+2πk)/∆

(−π+2πk)/∆

eij∆ξ |ξ|1−2H

θ2 + ξ2
dξ

= σ2C(H)(2π)−1

∫ π/∆

−π/∆

∞∑

k=−∞
eij∆(ξ+2πk/∆) |ξ + 2πk/∆|1−2H

θ2 + (ξ + 2πk/∆)2
dξ

= σ2C(H)(2π)−1∆2H

∫ π

−π

eijλ
∞∑

k=−∞

|λ + 2πk|1−2H

(∆θ)2 + (λ + 2πk)2
dλ.

Next we parameterize the model so that f∆(λ) = σ2
∗f∗(λ) with

f∗(λ) =
K(θ, H)
σ2C(H)

f∆(λ), σ2
∗ = σ2 C(H)

K(θ,H)

K(θ, H) = σ2C(H) exp
(
− (2π)−1

∫ π

−π

log f∆(λ)dλ
)

Then,
∫ π

−π
log f∗(λ)dλ = 0 and the approximative log-likelihood becomes

log LW (x, Ψ) ∝ −N

2
log σ2

∗ −
1

2σ2∗
xA(θ,H)x.

To maximize the approximate log-likelihood we see that it is sufficient to minimize

σ2
N (θ, H) =

x′A(θ, H)x
N
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with respect to θ, H to find the estimators θ̂, Ĥ and then put σ̂2
∗ = σ2

N (θ̂, Ĥ). For
computational purposes we note that

σ2
N (θ, H) =

1
2π

∫ π

−π

1
f∗(λ; θ, H)

IN (λ)dλ

where IN (λ) = |∑N
j=1 eijλXj∆|2/(2πN). Furthermore, the asymptotic results will

hold if we replace the integral by a discrete sum (see e.g. Dahlhaus [4])

σ2
N (θ, H) =

bN/2c∑

k=−dN/2e

1
f∗(2πk/N ; θ, H)

IN (2πk/N).

Next we give a result on the consistency and asymptotic normality of the estimators.

Theorem 6.3. Let Ψ∗ = (Ψ∗1, Ψ
∗
2, Ψ

∗
3) = (σ2

∗, θ, H). The estimators σ̂2
∗(N), θ̂(N)

and Ĥ(N) for the unknown parameters of the fractional Ornstein-Uhlenbeck process
satisfies with probability one

lim
N→∞

σ̂2
∗(N) = σ2

∗, lim
N→∞

θ̂(N) = θ and lim
N→∞

Ĥ(N) = H.

Moreover, the vector
√

N(Ψ̂∗(N) − Ψ∗) converges in distribution to a normal law
with mean zero and covariance 4πW−1(Ψ∗) where,

W (θ, H)jk =
∫ π

−π

f∆(λ; Ψ∗)
∂2

∂Ψ∗j∂Ψ∗k

1
f∆(λ; Ψ∗)

dλ.

Finally, the estimator Ψ̂∗(N) is an asymptotically efficient estimate of Ψ∗ in the
sense of Fisher.

Proof. The consistency follows from Theorem 1 in Fox and Taqqu [5], asymptotic
normality from Theorem 2.1 in Dahlhaus [4] and the asymptotic efficiency from
Theorem 4.1 in Dahlhaus [4] if we verify the conditions (A1)-(A7) in Dahlhaus [4].
To verify conditions (A1)-(A6) we may apply the arguments of Lemma 6 in Fox
and Taqqu [5] and instead verify the following conditions. For each δ > 0 there
exist constants C0(δ) > 0 and C(δ) > 0 such that

(B.1) f∆(λ; Ψ∗) is continuous at all (λ,Ψ∗), λ 6= 0, and

f∆(λ; Ψ∗) ≥ C0(δ)|λ|1−2H+δ

(B.2) f∆(λ; Ψ∗) ≤ C(δ)|λ|1−2H−δ
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(B.3) ∂
∂Ψ∗j

f∆(λ; Ψ∗), ∂2

∂Ψ∗j ∂Ψ∗k
f∆(λ; Ψ∗) and ∂3

∂Ψ∗j ∂Ψ∗k∂Ψ∗l
f∆(λ; Ψ∗) are continuous at

all (λ,Ψ∗), λ 6= 0,
∣∣∣ ∂

∂Ψ∗j
f∆(λ; Ψ∗)

∣∣∣ ≤ C(δ)|λ|1−2H−δ,

∣∣∣ ∂2

∂Ψ∗j∂Ψ∗k
f∆(λ; Ψ∗)

∣∣∣ ≤ C(δ)|λ|1−2H−δ and

∣∣∣ ∂3

∂Ψ∗j∂Ψ∗k∂Ψ∗l
f∆(λ; Ψ∗)

∣∣∣ ≤ C(δ)|λ|1−2H−δ

(B.4) ∂
∂λf∆(λ; Ψ∗), ∂2

∂λ∂Ψ∗j
f∆(λ; Ψ∗) and ∂3

∂λ2∂Ψ∗j
f∆(λ; Ψ∗) are continuous at all

(λ, Ψ∗), λ 6= 0,
∣∣∣ ∂

∂λ
f∆(λ; Ψ∗)

∣∣∣ ≤ C(δ)|λ|−2H−δ,

∣∣∣ ∂2

∂λ∂Ψ∗j
f∆(λ; Ψ∗)

∣∣∣ ≤ C(δ)|λ|−2H−δ and

∣∣∣ ∂3

∂λ2∂Ψ∗j
f∆(λ; Ψ∗)

∣∣∣ ≤ C(δ)|λ|−1−2H−δ

The only difference from Lemma 6 in Fox and Taqqu [5] is the condition on the third
derivative appearing in (B.3) which is sufficient for verifying the third derivative
condition in (A3) in Dahlhaus [4]. To verify these conditions we write f∆(λ; Ψ∗) =
σ2
∗K(θ, H)f1(λ; θ, H) with

f1(λ; Ψ∗) =
∆2H

2π

|λ|1−2H

(∆θ)2 + λ2
+

∆2H

2π

∑

k 6=0

gk(λ; Ψ∗),

gk(λ; Ψ∗) =
|λ + 2πk|1−2H

(∆θ)2 + (λ + 2πk)2
.

Then

K(θ,H) = exp
(
− (2π)−1

∫ π

−π

log f1(λ)dλ
)

and if we verify the conditions (B.1)-(B.4) for f1 then by the arguments of Lemma
6 in Fox and Taqqu [5] we find that

∫ π

−π
log f∆(λ)dλ is three times continuously

differentiable in (θ, H) under the integral sign. Hence K(θ,H) is also three times
continuously differentiable and the conditions are satisfied for f∆. A standard
theorem on differentiation of series shows that the sum

∑
k 6=0 gk(λ; Ψ∗) is three

times continuously differentiable at all (λ, Ψ∗). To prove the conditions are satisfied
for ∆2H(2π)−1|λ|1−2H((∆θ)2 + λ2)−1 is elementary. It remains to show condition
(A.7) in Dahlhaus [4], i.e.
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(A.7) f−1
∆ (λ; Ψ∗) ∂

∂λf∆(λ; Ψ∗) and ∂2

∂λ2 f−1
∆ (λ; Ψ∗) are continuous at all (λ, Ψ∗), λ 6=

0 and
∣∣∣ ∂k

∂λk
f−1
∆ (λ; Ψ∗)

∣∣∣ ≤ C(δ)|λ|2H−1−k−δ, for k = 0, 1, 2.

Again, by the arguments of Lemma 6 in Fox and Taqqu [5] this follows if we verify
that

∣∣∣ ∂k

∂λk
f1(λ; Ψ∗)

∣∣∣ ≤ C(δ)|λ|1−2H−k−δ, for k = 0, 1, 2.

Since
∑

k 6=0 gk(λ; Ψ∗) is three times continuously differentiable at all (λ, Ψ∗) we only
need to prove this for ∆2H(2π)−1|λ|1−2H((∆θ)2 + λ2)−1 which is elementary.

6.4 Numerical illustrations

To illustrate the performance of the estimator we have simulated M trajectories of
the fractional Ornstein-Uhlenbeck process and recorded the mean and the standard
deviation of the estimated parameter values as well as the correlation matrix. To
simulate the fractional Ornstein-Uhlenbeck process we have used the spectral rep-
resentation and the fast Fourier transform. The results are illustrated in the tables
below. For each simulation we have σ2 = 1, θ = 1 and ∆ = 1.

mean stddev correlation
σ̂2
∗(N) 0.062 0.0087 1 -0.06 0.08
θ̂(N) 1.42 0.71 -0.06 1 0.84
Ĥ(N) 0.62 0.12 0.08 0.84 1

Table 6.1. σ2∗ = 0.065, θ = 1, H = 0.6, ∆ = 1, N = 100, M = 50.

mean stddev correlation
σ̂2
∗(N) 0.053 0.0090 1 0.21 0.23
θ̂(N) 1.25 0.44 0.21 1 0.71
Ĥ(N) 0.73 0.13 0.23 0.71 1

Table 6.2. σ2∗ = 0.053, θ = 1, H = 0.75, ∆ = 1, N = 100, M = 50.
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mean stddev correlation
σ̂2
∗(N) 0.026 0.0034 1 0.12 0.05
θ̂(N) 0.96 0.34 0.12 1 0.72
Ĥ(N) 0.82 0.10 0.05 0.72 1

Table 6.3. σ2∗ = 0.027, θ = 1, H = 0.9, ∆ = 1, N = 100, M = 50.

mean stddev correlation
σ̂2
∗(N) 0.065 0.0046 1 0.08 0.16
θ̂(N) 1.21 0.35 0.08 1 0.90
Ĥ(N) 0.63 0.07 0.16 0.90 1

Table 6.4. σ2∗ = 0.065, θ = 1, H = 0.6, ∆ = 1, N = 500, M = 50.

mean stddev correlation
σ̂2
∗(N) 0.053 0.0038 1 -0.14 -0.02
θ̂(N) 1.18 0.37 -0.14 1 0.91
Ĥ(N) 0.77 0.09 -0.02 0.91 1

Table 6.5. σ2∗ = 0.053, θ = 1, H = 0.75, ∆ = 1, N = 500, M = 50.

mean stddev correlation
σ̂2
∗(N) 0.027 0.0016 1 -0.13 -0.19
θ̂(N) 1.02 0.26 -0.13 1 0.89
Ĥ(N) 0.89 0.08 -0.19 0.89 1

Table 6.6. σ2∗ = 0.027, θ = 1, H = 0.9, ∆ = 1, N = 500, M = 50.
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