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LECTURE 4

7. SUFFICIENT STATISTICS

Consider the “usual” statistical setup: the data is X and the paramter is O.

To gain information about the parameter we study various functions of the data
X. For instance, if X = (X3,...,X,) are IID Ber(#) given © = 0, then we would
use T'(X) =n~Y(X1+- -+ X,,) to get information about the parameter. A function
of the data is called a statistic.

Definition 7. Let (7,C) be a measurable space such that the o-field C contains
all singletons. A measurable mapping T': X — T is called a statistic.

As usual we think of a measurable space as a subspace of R? and the o-field as the
corresponding sub-o-field.

Although, formally a statistic is a mapping from the sample space X to some
space T, we can also think of the composition T'o X : S — T (recall that S is the
underlying probability space). This is a random variable taking values in 7 and we
often write T for this random quantity.

In the next sections we will look more closely at different classes of statistics.
That is, functions of the data with certain interesting properties. The first such
class is the class of sufficient statistics.

7.1. Sufficient statistics (classical). The idea of sufficiency is to find a function
T of the data X that summarizes the information about the parameter ©. Above
we mentioned the example of IID Ber(#) random variables, Xy, ..., X,,, where we
know that we only need to know a function of the data, for instance X7 +---+ X,
in order to compute an estimate of §. Similarly, we argued for the betting problem
that decisions can be based entirely of knowing X; + --- + X,, and not all the
individual Xj;’s.

Elementary case: Let us first see what sufficient statistics is when we have
densities. Suppose that the (conditional) distribution of X and T' = T(X) given
© = 0 both have densities w.r.t. a measure v (think Lebesgue measure or counting
measure). Then we say that 7" is a sufficient statistic for © if fx|pe(x |t,6) does
not depend on 6.

Note that, with ¢t = T'(x),

. _ fxme(x,t]0)  fxe(z|0)
Peme@ b0 =""5 J6T0) = Fro(t10)

Hence T is sufficient if this ratio does not depend on 6.
To see how T captures the “information” about © we can write down the likeli-
hood function as

Ixie(x | 0) = fxire(z | T(z),0) frie(T(z) | 0)

If T is sufficient, then the first factor on the RHS does not depend on 6 and
the likelihood when observing X = x is proportional (as a function of 6) to the
likelihood when observing T' = T'(x). That is, information about © comes only
through the function T'. If we, for example, want to maximize the likelihood we
could maximize fr|o(t | 0) instead of maximizing fx|e(x | #). In this sense, there
is no need to know z itself, it is sufficient to know ¢ = T'(x) to do inference.
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General case: Formally, sufficient statistics are introduced as follows. First let
prie(- | 0) be the conditional distribution of 7" given © = 6. It is a probability
measure on C given by ure(C | 0) = uxe(T1C | 0).

Definition 8. Suppose there exist versions of uxje,r(- | #,¢) and a function r :
B x T — [0,1] such that

(i) r(-,t) is a probability on B for each ¢t € T,

(ii) r(B,-) is measurable T for each B € B,

and for each 8 € Q and B € B

pxjer(B|0,t) =r(B,t), for pupe(-|0)—ae. t.
Then T is called a sufficient statistic for © (in the classical sense).

Note that the function r satisfies the conditions of a conditional distribution
and does not depend on . Hence, T is sufficient if pux e 7 (- | 0,1) is a conditional
distribution that does not depend on 6.

The simplest example (but not particularly useful) of a sufficient statistic is the
data itself. That is 7 = & and T'(x) = 2. Of course, ux|o,x(B | §,2) = Ip(z) does
not depend on 6 so the statistic is sufficient. Using this statistic does not help you
to summarize information about the parameter as it is as complicated as the data
itself. Let’s look at some simple cases where there exist simple sufficient statistics.

Example 13 (c.f. Example 6.2.3 in Casella & Berger). Let {X,} be IID Ber(6)
given © = 0 and X = (Xy,...,X,). Put T(z) = 21 + -+ + x,. Let us show T
is sufficient. Note that T(X) is Bin(n, ) given © = 6. For each x = (x1,...,zp)
x; € {0,1} such that ¢t = T'(x)

 fxmelzt) et —o)nt ()7
fxjer(z|0,t) = frie(t]0) o (’Z)et(l gyt = (t) .

Since this does not depend on 6, T is a sufficient statistic.

Example 14. Let {X,,} be IID Exp(f) given © = 0 and X = (X1,...,X,,). Put
T(z) =x1+ -+ x,. Let us show T is sufficient. Note that T'(X) is I'(n, 0) given
© = 6. For each x; > 0 we have with ¢t = T'(x)

fxie(|0)  TILi0e % (n—1)!

Frie(t10) ~ ftn—le=or — gn T

which does not depend on 6.

7.2. Sufficient statistics (Bayesian). In Bayesian statistics there is a slightly
different notion of sufficiency, but it often coincides with the classical notion.

Definition 9. A statistic T is called a sufficient statistic for the parameter ©
(in the Bayesian sense) if, for every prior pg, there exist versions of the posterior
distributions pe x and pgr such that, for every A € 7, pe|x (B | ) = per(B |
T(x)), px-a.s., where px is the marginal distribution of X.

Hence, no matter what prior one uses, one only has to consider the sufficient
statistic for making inference, becuase the posterior distribution given T' = T'(x) is
the same as the posterior given the data X = z.
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Let’s see how this looks like with densities. If both g x (- | ) and per(- | t)
have densities w.r.t. the prior pueg then

Hox(A | 7) = /A forx (0| 2)po(db),

popr(A | t) = /A forr (0 | Do (dd),

holds for any A € 7 and hence T is sufficient if and only if fg|x (0 | ) = feoir(f |

T(z)) px-a.s.
One way to check that T is sufficient in the Bayesian sense is to check that
po)x (A | -) is a function of T'(z). We have the following result.

Lemma 2. Let T be a statistic and By the sub-o-field of B generated by T. T is
sufficient in the Bayesian sense if and only if, for every prior ue, there exists a
version of pe|x such that for each A € 7, pgx (A | -) is measurable By (In other
words, it is a function of T(x)).

Proof. ’only if’ part: If T sufficient in the Bayesian sense then for every prior and
each A € 7, pgx (A | ) = peir(A | T(x)) holds pux-a.e. Since peir(A | T(:)) is
measurable Br it follows that so is ugx (4| -).

if” part: Suppose that for every prior and each A € 7, ug|x (A | -) is measurable
Br. We want to show T sufficient in Bayesian sense. That is, that ugx(A | z) =
por(A| T(z)) px-a.s. We use the fact (e.g. Schervish, Proposition A.49 (4) p. 588)
that for two functions functions f and g that are measurable w.r.t. a o-field F and
a measure [

/ fdp = / gdu for each B € F implies f(z) = g(x), u — a.e.
B B

Hence, in our case it is sufficient to show that for each B € By

/ Hoyx (A | 2)pux (dx) = / noyr(A | T(x))ux (dz).
B B

The LHS is Pr(© € A, X € B). Since B € By there is a set C € C such that
B =T7!C. The RHS becomes

/ peo|r(A | T(x))pux (dr) = {change of variables}
B

= [ morra | tyurar
=Pr(®@ € A, T(X)eO)
=Pr(©€ A, X € B).

Hence, we have the desired equality and the proof is complete. O

Example 15. Let {X,} be conditionally IID Exp(f) given © = # and X =
(X1,...,Xpn). Put T(x) =21+ -+x,. Let us show T is sufficient in the Bayesian
sense. Let ug be the prior (which is arbitrary). Then the posterior distribution
has density (Bayes theorem)

T, fe—f=: fe-05I, o

i=1

T T, dePipe(dd)  [gne? Sim g (di)

foix (0| x)
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Since T'(X) is I'(n, 0) given © = 0 it follows that
or tn—le—et

one—Gt
0t)=——7>) = '
forr(0]1t) f%t"—le_‘/’tue(dw) J e vtug(di)

Hence fo|x (0 | ) = fo;r(0 | T(x)) so T is sufficient in the Bayesian sense.

It is satisfying to know that in most situations one may encounter the classical
and Bayesian notion of sufficiency are the same.

Theorem 8. Let (T,C) be a measurable space and T a statistic. Suppose there
exists a o-finite measure v such that pxe(- | 0) < v for all § € Q. Then T is
sufficient in the classical sense if and only if it is sufficient in the Bayesian sense.

Density proof. Suppose all relevant densities exists.

Let pe be an arbitrary prior. If T' sufficient in the classical sense, then fxe, (7 |
0,t) = fxr(z | t). Hence the posterior density is (with ¢t = T'(z))
B fxje(x | 0)
~ Jo Fxie(@ | 0)pe(do)

B fxjer(@]0,t) frie(t]0)

~ Jo Fxier(x | 6,) frie(t | 0)pe(dd)
B fxir(@|t)frie(t|0)

o fxir(@ | ) frie(t | 0)ue(ds)

B frie(t|0)

"~ Jo frie(t | 0)pe(do)

_ dupejr

= (@10,

dpe|x
due

(@)

For the converse suppose that T is sufficient in the Bayesian sense so that ds%(ﬁ |
z) = M(Q | T(z)). Then, with t = T'(z) we have

)= due
Ixire(z|t,0)= Jm
e (9| 4) f,, Fxje( | O)ue(d)
R0 1) Jo Frie(t] 0)ue(dd)
_ fx(@)
fr(t)

which does not depend on 6. Hence, T is sufficient in the classical sense. O

7.3. How to find a sufficient statistic? Suppose someone hands you a para-
metric family Py = {fxje(- | 0),0 € Q} of densities w.r.t. a measure v. How do
you come up with a sufficient statistic 77 Further, if you have come up with a
suggestion of a statistic T', how do you check if it is a sufficient statistic? The next
theorem gives the answer.

Theorem 9 (Factorization Theorem, c.f. Theorem 6.2.6 in Casella & Berger).
Suppose Py = {Py : 0 € Q} is a parametric family and there exists a o-finite v such
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that Py < v for all 0 € Q with dPy/dv(z) = fxje(z | 0). Then T(X) is sufficient
for © (in either sense) if and only if there exist functions h and g such that

fxie = h(x)g(0,T(z)).
Density proof. Supposing all the relevant densities exist.
It is sufficient to check the equivalence in the Bayesian sense. If fxjo(z | 0) =
h(xz)g(0,T(z)), the by Bayes’ theorem
dpe|x
dpe

0 z) = fxje(z | 0)
Jo fxje(@ | 0)ue(do)
_ h(@)g(0,T()
Jo M@)g9(0, T (2)) e (dO)
_ 9(0,T(z))
o 90, T(2))pe(df)’
which is a function of T'(x). Hence it is sufficient in the Bayesian sense (and also
in the classical sense). Conversely, suppose T'(X) is sufficient in the Bayesian sense
so that f@|X(9 | z) = f@‘T(G | T(x)). Then
Ixje(z | 0) = fox(0| z)fx(2) = fx(z) for(0|T(x))
———

h(z) 9(0,T(x))

O
Example 16 (Exponential families). If we put T(X) = (t1(X),...,tx(X)) then
by the factorization theorem it follows that T'(X) is sufficient. Indeed,

k
fxie(z]0) = @0(9) eXp{Z Oiti(x)} -

h(x)

9(0,T(x))

Hence, a sufficient statistic always exists. We can compute the density of the
sufficient statistics.

8. A FIRST GLANCE AT DECISION THEORY

Many statistical problems can be phrased in the language of decision theory.
Suppose as usual that we have data X whose distribution depend on a parameter
©O. Based on observing X = x we want to take some action. Let X be a set of possi-
ble actions. On N we take a o-field . The result of our action depend of course on
the chosen action, but also on the parameter ©. We say that every action induces
a loss. A loss function is a function L : @ x X — R. We interpret L(6,a) as the
incurred loss if we took action a and © = 6.

One could let the loss depend on some other unobserved quantity V but we will not need
this higher generality right now.

Definition 10. A deterministic decision rule is a measurable function ¢ from X’ to
N. We interpret §(z) as the action to take if we observe X = x.

A randomized decision rule is a mapping from X to a probability measure on
(N, ) such that z — §(A;x) is measurable for each A € .
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We think of executing a randomized decision rule as follows. Given X = = we
“throw a coin” according to d(-;xz). This gives us an action a € N which is the
decision we take. A deterministic decision rule can be thought of as a special case
of a randomized decision rule where all the probability mass is placed at a single
action. In this case the action §(z) is identified with the probability measure on N
given by 0(A;x) = I4(6(x)).

If § is a deterministic rule, then we associate the loss L(6,d(z)). If 6 is a ran-
domized decision rule we associate the loss L(6,6(-;z)) = [y L(f,a)d(da; x). That
is, the average loss when we draw the action from §(+; x).

In the Bayesian case, one introduces the posterior risk function

(8| ) = /Q L0, 5(x)) oy x (6| z).

That is, the average loss for decision rule § given the observation X = z. One
would like to find a decision rule that minimizes the posterior risk simulatenously
for all x € X.

Definition 11. If §; is a decision rule such that for all z, r(dy | ) < oo and for all
x and all decision rules § 7(do | ) < r(0 | x), then &y is called a formal Bayes rule.

If §p is a decision rule and there exists a subset B C X such that for all x € B,
r(dp | ) < oo and for all x € B and all decision rules d, 7(do | ) < r(d | =), then
0o is called a partial Bayes rule.

In classical decision theory we condition on ® = 6 and introduce the risk function
R(0.0) = [ L0.5)xeldr] ).
X

That is, the conditional mean of the loss, given © = . Here we would like to find
a rule § that minimizes the risk function simultaneously for all values of 6.

8.1. A coin tossing example. Consider the following situation. You have an
amount of m dollars to bet on the outcome of a Bernoulli random variable X,,1;.
You observe X = (X,...,X,,). Suppose X3, ..., X,+1 are conditionally iid Ber(#)
random variables given © = . Based on the observations in X you have to make a
decision whether to bet on X, 11 =0 or X,,41 = 1. If you win, you win the amount
m and otherwise you lose m.

Formulate this as a Bayesian decision problem. Write down the sample space
X, the parameter space (2, and the action space N. Choose an appropriate prior
distribution and an appropriate loss function of your choice. Then find the best
decision rule, i.e. the decision rule § that minimizes the posterior risk simulatenously
for all z.

8.2. Sufficient statistics in decision theory. If T is a sufficient statistic we
would expect that we can base our decisions on T and do not need all the informa-
tion in X since 1" contains all information about the unknown parameter ©. In the
Bayesian setting we have the following theorem that supports this.

Theorem 10. If there is a formal Bayes rule and T is a sufficient statistics (in
the Bayesian sense) then there is a formal Bayes rule which is a function of T.
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Proof. Let 6 be a formal Bayes rule and take x € X. Since T is sufficient we have
610 = [ L0.0)nerx(d9] 2) = [ L6.0)nerr(a | T(a)

We claim that for each y such that T'(z) = T'(y) it follows that (0 | z) = 7(J | y).
If not, suppose without loss of generality that r(6 | ) < r(d | y) for some y € X
with T'(y) = T'(z). Let §’ be a decision rule such that §'(z) = §(z) for all z such
that T'(z) = T(z). Then it follows that

w6 19) = [ L60.8)erx(d® )
- /QL((J,é/)uew(dG | T(y))

:/QL(G,é),u@‘T(dH\T(x))
r(8 | z) <8 |y),

which contradicts that ¢ is a formal Bayes rule. We conclude that the claim is true.
The decision rule ¢’ just defined is a function of T'(z) and satisfies r(§' | T'(x)) =
r(0 | z) for each x. Hence, it is a formal Bayes rule that is a function of T'. O

Note that (in the proof above) the formal Bayes rule ¢ that we started with do
not have to be a function of T'. For instance, it may be the case that T'(z) = T'(y),
d(x) # 6(y), and L(0,6(x)) = L(,6(y)) for each 6. Then (6 | z) = r(6 | y)
although, é(x) # d(y).

In the classical setting we have the following.

Theorem 11. If dg is a (randomized) decision rule and T is sufficient statistic (in
classical sense), then there exists a decision rule 61 which is a function of T and

R(0,50) = R(0,01) for all 6.
In the theorem, if dg is deterministic we interpret it as the randomized rule ¢

by 6(A;x) = I4(do(z)). That is, the probability measure on (X, «) that puts all its
mass on do(x).

Proof. Let A € o and take
01(A;z) = Eg[oo(A; X) | T =1t].

Since T is sufficient the expectation does not depend on 6. We claim that for any
do-integrable function h : X — R

E[/Nh(a)do(da;X) 7= :/Nh(a)él(da;t).
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To see this, start with h as indicator, then simple function, and finally measurable
function. Then we see that

R(6,0,) = /X /N L0, a)81 (da; T(x))px o (da | 60)
= | B[ [ 260.050(00:3) | T = T(@) | ol | 0)
— B, [E[AL(G,a)dO(da;X) |TH
:Eg[ /N L(e,a)ao(da;X)]
:/ /L(Qva)(;o(dasx)ﬂme(dﬂ? | 0)
X JR
— R(0,60).

O

One should note that even if dy is a deterministic rule, the resulting rule 6, (A;t) =
Ey[00(A; X) | T = t] may be randomized.
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LECTURE 5

9. MINIMAL SUFFICIENT AND COMPLETE STATISTICS

We introduced the notion of sufficient statistics in order to have a function of
the data that contains all information about the parameter. However, a sufficient
statistic does not have to be any simpler than the data itself. As we have seen, the
identity function is a sufficient statistic so this choice does not simplify or summarize
anything. A statistic is said to be minimal sufficient if it is as simple as possible in
a certain sense. Here is a definition.

Definition 12. A sufficient statistic 7 : X — 7 is minimal sufficient if for any
sufficient statistic U : X — U there is a measurable function g : Y — 7T such that
T =g(U) pxje(-|0)-as. for all 6 € Q.

How do we check if a statistic T' is minimal sufficient? It can be inconvenient to
check the condition in the definition for all sufficient statistics U.

Theorem 12. If there exist version of fxje(x | 0) for each 6 and a measurable
function T : X — T such that T(x) =T(y) < y € D(x), where

D(x)={yc X: fxjoy|0) = fxjo(x | 0)h(z,y),V0 and some function h(x,y) > 0},
then T is a minimal sufficient statistic.

Example 17. Let {X,,} be IID Exp(f) given © = 6 and X = (Xq,...,X,). Put
T(x) =21+ -+ 2,. Let us show T is minimal sufficient. The ratio

Fxiolw|6) _ gret i w

fxie(y10) e fXizavi
does not depend on 6 if and only if Y1 x; = > i y;. In this case h(z,y) = 1,
D(z)={y: > x; = i v}, and T is minimal sufficient.
Proof. Note first that the sets D(z) form a partition of X. Indeed, by putting
h(y,z) = 1/h(z,y) we see that y € D(x) implies x € D(y). Similarly, taking
h(z,z) = 1, we see that € D(x) and hence, the different D(z) form a partition.
The condition says that the sets D(x) coincide with sets T-1{T(x)} and hence
D(x) € Br for each z. By Bayes theorem we have, for y € D(x),
dpe|x 0 2) = Ixje(x|0) h(z,y)fxiey|0) _ dpe|x

dpie o fxie(@ | O)pe(df) - [y h(@,y) fxje(y | Ope(dd) —  due @ 1]y).

That is, the posterior density is constant on D(z). Hence, it is a function of T'(x)
and by Lemma 1 T is sufficient.

Let us check that 7" is also minimal. Take U : X — U to be a sufficient statistic.
If we show that U(x) = U(y) implies y € D(x), then it follows that U(z) = U(y)
implies T'(x) = T'(y) and hence that T is a function of U(x). Then T is minimal.
By the factorization theorem (Theorem 2, Lecture 6)

fxje(x | 0) = h(z)g(0,U(x)).

We can assume that h(x) > 0 because Py({x : h(z) = 0}) = 0. Hence, U(x) = Ul(y)
implies

Fxioly]0) = ,’Zggw, U(x)).

That is, y € D(z) with h(x,y) = h(y)/h(zx). O
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The next concept is that of a complete statistic.

Definition 13. Let 7' : X — T be a statistic and {urje(- | #),0 € Q} the family
of conditional distributions of T'(X) given © = . The family {upe(- | 0),0 € Q}
is said to be complete if for each measurable function g, Ey[g(T)] = 0,V0 implies
Pylg(T) = 0) = 1,%6.

The family {urje(- | 0),0 € Q} is said to be boundedly complete if each bounded
measurable function g, Eg[g(T)] = 0, V6 implies Py(g(T) = 0) = 1, V0.

A statistic 7" is said to be complete if the family {urje(- | 0),0 € Q} is complete.

A statistic T' is said to be boundedly complete if the family {ure(-|0),0 € Q}
is boundedly complete.

One should note that completeness is a statement about the entire family {u7je(- |
0),0 € 2} and not only about the individual conditional distributions uz|e(- | 6).

Example 18. Suppose that T" has Bin(n, §) distribution with 8 € (0,1) and g is a
function such that Ey[g(T)] = 0 V6. Then

0= Eylg Zg ()9’%-9) Zg ()(190)k.

If we put r = 6/(1 — 0) we see that this equals
n - n\ &
a-0r Yo (1)r
k=0

which is a polynomial in r of degree n. Since this is constant equal to 0 for all » > 0
it must be that g(k)(}) =0 foreach k =0,...,n,i.e. g(k) = 0foreachk =0,...,n
Since, for each 6, T is supported on {0, ... ,n} it follows that Py(g(T) =0) =1 V6
so T is complete.

An important result for exponential families is the following.

Theorem 13. If the natural parameter space Q of an exponential family contains
an open set in R*, then T(X) is a complete sufficient statistic.

Proof. We will give a proof for k = 1. For larger k one can use induction. We know
that the natural statistic 7' has a density c(f)e®® with respect to 4. (see Section
4.2, Lecture 4). Let g be a measurable function such that Ey[g(T)] = 0 for all 6.
That is,

/ g(t)e(0)e” vr(dt) =0 V0.
-

If we write g7 and g~ for the positive and negative part of g, respectively, then
this says

/ o+ (De(0)e v (dt) = / o= (D)e(O)e  vr(dr) V0. 9.1)
T T

Take a fixed value 6y in the interior of €2. This is possible since ) contains an open
set. Put

Zo2/7_g+(t)0(90)69°tZ/T(dt):/Tg_(t)c(Qo)egotuT(dt)
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and define the probability measures P and @ by

P(C) = 77 /C * (H)e(o)e™ v (dt)

Q(C) = Zgl /Cg_(t)c(eo)eeotuT(dt).

Then, the equality (9.1) can be written

/ exp{t(0 — o)} P(dt) = / exp{t(0 — 60}Q(dt), 0.
T T

With u = 6 — 6y we see that this implies that the moment generating function of
P, Mp(u), equals the mgf of @, Mg(u) in a neighborhood of w = 0. Hence, by
uniqueness of the moment generating function P = Q. It follows that g™ (¢) = g~ (¢)
vp-a.e. and hence that pre{t : g(t) = 0|60} =1 for all 6. Hence, T is complete
sufficient statistic. 0

Completeness of a statistic is also related to minimal sufficiency.

Theorem 14 (Bahadur’s theorem). If T is a finite-dimensional boundedly complete
sufficient statistic, then it is minimal sufficient.

Proof. Let U be an arbitrary sufficient statistic. We will show that 7" is a function
of U by constructing the appropriate function. Put T = (T1(X),...,Tk(X)) and
Si(T) = [1+ e Ti]7! so that S; is bounded and bijective. Let

Xi(u) = EglSi(T) | U = ul,

Yi(t) = Byl Xu(U) | T = 1]

We want to show that S;(T) = X;(U) Py-a.s. for all §. Then, since S; is bijective
we have T; = S; ' (X;(U)) and the claim follows. We show S;(T) = X;(U) Pp-a.s.
in two steps.

First step: S;(T) = Y;(T) Py-a.s. for all §. To see this note that

EolYi(T)] = EolEalX(U) | T = EolX:(U)] = BolEa[Si(T) | U]] = EolS:(T)].
Hence, for all 0, Ey[Y;(T)—S;(T)] = 0 and since .S; is bounded, so is ¥; and bounded
completeness implies Py(S;(T) = Y;(T)) =1 for all 6.

Second step: X;(U) = Y;(T) Py-a.s. for all §. By step one we have Fy[Y;(T) |
U] = X;(U) Py-a.s. So if we show that the conditional variance of Y;(T') given U
is zero we are done. That is, we need to show Vary(Y;(T) | U) = 0 Py-a.s. By the
usual rule for conditional variance (Theorem B.78 p. 634)

Varg(Y;(T)) = Eg[Varg(Y:(T) | U)] + Varg(X;(U))
=Fy [Varg(K(T) | U)] + Ey [Varg(X7(U) | T)] + Varg(&(T))
By step one Varg(Y;(T")) = Varg(S;(T")) and Ey[Vare(X;(U) | T)] = 0 since X;(U)
is known if T is known. Combining this we see that Vary(Y;(T) | U) = 0 Py-a.s. as
we wanted. O

10. ANCILLARY STATISTICS

As we have seen a sufficient statistic contains all the information about the
parameter. The opposite is when a statistic does not contain any information
about the parameter.
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Definition 14. A statistic U : X — U is called ancillary if the conditional distri-
bution of U given © = @ is the same for all 6.

Example 19. Let X; and X, be conditionally independent N (6, 1) distributed
given © = 0. Then U = X5 — X is ancillary. Indeed, U has N(0,2) distribution,
which does not depend on 6.

Sometimes a statistic contains a coordinate that is ancillary.

Definition 15. If T' = (T1,T%) is a sufficient statistic and T5 is ancillary, then T}
is called conditionally sufficient given T5.

Example 20. Let X = (X1,...,X,) be conditionally IID U(6—1/2,0+1/2) given
© = 6. Then

fxje(z|0) = Hf[9—1/2,9+1/2] (73) = I[o—1/2,00) (MiN ;) [(_ o0 g41/2) (Max ;).
=1

T = (T1,T3) = (max X;, max X; — min X;) is minimal sufficient and 75 is ancillary.
Note that fxg(y | 0) = fxje(z | 0) & maxz; = maxy; and minz; = miny;
< T(z) = T(y). Hence, by Theorem 12 Lecture 7, T is minimal sufficient. The
conditional density of (Ty,T3) given © = 6 can be computed as (do this as an
exercise)

frme(ti,t2 | 0) =n(n — 1)t§721[0,1] (t2)L19—1/2+4t5,041/2)(t1)

In particular, the marginal density of T is
frije(tz | ) =n(n — 1)ty 7*(1 — t2)

and this does not depend on 6. Hence T5 is ancillary.
Note that the conditional distribution of T} given To =t and © = 0 is

1
Ifrme(ti | t2,0) = (1_7752)[[9—1/21%2,9“/2] (t1).

That is, it is U(0 — 1/2 + t2,60 + 1/2). Hence, this distribution becomes more
concentrated as to becomes large. Although T does not tell us something about
the parameter, it tells us something about the conditional distribution of 77 given

.

The usual “rule” in classical statistics is to (whenever it is possible) perform
inference conditional on an ancillary statistic.
In our example we can exemplify it.

Example 21 (continued). Consider the above example with n = 2 and consider
finding a 50% confidence interval for ©. The naive way to do it is to consider the
interval I; = [min X;, max X;] = [T1 — T, T1]. This interval satisfies Py(© € I;) =
1/2 since there is probability 1/4 that both observations are above 6 and probability
1/4 that both are below 6.
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If one performs the inference conditional on the ancillary 75 we get a very dif-
ferent result. We can compute

P(Th —To<O<T | To) =P(O<T1 <O+T | Th =t3)

1 9+t2
14 /e Lig—1/245,6+1/2)(t1)dt1
to
=—1] ta).
T 0,1/2)(t2)
Hence, the level of confidence depends on t5. In particular, we can construct an
interval Iy = [Ty — 1/4(1 4+ T5), Ty + 1/4 — 3T /4] which has the property

Pg(@EIQ |T2:f2):1/2.

Indeed,
Pp(O® €Iy | Ty=ty) = Py(0 —1/4+3T5/4 <Ty <O+ 1/4(1 +Tp) | Ty = t3)
0+ (14t2)/4
=/ Tig_1/2+44,,041/2)(t1)dty = 1/2.
0—1/4+3t5 /4
Since this probability does not depend on ¢, it follows that
PyO € ) =1/2.

Let us compare the properties of I; and I5. Suppose we observe Ty small. This
does not give us much information about © and this is reflected in Iy being wide.
On the contrary, Iy is very small which is counterintuitive. Similarly, if we observe
Ty large, then we know more about © and Is is short. However, this time I; is
wide!

Suppose T is sufficient and U is ancillary and they are conditionally independent
given © = 6. Then there is no benefit of conditioning on U. Indeed, in this case

frive(t|u,0) = frie(t|0)

so conditioning on U does not change anything. This situation appear when there
is a boundedly complete sufficient statistic.

Theorem 15 (Basu’s theorem). If T is boundedly complete sufficient statistic and
U is ancillary, then T and U are conditionally independent given © = 6. Further-
more, for every prior ue they are independent (unconditionally).

Proof. For the first claim (to show conditional independence) we want to show that
for each measurable set A C U

ruje(A) = puire(Alt.0)  pre(-|0) —ae. t, V. (10.1)

Since U is ancillary pyje(A | 0) = py(A), V6. We also have

puie(A|0) = /TNU|T,@(A | t,0)urje(dt|0) = /TNU|T(A | )prie(dt | 0),

where the second equality follows since T is sufficient. Indeed, px|ro(B | t,0) =
px|r(B | t) and since U = U(X)

pore(A|t0) = pxreU A |t,0) = pxir(U A1) = pyr(A | 0).
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Combining these two we get
[ () = e (4| Dot 0) =

By considering the integrand as a function g(¢) we see that the above equation is
the same as Fy[g(T")] = 0 for each 6 and since T" is boundedly complete ppe({t :
g(t) =0} ]0) =1 for all . That is (10.1) holds.

For the second claim we have by conditional independence that

pa(dx B) = [ [ et | Onoldt | D)

_ /Q pu (A)prio(B | 0) e (db)

= pu(A)pr(B)
so T and U are independent. O

Sometimes a combination of the recent results are useful for computing expected
values in an unusual way:

Example 22. Let X = (X3,...,X,) be conditionally IID Exp(f) given © = 6.
Consider computing the expected value of

Xn
X)=—-"-—"—"-—+.
=TT,
To do this, note that g(X) is an ancillary statistic. Indeed, if Z = (Z1,...,Z,) are
IID Exp(1) then X = 6717 and we see that

1 X Xp1
Py(g(X) < :p<7 I 1)
9 (9(X) <) 9x<Xn+ +Xn+
1 Z Zn1
= Py — —_— 1)
9(z<Zn+ L e

Since the distribution of Z does not depend on 6 we see that g(X) is ancillary.
The natural statistic T(X) = X7 + --- + X,, is complete (by the Theorem just
proved) and minimal sufficient. By Basu’s theorem (Theorem 15) T'(X) and g(X)
are independent. Hence,

0 = Eg[Xn] = Ep[T(X)g(X)] = Ep[T(X)]Eplg(X)] = nfEp[g(X)]
and we see that Ep[g(X)] =n"1.



