SF2970: Repetition 2
Spring 2017
Brownian motion
Q 1. Let (2, F,P) be a probability space. Let B; be a standard Brownian motion.
a.) Compute
E[B.BsB,], t,s,u>0.
b.) Let ¢ > 0. Show that
Y :=cBye2, t>0,
is a standard Brownian motion. (In what filtration?)

Q 2. Let (22, F,P) be a probability space. Let B, = (Bt(l)7 Bt@)) be a standard 2-dimensional Brownian
motion started at zero. Fix r > 0 and let

Dy = {(z,y) € R? : 2? +¢* < r?}.
Compute P(B; € D,), t > 0.

Stochastic integrals

Q 3. Let (22, F,P) be a probability space. Let B; = (Bt(l), B§2)) be a standard 2-dimensional Brownian
motion started at zero. Fix T' > 0 and set

Ft.w) = (FOEw), O (t,w) = (L epzy. | B — BE?), 0<t<T.
Are fl(t,w) and f2(t,w) in V[0, T]? Define

Kt—/f (s,w)dBU /f (s,w)dBP(w), 0<t<T.
Compute the expected value of the bracket process (K);.

Ito Lemma

Q 4. Let (Q,F,P) be a probability space. Let By be a standard Brownian motion. Compute the
stochastic differentials of the following processes:

X, = e¥HBBe a,B ER;

X, = e™/? sin(8By) , a, B eR;
1

Xt: (a1/3+§Bt)3, Oé>0,

X = (By + t)e~ B3t
X, =B +1)7!
Q 5. Let (2, F,F,P) be a filtered probability space. Let By be an F-Brownian motion.
a.) Is
X, = e /2 cosh(By), t>0,
an F-martingale? (Recall that cosh(z) = $(e” +e77).)
b.) Find f : R — R such that Y; := f(B; 4+ t) is an F-martingale.



