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Probability

. The probability that a letter lies somewhere in a desk with seven drawers is p.
It is equally likely to be in any one of the drawers. If six of them have been
inspected without the letter having been found, find the probability that the
letter lies in the seventh drawer.

Find the mean and variance of X ~ x2(f).

Let X,, X,, X5, X,, Y;, Y,, Y3, Y, be independent rv’s such that X; ~
N@,1),i=1,2,3,4and Y; ~ N(3,4),i = 1, 2, 3, 4. Determine

P(X, +2X, + 3X, + 4X, < Y, + 2Y, + 3Y, + 4Y,).
(a) Throw two fair dice once and let X be the sum of the points. Find the
distribution of X.

(b) Mark two fair dice with 1,2, 2, 3,3,4 and 1, 3, 4, 5, 6, 8, respectively. Throw
them once and let Y be the sum of the points. Find the distribution of Y.

“A chain is no stronger than its weakest link.” The load X when a link breaks
is assumed to be Exp(50) (unit: newton). How many links can a chain at most
consist of, if the probability that the chain breaks when the load is 10 newton
must be at most 0.5?

The two-dimensional rv (X, Y) has density function
c'x?y 0<y<x<l,
Jxax, ) = {0 otherwise.

(a) Determine c.
(b) Determine the marginal densities.
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. A factory produces 25 chairs of a certain type during a working-day. The
probability is 0.95 that a chair is nondefective. Each chair is inspected before it
is delivered, and defective chairs are later sold at a lower price. Find, approxi-
mately, the probability that more than 25 working-days are required to produce
600 nondefective chairs.

. Select two cards at random without replacement from an ordinary deck of cards.
Find the probability that at least one of the cards is a heart.

. The two-dimensional rv (X, Y) has density function
Sx,v(x, y) = c(y — x), O0<x<y<l],
where > —1, ¢ = (¢ + 1)(¢ + 2). Find the means of X and Y.

. A box contains two defective and three nondefective transistors. To find the
latter, the transistors are tested, one at a time, until either the two defective ones
or the three nondefective ones have been found. Find the probability function
of the required number, X, of tests.

A test used to diagnose a certain disease has the following properties. It is
positive with probability 0.99 if a person has the disease, and with probability
0.05 if a person does not have the disease. In the whole population, 19, has the
disease. Determine the conditional probability that a person with a positive test
has the disease.

Let U, and U, be two urns containing in all two red balls and one white ball.
Initially the balls are in U;. First, one ball is drawn at random from U, and
placed in U,. Second, another drawing of one of the three balls is made at
random; this ball is taken from the urn it is in and placed in the other urn. This
procedure is repeated and stops as soon as a red ball is placed in U,. Determine
the probability that the white ball also then lies in U,.

A fair die is thrown until the same side turns up twice in succession. Determine
the probability that this happens in throws k — 1 and .

In a food factory marmalade is filled into cardboard containers each of which
weighs exactly 30 grams. The container is placed on a scale and filied with
marmalade until the scale shows the weight m. The container then contains a
total of Z grams of marmalade. The scale is subject to a random error X ~
N(0, 7.5%).

(a) Find the relation between Z, X and m.

(b) Find the distribution of Z.

(c) Choose m so that 95%; of all containers hold at least 450 grams of marmalade.

(Continuation of Exercise P14.) Assume that the weight of an empty container
is no longer constant, but a rv Y ~ N(30, 32). Assume also that X and Y are
independent.

(a) Find the distribution of Z.

(b) How should m now be chosen?

The rv X is Po(m). Determine, approximately, the mean and standard deviation
of Y=/X.
Hint: Use Gauss’s approximation formulae.
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The two-dimensional rv (X, Y) has density function
Soxtuy)=%  for |x|+yl<1

(a) Are X and Y uncorrelated?
(b) Are X and Y independent?

The rv X has a Rayleigh distribution with density function fy(x) = 2fxe™#**,
x > 0. Find E(X) and V(X).

A fair coin is tossed three times. Let X be the number of heads at the first two
throws and Y the total number of heads. Find the joint probability function of
X and Y and the marginal probability functions.

At a hamburger shop, three kinds of hamburgers are sold. The price (in English
pounds (£)) of a hamburger is assumed to be a rv X which takes on the values
1, 1.20, 1.50 with probability 0.3, 0.2, 0.5. One day 300 hamburgers were sold.
Find approximately the probability that the total sale that day amounted to at
least £400.

The weight, X, of a certain product is N(10, 3). The products are divided into
four classes as follows:

weight class
X<8 A
8<X<9 B
I<X <11 C
X>11 D

Compute the probability that, out of 10 randomly chosen items, 1, 3, 4 and 2
are in class 4, B, C and D, respectively.

The rv’s X and Y are independent and uniformly distributed over the interval
(0, 1). Determine the density function of the rv Z = (X + Y)/2.

A bar of unit length is divided at random into two parts. Find the mean length
of the smaller part.

The two-dimensional rv (X, Y) has density function
Sx.x(x, y) = 120xy(1 — x — y), x>0, y>0, x+y<1l
Find C(X, Y).

The rv’s X and Y are independent and Bin(n,, p) and Bin(n,, p). Set Z =
arc sin,/ X/n; — arc sin\/Y/n,. Find approximately the mean and variance
of Z.

Hint: Use Gauss’s approximation formulae.

A and B play the following game. A throws a fair die. If one or six turns up, he
wins. Otherwise B throws the die repeatedly until either one of two events
occurs: E = “B throws a one or a six” or F = “B throws the same outcome as
A”. B wins if E occurs and 4 wins if F occurs. Find the probability that A wins
the game.



310

P27

P28.

P29.

P30.

P31.

P32.

P33.

P34.

P3s.

P36.

Selected Exercises

. A and B have bought ten fruits. Neither knows that three of the fruits are
poisonous. A eats four fruits and B six. Find the probability that:
(a) A becomes poisoned;
(b) B becomes poisoned;
(c) both 4 and B become poisoned.

The rv’s X and Y are independent and uniformly distributed over the interval
(0, 1). Derive the probability that either one of the variables is at least twice as
large as the other.

The triangle RST is equilateral with side 1. A point Q is chosen at random in
the triangle. Derive the distribution function for the distance from Q to the side
ST.

A person buys three ropes of equal length. The strengths (unit: newton) of the

ropes are independent with the same density function 10™%xe™*190% (x > ().

(a) Find the probability that each rope breaks if the load is 1,500 newton.

(b) If the three ropes are tied into one long rope, what is the probability that
it sustains a load of 1,500 newton without breaking?

A person goes from one place to another, first by bus, then by taxi. The
respective waiting-times (unit: minutes) are X and Y. The rv X has a uniform
distribution in the interval (0, 10) and the rv Y has an exponential distribution
with density function (1/8)e™'®, y > 0. The rv’s X and Y are independent. Find
the probability that the total waiting-time exceeds 16 minutes.

A fair die is thrown n times. Find the probability that each side turns up at least
once if:

(@) n=6

b)yn="17

From an ordinary deck of cards 13 cards are drawn at random without replace-
ment. Consider the events “six hearts occur” and “six diamonds occur”. Deter-
mine the probability that at least one of these two events occurs.

A person has two coins A and B. The coin 4 is an ordinary fair coin, and B is

a false coin with heads on both sides. The person selects one coin at random.

(a) When the selected coin is tossed, it shows head. Find the probability that
it is coin A.

(b) The selected coin is tossed once more, and again shows head. Find the
probability that it is coin A.

The rv’s X;, X,, ..., X;00 are independent and uniformly distributed in the
interval (0,1). Let Y = X, X,"...- X,o. Determine approximately the prob-
ability P(Y < 1074).

A coin is such that P(head) = p, P(tail) = ¢ = 1 — p. The coin is tossed until head
has turned up r times. Let X be the number of trials performed.

(a) Find the probability function of X.

(b) Find the mean and variance of X.

Hint: In (b) you may if you like use the fact that X = U, + --- + U,, where U,
is the number of trials until the first head appears, and so on.
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The r-dimensional rv (X,, X,,..., X,) has a multinomial distribution. (The
usual symbols are used.) Show that

C(X;, Xj) = —np;p;.
Hint: Consider V(X; + X).

The rv’s X, and X, are independent and N(0, 1). Determine the density function
oftherv Y = (X7 + X2)'~.

Select n points at random on the circumference of a circle. Find the probability
that all points lie on some semicircle.

Hint: Let A,, A,, ..., A, be the points counted in, say, the positive direction.
To find the required probability, it suffices to consider each semicircle C;
beginningin 4;,i=1,2,...,n.

A person starts from A in the figure below and moves each time between the
corners by going to one of the three other corners, selected at random with the
same probability 1/3. Determine the mean number of moves until he has visited
B, C and D.

A B

D Cc

Statistics

A very large batch of units has a relative frequency p of defectives where p is
unknown but < 0.04. It is required to take a random sample of n units from the
batch and use this sample to construct an estimate of p with standard error of
at most 0.02. How large should n be?

Letx,, ..., x, be independent observations on a rv with density function
1/a)x¥1  0<x<1l;a>0),

where the parameter a is unknown. Find the ML estimate of a and show that
it is unbiased.

Let
113 21 1.1 89 46 5.7 135 245 164

be independent observations on a rv X such that In X ~ N(m, 62), where m and
o are unknown parameters. Construct a two-sided confidence interval with
confidence level 95% for:

(a) m;

(b) o.

. The data set x,, ..., X,, has arithmetic mean 2.0 and standard deviation 0.36.

The data are transformed to new values y,, ..., y,o by the transformation
¥ =10+ 04x;,i = 1,...,20. Compute the coefficient of variation of y,, ..., y,-

The lifetime of certain components has density function

x2e™*/4/2q3 (x > 0),
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where a is an unknown parameter. The lifetimes of a random sample of n
components are X, ..., X,. Find the ML estimate of a and prove that it is
unbiased.

A method of measurement was studied by measuring two distances 4 and B,
10 times and 15 times, respectively. Results:

10 10
A0 Y x,=1216 Y x?=168731,
1 1

15 15
B: ;yi = 1,731 ; y2 = 232,654,

All errors of measurement are independent and N(0, 62), where o is unknown.
Construct a two-sided confidence interval for o with confidence level 0.95.

An urn contains 7 balls, a of which are red, and the others blue. In order
to test Hy: a < 2 against H;:a > 2, two balls are drawn at random without
replacement. The null hypothesis H,, is rejected if both balls are red. Find the
power of the test for all possible values of a.

Let
1.21 020 039 0.68 200 107 096 055 0.80

245 0.67 034 022 077 124 039 029 0.59

be a random sample of 18 values from a distribution with density function
exp[ —(x — a)], x > a, where a is unknown. Test the hypothesis a = 0 against
the hypothesis a > 0 at the level of significance 5%, using the smallest value in
the sample as a test quantity.

Consider a regression model with n pairs (x;, y;) where y; is an observation on
Y; ~ N(Bx;, 1) and B is unknown. Find the ML estimate of f and its variance.

The rv Y has a geometric distribution such that P(Y = k) = p(1 — p), k=0, 1,
.... The parameter p is unknown. We have the following random sample of 50
values from this distribution:

0000000000000000010110101
0100211001001000100000000.

Find:
(a) the ML estimate of p;
(b) the LS estimate of p.

Let
1.8807 0.1251 2.0899 2.1059 1.8722 0.1346 22767 1.5771

—-0.7184 —0.2791 2.1957 22535 3.0155 0.9356 —04501 0.7535
2.0769 1.1986  0.3574 2.5372 2.6740 1.3706 1.0940 2.8718
0.2142 20177 —0.5822 0.7159 27182 0.9693

be a random sample of 30 observations from N(m, m), where m is unknown.
Find the ML estimate of m.
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Let
12 0 6 2 9 and 14 11 7 12 16

be random samples from Po(m,) and Po(m,), respectively. Test the hypothesis
m, = m, with an approximate two-sided test.

A person counts the number of trucks passing his bedroom window from

11 p.m. to 7 a.m. during three nights. The number passing during one night is

supposed to be Po(4), where 4 is unknown. He obtained the numbers 136, 154

and 127.

(a) Prove that the ML estimate and the LS estimate of 1 are identical.

(b) Construct a two-sided confidence interval for A with approximate con-
fidence level 99%.

In a factory the method of production has been changed. In order to find out
whether the quality of a certain product has been affected, a random sample of
100 units produced before the change was compared with a similar sample
produced after the change. It appeared that 36 units produced before the change
and 27 units produced after the change did not meet specifications. Test the
hypothesis H, that the quality has not been affected.

Let
324 337 329 318 3.51

320 335 338 329 342

be a random sample from N(In(M + 1), 6%) where M and ¢ are unknown.
Construct a two-sided confidence interval for M with confidence level 0.95.

Letx,, ..., x,5 be arandom sample from Exp(a), where a is unknown. It is found
that " x; = 27. Test Hy: a = 1 against H;: a > 1 with an exact test at the level of
significance 0.05.

Let
2 10 6 3 6 3

be a random sample from Po(41), where A is unknown. Construct a one-sided
confidence interval (0, a) for 4 with the approximate confidence level 99%,.

When analysing n samples according to two methods A and B, a chemist
obtained n pairs of values (x;, y;), i =1, ..., n. Model: x; is an observation on
X; ~ N(m;, o) and y; is an observation on Y; ~ N(m;,, 62). The parameter o, is
known, but the parameters m,, ..., m, and o, are unknown. Describe how a
two-sided 95%; confidence interval for o, is found.

The rv X assumes the values 1, 2 and 3 with probabilities 6, § and 1 — 20, where

0 is an unknown parameter. Let x,, ..., x, be a random sample from this

distribution.

(a) Derive the ML estimate of 6.

(b) Describe how the ML estimate can be used for testing hypotheses concern-
ing 6 both when n is small and when n is large.

A chemist wants to compare two pH meters, called type A and type B. He
believes that there exists a systematic difference d, such that type B delivers, on
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the average, smaller values than type A. Therefore the pH value was determined
for five different solutions, using both instruments. Results:

Solution 1 2 3 4 5

Type A 623 416 879 10.11 3.56
Type B 610 396 882 9.83 3.50

Test the chemist’s belief, using a suitable test of significance at the level of
significance 5%, Normal distributions may be assumed.

Let x,, ..., x, be independent observations on a rv which has a uniform
distribution over the interval (—a, a). The constant a is unknown. Show that
¢} x? is an unbiased estimate of the parameter a? if c is suitably chosen. Prove
that the estimate is consistent.

An object consists of two parts 4 and B which have been weighed three and
four times, respectively. Further, the whole object has been weighed twice, using
the same balance. Results:

A 1207 1201 12.04
B 1834 1836 1835 1832
A+B 3035 3039

Each result is subject to a random error with mean 0 and standard deviation o.
Find the LS estimate of the total weight of the object.

Let x4, ..., x, be a random sample from N(m, o2) where m is known and 0 = ¢
is unknown. The estimates

w=$m—mw,

%=$m—#m—u

are both unbiased. Which of them has the smallest variance?

A machine produces units with weights (in grams) distributed as N(50.0, 62),
where o is unknown. A unit is considered to be nondefective if its weight is
between 47.0 and 53.0. To control o, units are weighed, one at a time, until a
defective unit is obtained.

On one occasion, the first defective unit was found when the tenth unit was
weighed. Determine the ML estimate of 4.

A firm asserts that a certain measuring device is such that the absolute error
(that is, the absolute value of the difference between the measurement and the
correct value) exceeds 0.05 in at most one case in 10. A person assumes that the
error is N(0, a2) but does not believe o to be so small as to make the assertion
correct. He therefore performs 15 independent measurements and obtains the
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—0.027 0.012 0.039
—0.019 0.010 0.047

—0.062
0.039

—0.032
0.005

0.074
—0.048

—0.006 0.013
0.016
Test the assertion of the firm.

Let xy, ..., x;¢ be a random sample from N(m, 1). Reject the hypothesis H,:
m = 0if |X] > 0.5. Derive the power function h(m) of the test and draw its graph.

Consider the following data:

x 1 2 3 4 5 6
v 30 39 56 67 88 101

Model: y; is an observation from N(« + Bx;, 62) where a, § and ¢2 are unknown
parameters. Test the hypothesis Hy: a = 0 with a two-sided test of significance.

The numbers of dots (defects) in two types, A and B, of laminates of a certain
size are assumed to be Po(m,) and Po(m;), respectively. On 30 laminates of type
A and 45 of type B, the following numbers of dots were found:

A4 131000211020020
102002001100100
B 000002001110000
010010010100000
000100002101110

Estimate the difference m, — mg and find a standard error of the difference.

Let x,, ..., xg and y,, ..., y,, be random samples from Exp(6) and Exp(36),
respectively, where 0 is an unknown parameter. It is found that ) x; = 19.0,
Y y; = 63.6. Derive the ML estimate of 6 and find its variance.

The maximum height H of the waves during one year at a certain place is
assumed to be a rv having a Rayleigh distribution with density function

Ju(x) = (x/a)e™P2 (x> 0),

where a is an unknown parameter. During 8 years the following heights (in
meters) have been observed:

25 29 18 09 1.7 21 22 28

Use the ML estimate of a to find an estimate of the “1,000 year wave”, that is,
a wave so high that it occurs, on average, only once in a thousand years.

A physicist has performed five measurements of a physical constant m. The
measurements are assumed to be N(m, 62) with known variance o2. The phys-
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icist obtained the 90%; confidence interval (7.02, 7.14). How many additional
measurements are required if the physicist wants:

(a) a confidence interval with half the length;

(b) a confidence interval with the same length but 95% confidence level?

A person has an observation x on X ~ Bin(10, p), where p is unknown. He used
the normal approximation to construct the confidence interval

I, = (x/10 + 1.96./x(10 — x)/1,000).

The desired confidence level was 95%,. The true confidence level is a function
K(p) of p. Find K(0.50).

A market research institute wants to estimate the fraction p in a population of
1,200 families who would be willing to buy a certain product. The institute
therefore plans to ask n persons, drawn at random without replacement, if they
want or do not want to buy the product. It is known beforehand that at most
1/4 will be positive. Find n so that a confidence interval for p with approximate
confidence level 95% and total length 0.05 can be constructed.

Let x,, ..., xo be a random sample from N(m, 1). Construct a test of Hy: m = 2

against H,: m # 2 at the level of significance 5%,.

(a) Derive the power function of the test.

(b) Suppose that the power is not good enough. How many values are needed
in order to give the test a power of 0.99 for m = 1?

A dentist wants to compare two anaesthetics 4 and B by testing them on
each of 15 patients. He is interested to know whether an injection results in
anaesthesia (event H) or does not result in any anaesthesia (event H*). Results:

Patient no.
123 45 6 7 8 9 1011 12 13 1415 16
A HHHHHH HHHHHHHUHHH
B H H H* H H* H* H* H* H H H* H* H H H* H*

Test whether A and B differ with respect to the incidence of anaesthesia.
Determine the P value (two-sided test).

A pond contains N fish, where N is unknown. In order to estimate N, one catches
100 fish, marks them and returns them to the pond. A day later, 400 fish are
caught, 42 of which are marked. Construct an approximate two-sided 95%
confidence interval for N, under suitable assumptions.

When studying the velocity of a chemical reaction at constant temperature, a
chemist determined at different times t; the concentration y; of a substance
participating in the reaction. Results:

t, 0 184 319 400 526 575
v 233 208 191 182 167 162
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As a model the chemist chose y; = c-exp(ft;)-¢; where In ¢; is an observation
from N(0, 62) and the parameters ¢, § and ¢ are unknown. Determine a 95%,
confidence interval for m = ¢ exp(6008).

A product is manufactured in units. If the length of a unit exceeds 10 (mm), it
is defective. The lengths are assumed to be N(m, 0.12). In order to control a large
batch, the manufacturer selects n units and will accept the batch if and only if
the arithmetic mean of the lengths of these units is less than a.

Find a and n so that the following conditions are fulfilled:
(a) The probability is 90%; that a batch with 0.19 defective units is accepted.
(b) The probability is 5%, that a batch with 19/ defective units is accepted.

Consider the usual regression model with n pairs (x;, y;) where y; is an observa-
tion on ¥, ~ N(x + B(x; — X), 62). The parameters a, f and ¢ are unknown.
Show that the ML estimates of « and B coincide with the LS estimates.

A circle with known centre has the unknown radius R. In the circle n points are
chosen at random. The distances from the points to the centre are x,, ..., X,.
Find an unbiased estimate of R based on max(x;).
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area = ®(x)
Table 1. Normal distribution. ®(x) =
P(X < x) where X ~ N(0, 1). When
x is negative, use the fact that ®(—x) =
1 — @(x).
X
x 00 01 02 03 04 05 06 07 08 0

00 5000 5040 5080 5120 5160 5199 5239 5279 5319 5359
0.1 5398 5438 5478 5517 5557 5596 .5636 5675 5714 5753
0.2 5793 5832 5871 5910 .5948 5987 6026 6064 6103 6141
03 6179 6217 6255 6293 6331 6368 6406 6443 6480 6517
0.4 6554 6591 6628 6664 6700 6736 6772 6808 6844 6879

0.5 6915 6950 6985 o019 7054 7088 1123 157 71590 1224
0.6 7257 7201 7324 1357 .7389 1422 7454 1486 - 7517 7549
0.7 7580 7611 7642 7673 7704 7734 7764 1794 7823 .7852
0.8 7881 7910 7939 7967 7995 8023 8051 8078 8106 8133
09 8159 8186 8212 8238 8264 8289 8315 8340 8365 8389

10 8413 8438 8461 8485 8508 .B531 8554 8577 8599 8621
1.1 8643 8665 8686 8708 8729 8749 8770 8750 8810 8830
1.2 8849 8869 8888 8907 8925 8944 8662 8980 8997 SM5
13 9032 9049 9066 9082 9099 9115 9131 9147 9162 9177
14 9192 9207 9222 9236 9251 9265 9279 9292 8306 9319

15 .9332 9345 9357 9370 9382 9394 9406 9418 .9429 9441
1.6 .9452 9463 9474 9484 9495 9505 9515 9525 8535 9545
17 9554 9564 9573 9582 9591 9599 5608 9616 9625 9633
18 5641 9649 9656 9664 9671 9678 5686 9693 5699 9706
19 8713 9719 9726 9732 9738 9744 9750 9756 8761 9767

20 97725 97778 97831 97882 97932 97982 98030 98077 98124 98169
21 98214 98257 98300 98341 98382 98422 98461 98500  .98537 98574
22 98610 98645 98679 98713 98745 98778 98809 98840 98870 98899
23 08928 98956 98983 99010 99036 99061 95086 99111 59134 99158
24 99180 99202 99224 99245 99266 99286 99305 99324 99343 99361

25 89379 99396 99413 99430 99446 99461 99477 99492 99506 99520
26 99534 99547 99560 99573 99585 99598 99609 99621 99632 99643
7 99653 99664 99674 99683 99693 99702 99711 99720 99728 99736
28 99744 99752 99760 99767 99774 99781 99788 99795 99801 99807
9 99813 99819 99825 99831 99836 99841 99846 99851 99856 99861

30 99865
31 99903
32 99931
33 99952
34 99966
35 99977
36 .99984
37 99989
38 99993
39 99995

4.0 99997
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Table 2. Quantiles of normal
distribution. P(X > 1,}) =«
where X ~ N(0, 1).

a Ay o A,
0.10 1.2816 0.001 3.0902
0.05 1.6449 00005 3.2905
0.025 1.9600 0.0001 3.7190
0.010 23263 0.00005 3.8906
0.005 2.5758 0.00001 4.2649




326

Table 3. ¢ Distribution. P(X > t,(f)) = « where X ~ t(f).

area = @
t Qtﬂ

0.10 005 0.025 0m 0.005 0.001 0.0005

3
1 3.08 631 1271 31.82 63.66 31831 636,61
2 1.89 292 430 6.96 992 2233 3160
3 1.64 235 318 454 584 1021 1292
4 1.53 213 278 375 4.60 717 861
5 148 202 257 336 403 589 6.87
6 144 194 245 314 371 521 5.96
7 141 189 236 300 3.50 479 541
8 1.40 1.86 231 290 3.36 4.50 5.04
9 1.38 1.83 2.26 282 3.25 4.30 4.78
10 1.37 1.81 223 276 317 4.14 4.59
11 1.36 1.80 2.20 272 31 402 444
12 1.36 1.78 2.18 2.68 3.05 393 4.32
13 1.35 177 2.16 265 3.01 385 422
14 1.34 176 214 262 298 179 414
15 1.34 175 213 2,60 295 73 407
16 1.34 175 212 258 292 169 402
17 1.33 1.74 211 257 2.90 365 3.97
18 1.33 1.73 2.10 2.55 2.88 361 3.92
19 1.33 1.73 209 2.54 2.86 3.58 388
20 1.33 1.72 209 253 285 355 385
21 1.32 1.72 2.08 252 283 353 382
2 1.32 1.72 2.07 2.51 282 351 379
2 1.32 171 2.07 250 281 348 397
24 1.32 171 2.06 249 2.80 347 375
25 1.32 171 2.06 249 279 345 373
2 1.32 171 2.06 248 2.78 344 3
27 1.31 1.70 205 247 277 342 3.69
28 1.31 1.70 205 247 276 341 3.67
29 1.3 1.70 205 246 276 340 3.66
30 1.31 1.70 204 246 2795 339 3.65
40 1.30 1.68 202 242 270 33 3.55
60 130 1.67 2.00 239 266 323 346
120 1.29 1.66 1.98 236 262 316 337
«© 1.28 1.64 1.96 233 258 3.09 3.29

Tables
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Table 4. y? Distribution. P(X > y2(f)) = « where X ~ x*(f).
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area=uo
xé (f)
@ 09995 0999 0995 099 0975 095 005 0025 001 0005 0001 00005
f
1| 000 000 000 000 000 000 384 502 663 788 108 121
2| 000 000 001 002 005 010 599 738 921 106 138 152
3] 002 002 007 012 022 035 781 935 113 128 163 177
4| 006 009 021 030 048 071 949 111 133 149 185 200
s| o016 021 041 055 083 115 1L1 128 ISl 167 205 221
6|/ 030 038 068 087 124 164 126 144 168 185 225 241
7 0.48 060 099 124 169 217 141 16.0 185 20.3 24.3 26.0
8] 071 08 134 165 218 273 155 175 201 220 261 219
9 097 LIS 173 200 270 333 169 190 217 236 279 297
10 1.26 148 216 256 325 394 183 205 232 252 29.6 3L4
11 1.59 1.83 260 305 382 457 197 219 24.7 268 313 331
12 1.93 221 307 357 440 523 210 233 26,2 28.3 329 348
13| 231 262 357 41l 501 589 224 247 217 298 345 365
14| 270 304 407 466 563 657 237 261 290  3L3 361 381
15| 311 348 460 523 626 726 250 275 306 328 3T 397
16| 354 394 514 581 691 79 263 288 320 343 393 413
17| 398 442 570 641 756 867 276 302 334 357 408 429
18| 444 490 626 701 823 939 289 315 348 372 423 444
19| 491 541 684 763 891 1001 301 329 362 386 438 460
20| 540 592 743 826 959 109 314 342 376 400 453 475
21| 590 645 803 890 103 116 327 355 389 414 468 490
2| 640 698 864 954 110 123 339 368 403 428 483 505
23 6.92 753 92 102 117 131 352 38.1 41.6 442 49.7 520
24 745 808 989 109 124 138 364 394 430 45.6 51.2 535
25 789 865 105 115 131 146 377 406 443 469 526 549
26 8.54 922 112 122 138 154 389 419 45.6 48.3 54.1 56.4
27 9.09 980 118 129 146 162 40.1 432 470 49.6 555 579
28 966 104 125 136 153 169 413 44.5 48.3 510 569 593
29| 102 110 131 143 160 177 426 457 49.6 523 583 60.7
30| 108 116 138 150 168 IBS 438 470 509 537 597 622
40| 169 179 207 222 244 265 558 593 637 668 734 761
50| 235 247 280 297 324 348 67.5 714 76.2 79.5 86.7 89.6
60| 303 31,7 355 375 405 432 79.1 83.3 884 920 996 103
70| 375 390 433 454 488 517 90.5 950 100 104. 112, 116.
80| 448 465 512 535 572 604 102 107 112 116 125 128
90| 523 542 592 618 656 690 113 118 I24. 128, 137 14l
100 599 619 673 700 742 779 124 130. . 136  140. 149, 153
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Table 7. Poisson distribution. P(X < x) where X ~ Po(m).

Tables

m 01 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
x
0 90484 81873 .74082 67032 60653 .54881 49659 44933 40657
1 99532 98248 96306  .93845 90980  .87810  .84420  .80879 77248
2 99985 99885 99640 99207 98561 97688 96586 95258 93714
3 1.00000 99994 99973 99922 99825 99664 99425 99092 98654
4 1.00000  .99998 99994 99983 99961 99921 99859 99766
5 1.00000 1.00000  .99999 99996  .99991 99982 99966
6 1.00000 1.00000  .99999  .99998 99996
7 1.00000 1.00000  1.00000
m 10 1.2 14 16 1.8 20 22 24 26
x
0 .36788 30119 24660 20190  .16530  .13534 11080  .09072 07427
1 73576  .66263 .59183 .52493 46284 40601 35457 .30844 26738
2 91970  .87949 83350 78336 .73062 67668 62271 .56971 51843
3 .98101 .96623 94627 92119 .89129 85712 .81935 77872 .73600
4 99634 99225 98575 97632 96359 94735 92750  .90413 87742
5 99941 .99850 99680 99396  .98962 98344 97509 96433 95096
6 99992 99975 99938 99866 99743 99547 99254 98841 198283
7 99999 99996 99989 99974 99944 99890 99802  .99666 99467
8 1.00000  1.00000 99998 99995 99989 99976 99953 99914 99851
9 1.00000  .99999 .99998 99995 99990 99980 99962
10 1.00000 1.00000 99999  .99998 99996 99991
11 1.00000 1.00000 99999  .99998
12 1.00000  1.00000
m 28 30 32 34 36 38 4.0 42 44
x
0 06081 04979 04076 03337 02732 02237 01832  .01500  .01228
1 .23108 19915 17120 14684 12569 10738 09158 07798 06630
2 46945 42319 37990 33974 30275 26890 23810 21024 18514
3 69194 64723 60252 55836 51522 47348 43347 39540 35945
4 .84768 81526 .78061 74418 70644 66784 62884 58983 55118
5 93489 91608 89459 87054 84412 81556  .78513 75314 71991
6 97559 96649 95538 94215 92673 90911 .88933 86746 84365
7 99187 98810 98317 97693 96921 95989  .94887 93606 92142
8 99757 99620 99429 99171 98833 98402 97864 97207 96420
9 99934 99890  .99824 99729  .99598 99420 99187  .98887 98511
10 99984 99971 99950 99919 99873 99807 99716 99593  .99431
11 99996 99993 99987 99978 99963 99941 .99908 .99863 99799
12 99999 99998 99997 99994 99990 99983 99973 99957 199934
13 1.00000 1.00000  .99999 99999 99997 99996 99992  .99987 .99980
14 1.00000 1.00000 99999 99999  .99998 99997 99994
15 1.00000  1.00000 1.00000  .99999 99998
16 1.00000  1.00000
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Table 7 (continued)
m 46 48 50 5.5 6.0 6.5 70 5 80

X

0 01005 00823 00674  .00409 00248 00150 00091 00055  .00034
1 05629 04773 04043 02656 01735 01128 00730 00470  .00302
2 16264 14254 12465 08838 06197 04304 02964 02026  .01375
3 32571 29423 26503 20170  .15120 11185 08177 05915  .04238
4 51323 47626 44049 35752 28506 22367  .17299  .13206  .09963
5 68576 65101 61596  .52892 44568 36904 30071 24144  .19124
6 81803  .79080  .76218  .68604  .60630  .52652  .44971 37815 31337
7 90495 88667 86663  .80949 74398 67276 59871 52464 45296
8 95493 94418 93191 89436 84724 79157 72909 66197  .59255
9 98047 97486 96817 94622 91608 87738 83050  .77641  .71662
10 99222 98958 98630 97475 95738 93316 90148 86224 81589
1 99714 99601 99455 98901 97991 96612 94665 92076  .88808
12 99902 99858 99798 99555 99117 98397 97300 95733 93620
13 99969 99953 99930 99831 99637 99290 98719 97844 96582
14 99991 99985 99977 99940 99860 99704 99428 98974 98274
15 99997 99996 99993 99980 99949 99884 99759 99539 99177
16 99999 99999 99998 99994 99983 99957  .99904 99804  .99628
17 1.00000 100000 99999 99998 99994 99985 99964 99921 99841
18 100000 99999 99998 99995 99987 99970  .99935
19 1.00000 99999 99998 99996  .99989  .99975
20 100000 1.00000 99999 99996  .99991
21 1.00000 99999  .99997
2 1.00000 99999
bx] 1.00000
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Table 7 (continued)
m 85 9.0 9.5 100 110 120 130 14.0 150
X
0 00020 00012 00007 00005 00002  .00001 00000  .00000  .00000
1 00193 00123 00079 00050 00020 00008  .00003  .00001  .00000
2 00928 00623 00416 00277 00121 00052  .00022 00009  .00004
3 03011 02123 01486 01034 00492 00229 00105 00047  .00021
4 07436 05496 04026 02925 01510 00760 00374 00181  .00086
5 14960 11569 08853 06709 03752 02034 01073 00553 00279
6 25618 20678 16495 13014 07861 04582 02589 01423 00763
7 38560 32390 26866  .22022  .14319 08950 05403 03162  .01800
8 52311 45565 39182 33282 23199  .15503 09976 06206  .03745
9 65297 58741 52183 45793 34051 24239 16581  .10940  .06985
10 76336 70599 64533 58304 45989 34723 25168  .17568  .11846
11 84866 80301 75199 69678  .57927 46160 35316 26004  .18475
12 90908 87577 83643 79156 68870  .57597 46310 35846 26761
13 94859 92615 89814 86446 78129 68154 57304 46445 36322
14 97257 95853 94001 91654 85404  .77202 67513 57044 46565
15 98617 97796 96653 95126 90740 84442 76361 66936  .56809
16 99339 98889 98227 97296 94408  .89871 83549 75502 66412
17 99700 99468 99107 98572 96781 93703 89046 82720  .74886
18 99870 99757 99572 99281 98231 96258 93017 88264 81947
19 99947 99894 99804 99655 99071 97872 95733 92350 87522
20 99979 99956 99914 99841 99533 98840 97499 95209 91703
21 99992 99983 99964  .99930 99775 99393 98592 97116  .94689
2 99997 99993 99985 99970 99896  .99695 99238 98329 96726
23 99999 99998 99994 99988 99954 99853 99603  .99067 98054
24 100000 99999 99998 99995 99980 99931 99801 99498 98384
25 100000 99999 99998 99992 99969 99903 99739 99382
26 100000 99999 99997 99987 99955 99869  .99669
27 100000 99999 99994 99980 99936 99828
28 1.00000 99998 99991 99970 99914
29 100000 99999 99996 99986 99958
30 100000 99998 99994 99980
31 100000 99999 99997 99991
32 100000 99999 99996
3 1.00000 99998
34 100000 99999
35 1.00000
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Table 8. Binomial distribution. P(X < x) where X ~ Bin(n, p). Whenp > 1/2,
use the fact that P(X < x) = P(Y > n — x) where Y ~ Bin(n, 1 — p).

p 005 0.10 0.15 0.20 0.25 0.30 0.40 0.50
n x
20 .90250 .81000 .72250 .64000 .56250 49000 .36000 .25000
1 99750 .99000 97750 .96000 93750 91000 .84000 .75000
30 85738 .72900 61413 .51200 42188 .34300 21600 .12500
1 99275 97200 93925 .89600 .84375 .78400 64800 .50000
2 99988 99900 99663 .99200 98438 97300 93600 87500
4 0 .81451 65610 .52201 .40960 .31641 .24010 12960 06250
1 98598 94770 89048 .81920 73828 65170 47520 31250
2 99952 99630 .98802 97280 94922 91630 82080 68750
3 99999 99990 99949 .99840 .99609 .99190 97440 93750
50 77378 .59049 44371 .32768 23730 .16807 07776 03125
1 97741 91854 .83521 73728 63281 .52822 33696 .18750
2 99884 99144 97339 94208 .89648 .83692 68256 .50000
3 99997 99954 99777 99328 98438 96922 91296 81250
4 1.00000 99999 199992 99968 99902 99757 98976 96875
6 0 73509 53144 37715 26214 17798 11765 04666 01563
1 96723 .88573 77648 65536 .53394 42018 23328 10938
2 99777 98415 95266 90112 .83057 .74431 .54432 34375
3 199991 99873 99411 98304 196240 92953 82080 65625
4 1.00000 99994 99960 99840 99536 98907 95904 89063
5 1.00000 1.00000 .99999 99994 99976 99927 99590 98438
70 69834 47830 .32058 .20972 13348 08235 02799 00781
1 95562 .85031 71658 57672 44495 .32942 15863 06250
2 99624 97431 92623 85197 75641 .64707 41990 .22656
3 99981 99727 98790 96666 92944 .87396 71021 .50000
4 99999 99982 99878 99533 98712 97120 90374 77344
5 1.00000 99999 99993 99963 99866 99621 98116 93750
6 1.00000 1.00000 1.00000 99999 99994 99978 99836 99219
8 0 66342 43047 .27249 16777 .10011 05765 01680 00391
1 94276 81310 65718 .50332 .36708 .25530 .10638 03516
2 99421 96191 .89479 79692 67854 55177 31539 .14453
3 99963 99498 97865 94372 .88618 .80590 59409 36328
4 99998 99957 99715 98959 97270 94203 82633 63672
5 1.00000 99998 99976 99877 99577 98871 95019 .85547
6 1.00000 1.00000 99999 199992 99962 99871 99148 96484
7 1.00000 1.00000 1.00000 1.00000 99998 99993 99934 99609
9 0 63025 38742 23162 .13422 07508 104035 01008 00195
1 92879 77484 .59948 43621 .30034 .19600 07054 01953
2 99164 94703 85915 .73820 .60068 46283 23179 08984
3 99936 99167 96607 91436 .83427 72966 48261 .25391
4 99997 99911 99437 .98042 95107 90119 73343 .50000
5 1.00000 99994 .99937 99693 99001 97471 .90065 74609
6 1.00000 1.00000 99995 .99969 .99866 99571 97497 91016
7 1.00000 1.00000 1.00000 99998 99989 99957 99620 98047
8 1.00000 1.00000 1.00000 1.00000 1.00000 .99998 99974 99805
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Table 8 (continued)
0.05 0.10 0.15 0.20 0.25 030 0.40 0.50
n X
10 0 59874 34868 19687 10737 05631 02825 00605  .00098
1 91386 73610 54430 37581 24403 14931 04636 01074
2 98850 92981 82020 67780 52559 38278 16729 05469
3 99897 98720 95003 87913 77588 64961 38228 .17188
4 99994 99837 99013 96721 92187 84973 63310 37695
5 1.00000 99985 99862 99363 98027 95265 83376 62305
6 1.00000 99999 99987 99914 99649 98941 94524 82813
7 1.00000  1.00000 99999 99992 99958 99841 98771 94531
8 1.00000 100000 100000 100000  .99997 99986 99832 98926
9 100000 100000  1.00000 100000  1.00000 99999 99990 99902
1 o 56880 31381 16734 08590 04224 01977 00363 00049
1 89811 69736 49219 32212 19710 11299 03023 00586
2 98476 91044 77881 61740 45520 31274 11892 03271
3 99845 98147 93056 83886 71330 56956 29628  .11328
4 99989 99725 98411 94959 88537 78970 53277 27441
5 99999 99970 99734 98835 96567 92178 75350 50000
6 1.00000 99998 99968 99803 99244 97838 90065  .72559
7 100000  1.00000 99997 99976 99881 99571 97072 88672
8 100000  1.00000  1.00000 99998 99987 99942 99408 96729
9 100000 100000 100000  1.00000 99999 99995 99927 99414
10 100000 100000 100000 100000 100000 100000 99996  .99951
12 0 54036 28243 14224 06872 03168 01384 00218 00024
1 88164 65900 44346 27488 15838 08503 01959 00317
2 98043 88913 73582 55835 .39068 25282 08344 01929
3 99776 97436 90779 79457 64878 49252 22534 07300
4 99982 99567 97608 92744 84236 72366 43818  .19385
5 99999 99946 99536 98059 94560 88215 66521  .38721
6 1.00000 99995 99933 99610 98575 96140 84179 61279
7 100000 100000 99993 99942 99722 99051 94269 80615
8 1.00000 100000 99999 99994 99961 99831 98473 92700
9 100000 100000 100000 100000  .99996 99979 99719 98071
10 1.00000 100000 100000 100000 100000 99998 99968  .99683
1 1.00000 100000 100000 100000 100000 100000 99998  .99976
13 0 51334 25419 12091 05498 02376 00969 00131  .00012
1 86458 62134 39828 23365 12671 06367 01263 00171
2 97549 86612 69196 50165 33260 20248 05790 01123
3 99690 96584 88200 74732 58425 42061 16858 04614
4 99971 99354 96584 50087 79396 65431 35304 13342
5 99998 99908 99247 96996 91979 83460 57440 29053
6 1.00000 99990 99873 99300 97571 93762 77116 50000
7 1.00000 99999 99984 99875 99435 98178 .90233 70947
8 1.00000  1.00000 99998 99983 99901 99597 96792 86658
9 100000 100000  1.00000 99998 99987 99935 99221 95386
10 100000 100000 100000  1.00000 99999 99993 99868 98877
11 100000 100000 100000 100000 100000 100000 99986  .99829
12 100000 100000 100000 100000 100000 100000 99999  .99988
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Table 8 (continued)
p 005 0.10 0.15 020 0.25 030 0.40 0.50
n X
14 0 48767 22877 10277 04398 01782 00678 00078 00006
1 84701 58463 35667  .19791 10097 04748 00810 .00092
2 96995 84164 64791 44805 28113 16084 03979 .00647
3 99583 95587 85349 69819 52134 35517 12431 02869
4 99957 99077 95326 87016 74153 58420 27926 08978
5 99997 99853 98847 95615 88833 78052 48585 21198
6 1.00000 99982 99779 98839 96173 90672 69245 39526
7 1.00000 99998 99967 99760 98969 96853 84986 60474
8 1.00000  1.00000 99996 99962 99785 99171 94168 .78802
9 100000  1.00000 100000  .99995 99966 99833 98249 91022
10 100000 1.00000 100000 100000 99996 99975 99609 97131
1 100000 100000 100000 100000 100000 99997 99939 99353

15 0 46329 20589 08735 03518 01336 00475 00047 00003
1 82905 54904 31859 16713 08018 03527 00517 00049

2 96380 81594 60423 39802 23609 112683 02711 00369

3 99453 94444 82266 64816 46129 29687 09050 01758

4 99939 98728 93829 83577 68649 51549 21728 05923

5 99995 99775 98319 93895 85163 72162 40322 15088

6 1.00000 99969 99639 98194 94338 86886 60981 30362

7 1.00000 99997 99939 99576 98270 94999 78690 .50000

8 1.00000  1.00000 99992 99922 99581 98476 90495 69638

9 100000 1.00000 99999 99989 99921 99635 96617 84912

10 1.00000 100000  1.00000 99999 99988 99933 99065 94077

11 100000 100000 100000 100000 99999 99991 99807 98242

12 100000 100000 100000 100000  1.00000 99999 99972 99631

13 100000 100000 100000 100000  1.00000  1.00000 99997 99951

14 100000 100000 100000 100000 100000 100000 100000  .99997

16 44013 18530 07425 02815 01002 00332 00028 .00002

0

1 .81076 51473 .28390 .14074 06348 02611 .00329 00026
2 95706 .78925 .56138 35184 19711 09936 01834 00209
3 199300 93159 .78989 .59813 40499 .24586 06515 01064
4 99914 98300 .92095 79825 63019 44990 16657 03841
5 99992 99670 97646 91831 .81035 65978 .32884 .10506
6 99999 99950 99441 97334 92044 .82469 52717 22725
7 1.00000 99994 99894 .99300 97287 92565 .71606 40181
8 1.00000 99999 99984 .99852 99253 97433 85773 .59819
9 1.00000 100000 . 99998 99975 99836 99287 94168 17275
10 1.00000 1.00000 1.00000 99997 99971 99843 98086 .89494
11 1.00000 1.00000 1.00000 1.00000 99996 99973 99510 96159
12 1.00000 1.00000 1.00000 1.00000 1.00000 99997 99906 98936
13 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 99987 99791
14 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 99999 99974
15 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 99998




334 Tables
Table 8 (continued)
0.05 0.10 0.15 0.20 0.25 030 0.40 0.50
n x
17 0 41812 16677 06311 02252 00752 00233 00017  .00001
1 79223 48179 25245 11822 05011 01928 00209  .00014
2 94975 76180 51976 30962  .16370 07739 01232 00117
3 99120 91736 75561 54888 35302 20191 04642 00636
4 99884 97786 90129 75822  .57389 38869  .12600 02452
5 99988 99533 96813 89430 76531 59682  .26393 07173
6 99999 99922 99172 96234 89292 77522 44784 16615
7 100000 99989 99826 98907 95976 89536  .64051 31453
8 1.00000  .99999 99970 99742 98762 95972 80106  .50000
9 100000 100000 99996 99951 99690 98731 90810 68547
10 1.00000 100000  1.00000 99992 99937 99676 96519 83385
11 1.00000 100000 100000 99999  .99990 99934 98941 92827
12 100000 100000  1.00000 100000 99999 99990 99748 97548
13 100000 100000  1.00000 100000 100000  .99999 99955 99364
14 100000 100000 100000 100000 100000 100000  .99994 99883
15 100000 100000  1.00000 100000 100000 100000 100000  .99986
16 100000 100000  1.00000 100000 100000 100000 100000  .99999
18 0 39721 15009 05365 01801 00564 00163 00010  .00000
1 77352 45028 22405 09908 03946 01419 00132 .00007
2 94187 73380 47966 27134 13531 05995 00823 00066
3 98913 90180 72024 50103 30569  .16455 03278 00377
4 99845 97181 87944 71635 51867 33265 09417 01544
5 99983 99358 95810 86708 71745 53438 20876  .04813
6 99998 99883 98818 94873 86102 72170 37428 11894
7 1.00000 99983 99728 98372 94305 85932  .56344 24034
8 100000 .99998 99949 99575 98065 94041 713684 40726
9 1.00000  1.00000 99992 99909 99458 97903 86529 59274
10 100000 100000 99999 99984 99876 99393 94235 75966
1 100000 100000 100000  .99998 99977 99857 97972 88106
12 100000 100000 100000 100000 99997 99973 99425 95187
13 100000 100000 100000 100000 100000  .99996 99872  .98456
14 100000 100000  1.00000 100000 100000 100000  .99979 99623
15 100000 100000 100000 100000 100000 100000  .99997  .99934
16 100000 100000 100000 100000 100000 100000 100000  .99993
17 100000 100000 100000 100000 100000 100000  1.00000 100000
19 0 37735 13509 04560 01441 00423 00114 00006  .00000
1 75471 42026 19849 08287 03101 01042 00083  .00004
2 93345 70544 44132 23689 11134 04622 00546  .00036
3 98676  .88500 68415 45509 26309 13317 02296  .00221
4 99799 96481 85556 67329 46542 28222 06961 00961
5 99976 99141 94630 83694 66776 47386 16292 03178
6 99998 99830 98367 93240 82512 66550 30807  .08353
7 1.00000 99973 99592 97672 92254 81803 48778 17964
8 100000 99996 99916 99334 97125 91608 66748 32380
9 100000 100000 99986  .99842 99110 96745 81391 .50000
10 100000  1.00000 99998 99969 99771 98946 91153 67620
1 100000 100000 100000 99995 99952 99718 96477 82036
12 100000  1.00000  1.00000  .99999 99992  .99938 98844 91647
13 100000 100000  1.00000 100000 99999  .99989 99693  .96822
14 100000 100000 100000 100000 100000 99999 99936  .99039
15 100000 100000 100000 100000 100000 100000 99990 99779
16 100000 100000 100000 100000 100000 100000  .99999  .99964
17 100000 100000  1.00000 100000 100000 100000 100000  .9999
18 1.00000 100000 100000 100000 100000 100000 100000  1.00000




Tables

Table 9. Random numbers

58
14
71
95
29

69
35
30
70

48
30

55
06

07
62
59
84
98

37
12
08
87

13
56
75
07
82

37

21
34
25

59
18

20
10

16
98
92
10

34
38
58
82
69

56
54
49
02
48

99
41

14
93

56
53
94
92
66
25

56
19

47
41

42

20
65

52
54

59
85
24
43
84

78
25
79
07
50

27
29
24
53
34

10
82
13

52

65

87
73

58
70
14
70
93

89
56

87
73

46
20
97
80
65
92
20
43

83

86

335
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Tables

Table 9 (continued)

80 21 46 27 14 65 72 72 12 69 69 51 59 75 13 44 17 99 S50 04
21 34 05 62 82 47 75 21 8 80 35 63 95 50 33 42 44 50 92 87
44 47 11 02 81 83 63 69 16 75 96 41 85 15 34 48 99 71 76 94
43 85 95 60 79 73 38 01 43 29 31 45 45 19 71 97 72 85 31 38
84 45 61 21 18 91 83 77 84 90 95 11 68 8 73 01 32 9% 63 03
11 01 89 46 15 84 50 36 32 81 19 50 22 09 44 46 20 60 50 51
38 02 34 71 63 77 69 8 53 01 05 49 47 68 65 92 54 43 47 18
60 71 25 07 27 67 46 14 91 23 36 68 61 08 91 75 25 63 85 14
44 06 67 39 52 28 61 81 61 96 64 44 58 54 S0 07 02 18 68 26
30 80 40 29 53 08 66 23 57 43 19 8 02 04 48 73 26 81 75 14
37 43 99 13 24 31 94 51 45 63 07 81 38 31 64 34 14 Ol 61 1S
57 17 72 02 30 96 47 51 68 29 07 91 82 83 53 27 S8 02 S6 39
57 02 66 81 15 75 06 83 43 89 74 S0 26 85 44 61 27 81 65 12
79 70 59 11 96 17 25 84 62 67 37 70 38 34 43 24 61 13 67 715
41 70 06 29 64 47 35 65 92 61 Ol 37 59 05 29 75 78 45 17 85
34 25 37 45 8 61 39 11 75 45 46 11 08 44 57 52 71 02 44 12
26 34 57 45 08 33 18 83 29 67 27 30 75 77 56 64 06 81 54 41
58 70 45 91 43 13 26 18 46 51 72 02 28 01 31 98 26 56 26 35
49 82 56 18 85 23 93 27 93 95 88 16 10 90 62 15 47 75 14 29
90 93 19 37 00 62 24 94 12 72 52 30 38 91 03 S0 63 62 49 33
49 02 40 34 31 03 98 82 20 31 21 83 03 30 85 15 40 16 36 34
67 82 98 70 95 94 69 26 10 96 24 83 73 03 11 96 20 09 52 93
62 81 47 80 85 60 69 37 49 64 66 18 91 8 62 53 21 91 55 46
26 23 18 77 67 99 01 OL 78 10 26 48 73 24 92 22 35 84 72 03
27 06 15 45 83 83 44 79 16 81 58 09 11 44 31 15 29 87 09 51
05 04 18 47 52 62 55 07 54 02 94 12 73 42 83 17 45 74 46 SO
80 65 81 16 64 58 62 96 60 70 37 44 01 92 29 89 00 93 37 36
42 13 34 66 88 71 70 32 75 S9 66 64 12 43 22 67 87 67 12 21
50 46 83 81 65 74 S8 75 17 17 38 09 99 19 94 63 72 95 75 90
73 38 05 22 13 15 83 62 78 69 80 90 27 16 47 61 99 50 07 05
02 36 57 26 24 18 72 03 25 11 99 93 41 10 63 24 83 80 61 00
37 65 68 03 64 80 31 8 Ol 19 74 78 S6 48 95 86 18 10 69 88
46 22 42 39 77 76 40 69 22 39 59 83 66 54 74 59 70 38 33 54
71 82 60 96 79 54 52 90 81 97 84 16 36 27 04 29 82 36 35 58
29 92 75 08 63 38 99 59 45 89 54 66 11 39 64 ST 71 54 28 38
12 77 19 88 95 25 84 63 56 90 49 91 05 39 10 78 29 15 43 03
88 34 94 21 19 89 88 62 32 47 23 29 13 51 72 04 23 17 83 40
99 37 82 68 S0 79 64 92 64 8 05 91 00 73 53 21 96 34 30 10
61 35 36 65 82 19 43 64 20 02 Ol 62 10 78 33 88 64 14 37 49
67 S0 8 22 81 05 30 64 41 72 91 03 59 16 68 44 20 80 34 67




Tables

Table 9 (continued)

85 82 38 27 90 13 03 53 46 41 28 S0 39 09 8 97 31 32 26 50
56 03 71 39 26 90 18 67 26 35 43 14 19 55 93 35 39 42 92 6l
97 63 38 94 80 61 05 16 49 52 41 81 39 29 69 18 61 59 88 33
02 84 71 05 21 22 68 8 56 64 00 12 17 78 67 83 90 06 42 79
36 66 74 55 91 48 86 42 65 21 76 43 46 27 18 39 93 83 61 84
42 80 27 08 06 88 15 15 69 46 99 85 92 73 27 74 11 61 22 09
38 77 83 97 59 64 84 17 33 37 72 24 98 90 72 47 63 90 81 91
16 79 74 35 16 75 98 35 Ol 68 77 20 80 27 09 95 40 94 68 39
42 85 03 08 21 94 36 30 8 87 66 11 32 07 67 29 10 70 87 41
59 69 S0 75 91 71 53 37 90 18 71 05 20 27 52 35 14 91 19 57
8 77 70 74 16 27 80 67 72 58 96 9% 8 63 42 74 70 08 17 22
10 35 93 15 66 63 20 07 75 83 20 27 48 62 93 81 70 42 11 48
03 41 23 84 82 51 53 16 18 39 99 51 97 47 34 68 81 92 06 22
05 68 40 41 80 39 34 32 92 50 61 74 02 17 69 20 46 33 83 02
35 64 99 24 54 52 93 65 65 16 12 80 04 46 79 99 81 11 94 27
83 52 30 42 70 87 34 0L 79 08 31 32 20 8 19 41 79 51 71 06
18 33 36 8 71 19 37 OL 51 76 73 65 43 48 17 55 07 S1 18 25
81 77 98 06 74 94 57 01 73 44 68 90 39 43 79 29 08 85 14 46
90 36 71 47 71 38 23 12 13 09 20 94 52 41 8 23 97 00 14 05
36 30 83 19 290 48 41 19 13 45 09 36 97 8 87 73 69 21 48 12
88 60 41 05 91 97 89 8 8 00 90 53 68 1l 18 91 88 46 21 53
87 98 23 69 73 35 22 43 34 98 92 56 31 05 81 61 99 48 12 89
50 94 84 44 68 85 71 06 16 38 20 30 29 46 56 45 18 75 76 56
69 69 54 43 43 44 39 60 76 92 54 38 79 81 97 80 37 52 43 66
13 24 38 51 40 87 07 66 32 10 49 14 73 34 36 75 24 77 17 03
2230 15 30 77 62 29 59 75 14 33 69 78 03 75 16 20 22 78 30
14 37 40 15 45 92 36 50 74 03 13 90 36 62 95 66 44 37 80 81
82 69 43 16 12 76 30 25 69 51 67 38 65 59 S0 59 8 44 54 69
92 23 27 21 19 88 93 46 79 05 50 48 57 18 71 07 14 43 04 78
87 73 74 90 85 75 79 48 96 90 92 31 79 37 61 95 71 07 10 69
83 67 38 58 Ol 61 17 42 8 04 97 74 73 89 Ol 85 74 84 27 80
74 30 48 38 35 44 13 13 92 20 46 37 56 23 45 12 14 97 83 20
26 58 09 14 28 99 46 24 31 87 93 56 21 63 23 88 59 46 84 75
81 27 01 48 98 73 71 10 96 27 67 42 35 06 39 98 52 03 10 07
57 83 78 75 37 90 17 82 53 41 74 81 39 27 74 03 09 17 15 52
46 51 70 08 13 48 89 25 44 00 93 34 52 74 8 39 22 11 29 19
15 30 83 30 66 21 66 Ol 88 54 78 37 65 69 92 17 59 84 56 96
06 91 94 04 16 58 05 46 75 26 60 Ol 45 12 10 23 62 09 77 44
36 85 60 66 53 81 33 70 74 14 43 11 36 76 15 19 48 36 46 97
98 34 10 26 45 88 56 60 26 91 07 30 53 10 61 39 09 8 92 67
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Tables

Table 9 (continued)

58 37 49 70 34 55 54 77 49 07 06 92 8 36 79 95 13 58 21 4l
60 67 55 59 38 28 81 55 35 8 70 08 11 54 73 73 02 27 11 78
19 73 85 30 48 32 66 07 SO 22 04 65 61 36 22 33 92 40 19 16
20 77 67 93 32 64 16 19 38 93 88 24 58 32 8 12 77 21 73 64
56 80 07 33 32 99 08 50 15 46 76 20 92 64 83 21 22 69 77 09
43 53 83 13 65 85 99 38 74 05 97 64 31 31 28 45 72 56 13 1l
07 46 52 68 23 44 17 93 81 67 58 43 17 07 97 46 41 31 34 08
40 82 41 08 74 76 67 01 80 06 36 16 68 40 46 59 24 18 70 09
09 59 57 20 60 54 30 23 8 72 8 21 75 53 04 96 8 15 26 00
57 51 78 65 97 27 59 94 93 8 42 68 05 45 75 41 71 96 82 43
00 06 60 78 78 17 85 27 67 48 03 43 02 8 39 57 95 08 91 T3
31 47 32 72 71 24 11 06 51 30 52 07 8 34 52 79 50 76 85 02
17 74 99 30 17 21 19 93 62 8 42 96 37 03 42 19 05 97 67 15
00 59 41 15 33 55 62 24 91 28 03 21 35 94 14 61 00 46 17 73
97 51 11 63 13 52 70 09 07 64 41 68 17 82 49 67 53 71 91 12
01 74 41 84 22 08 48 35 52 65 34 97 01 13 00 73 57 94 17 44
79 25 34 64 03 98 75 62 42 80 38 45 79 13 97 90 78 15 00 53
72 78 70 64 74 69 07 27 70 31 82 22 19 79 46 04 58 08 20 02
99 83 05 21 27 47 72 40 02 17 71 15 62 85 25 75 16 19 32 25
51 61 67 44 28 28 76 87 82 11 84 85 25 79 90 40 43 74 66 34
96 12 61 21 20 8 98 30 27 63 77 66 OL 8 70 10 06 69 25 15
75 09 67 11 20 70 94 04 27 95 78 72 58 Ol 69 70 47 80 91 29
06 00 40 52 21 03 91 19 52 05 93 8 36 00 69 82 84 54 16 11
81 09 09 53 88 83 97 63 42 68 Ol 71 54 31 22 81 08 14 32 73
67 35 80 01 66 85 8 96 16 32 58 62 03 17 59 78 88 60 43 00
07 50 31 57 71 56 23 54 65 19 91 70 51 58 85 60 65 63 28 54
17 03 18 56 94 20 28 47 56 30 08 81 40 25 79 87 56 74 42 70
90 18 69 11 04 75 09 62 32 36 8 56 87 69 97 95 54 15 16 60
93 93 91 05 42 95 47 60 10 8 81 31 84 11 66 95 25 85 52 09
69 02 62 01 26 28 94 77 82 05 22 16 99 51 93 73 13 58 32 78
33 93 37 35 47 98 82 23 15 90 14 99 74 62 ST 90 33 81 11 03
79 88 47 16 74 02 14 8 52 15 37 39 25 92 13 8 79 78 16 95
74 88 94 32 47 16 7L 23 09 27 46 73 45 65 90 60 17 47 54 41
60 65 60 44 8 8 08 74 79 52 69 11 02 80 94 10 90 63 04 00
54 68 99 8 80 36 S3 48 29 8 13 40 37 09 03 92 15 73 21 09
48 19 41 71 98 66 12 31 Ol 04 56 20 68 02 72 43 84 01 34 79
10 19 90 83 83 47 64 85 13 54 53 88 86 81 32 74 64 45 48 96
81 39 26 85 S0 30 63 44 56 59 34 54 60 45 8 70 97 79 43 21
80 29 04 11 93 36 41 21 98 18 04 05 30 68 15 93 01 51 74 89
97 11 53 73 78 65 01 01 80 05 42 01 15 97 73 78 68 85 69 12




Answers to Exercises

201. Q= {uq, uy,..., Uy}, where u, denotes “k hens sit on their roosts”

202. (a) {2,3,...,7} (b) {2,3,4,...}

203. {x|0 < x < 3}

204. AB: both A and B occur; AB*. A occurs but not B; A* B*: neither A nor B
occurs

205. E=ABCUABDUACD UBCD; F = ABCD* L ABC*D u AB*CD u A*BCD

206. 0.5

207. 05

208. 1/55

209. (a) 11/850; (b) 703/1,700; (c) 1/5,525

210. 4/7

211. 24/49

212. (a) 1/120; (b) 1/15; (c) 1/12

213. 1/4

214. (a) 39/49; (b) 143/41,650

215. (a) 0.7; (b) The wanted probability is 9/21, 8/21 and 4/21 for k = 1, 2,and 3

216. (a) 8/11; (b) 4/5; (c) 32/55

217. 3/5

218. (a) 3p(1 —p)%  (b) 6p*(1 — p)*/[1 — (1 — p)*]

219. A:2/n;B:2/n

221. 0.855

222. (a) 0.432; (b) 0.008; (c) 0.992

223. A and B are independent!

224 1-p)2-p)

225. 166/6°

226. 2,197/20,825

= Wl (- ()



340 Answers to Exercises

48 51
® 1- (12)/(12) — 0561

228. 37/43
0 ifx<a
301, Fy(x)=<% ifa<x<b
1 if x>b

302, 7/9,1/3,2/9

303. (a) 1/12; (b) 7/12; (c) 7/12,1/4

304. (a) 20,60; (b) px(20) = 1/3; px(60) = 2/3

305. (a) py(k) = 0.6¥0.4 for k = 0, 1, ... (geometric distribution);
(b) 27/125

306. (a) py(k) = 0.6*"10.4 for k = 1, 2, ... (fit-distribution);
(b) 0.6

307. (a) py(k) = (2) 0.440.6>*fork = 0,1,2,3; (b) 44/125

308. (a) py(k) = <2>(3 f k) / <l3°) fork=0,1,2,3; (b) 1/3

309. (1—1In2)2=0153

310. c¢=1/72

311 ¢=1/2/2,P(X >0)=1—1//2=0293
312. c=4p%//n

313. /2
314. —1In2,0,In2
315, —alnin2

316. (a) 2/5; (b) 1/5

317. (@) 1 —e™12=0.699; (b) e 1®=0202 (c) e "2 —e™!¢=0.099;
(d1—et24+¢16=0901; () O

318. x,=0.83,1.52,2.15 for « = 0.5, 0.1, 0.01

319. (a) 1/2 (b) 2

320, x,=aln> ;“
322, pylk) = (k — 1)/ fork = 4,5, ...
323, py(k) = 1/(n— Dfork=1,2,....,n— 1

401. (a) 0.58; (b) 0.11;
(© px(j) = 0.28,0.33,0.29,0.08,0.02 forj = 0, 1,2, 3, 4; py(k) = 0.20,0.28, 0.41,
0.11fork=1,2,3,4
402. c=2

1 1 1 1
403. (a) Fyy(x,y) = <§ + - arctan x) (5 + p arctan y)

1
(®) fx(x) = m;fy(}') =

404. (a) 0.06; (b) 0.18

(1 + y?)
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405.

406.
407.

408.

410.
412.

501.
502.
503.

504.

505.
506.

507.

508.
509.

k,y k, ks
j» [ 003 015 o012
j. | 004 020 0.6
js | 003 015 0.12
1/40
5/9

(@) fxl(x) =

ifx>0; fy(y)=

1 1
- +
1+x 14y 1+x+y

B =1 R() =1~

1
)2 e )2 ify>0.
(b) Fxy(x,y)=1-

ifx>0,y>0;

+x 1+y
(c) no
@ =2 it a0 ) o= 1

G (USTIE i1 <kik=23,..
Pxrlh B = \ge1si-k-1670 i 1<k <jij=2,3,...
78

py(k)=1/6ifk=2,4,...,12
1/10 if k=0,4,5,6
vk = {2/10 if k=1,2,3
Yis uniformly distributed over the interval (0, 1)

fy(Y) =- 1 +y 1T .2
py(k) = (1 "/“)e"‘/" fork =0, 1,2,..., which is a geometric distribution

@) py(0) = 1/4 py (1) = 1/2, py(/2) = 1/4;
(b) the same distribution as in (a)
(@ 0,1,2,3,4

for y > 0, that is Y = 1/X has the same distribution as X

(b) k 012 3 4
number 1 2 3 21
of terms
© k 0 1 2 3 4

pz(k) 1/12 2/9 718 2/9 1/12

Px+y(k) = (k + )p*q*fork =0,1,2,...
(a) px(k) = <2)2‘5 fork=0,1,...,5

5 -
(b) px_,(k)=((k+5)/2)2 Sfork = —5, —3,...,5
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5

(k + 5)2
1/n if k=0

510 p(k) = {Z(n —km? fk=1,2...,n—1

511, fyiy(2) = 6(e2* —e™3%)ifz >0

©) px-yi(k) = 2< )2‘5 fork=1,3,5

512, fyy(@) = 511; (arctan(z + 1) — arctan(z — 1))
l1—e* f0<z<l1
13. =
S fxnl@) {e"(e —1) ifz>1
514. F, () =(z/a?if0<z<a
F, (z2) =2z/a—7*/a’if0<z<a
515. fa(z) = Y A, exp(—z Y} 4,) (This is also an exponential distribution)

516. (a) (11/36)° = 0.0000760; (b) (25/36)® = 0.0541
517. fo(2)=2/1+23ifz>0

0 if z<0
518. Fy(z) =
o {(1 —e ) (1 —ge™) if 220
S2(2) = (p/a)e™*(1 — qe™**) 2 if 2 > 0
519. 1/4
0 if z<0
19/20 ifz=0
520. FZ(Z) = (Z —_ 1)2
1— .
2 f0<z<1
1 if z>1
601. 13/3
602. 2a/3
604. 1.5
605. 2
606. af(a+ 1)
607. 1/2
608. In(1 + a)
609. 9,1/9

610. 3/2,3/4

611. (a) 2/3,1/./18; (b) 6mo —3a® =2,/2/3 - 1/6
(©) 1 —(m— 0)* = 1/2 + 2,/2/9 (note that m + 20 > 1)

612. 4/45

613. 6.2,0.05

614. py(0) = 0.5; px(1) = 0.2; px(2) = 0.3;
py(1) = 0.6; py(2) = 0.4; E(X) = 0.8; E(Y) = 1.4
The product XY is 0, 1, 2 with probabilities 0.5, 0.2, 0.3;
E(XY)=08;C(X,Y)= —0.32

615. E(X)=E(Y)=15 V(X)=V(Y)=50; E(XY)=200; C(X,Y)= —25;
pX,Y)=—1/2

617. V(X)=1; V(Y)=2/3; p(X,Y)=0; X and Y are uncorrelated but not
independent
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618.
619.
620.

701.
702.
703.
705.
706.
707.
708.
709.
710.
712.

713.

801.
802.
803.
804.
805.
806.
807.
808.

810.
811.

812.
813.
814.
815.
816.
817.
818.
819.
820.
821.
822.

901.
902.

(@) 2/2RT/(Mm); (b) 3RT)(2N)
@@ 1/k+1—(1—pf (b)5
E(Y) = [192 xfy(x) dx + [Too (x — 100)fx(x) dx = E(X) — 100(1 — Fx(100))

has minimum for m = 109

(@) 0,1,4; (b) b, is false, b, and b, are true
0 and 3¢/2

—6and 180

9

36 and /3
25

286 and 8.7

E(Y)~ —1.0, —0.52,0.48, 1.5; D(Y) =~ 0.043 in all cases
1.0

1/2 and 1/12

@ B0 =a+ 12 V(X) = 1135 (8) Vpe(V) = S5+ 12)7%

© NY)= — (In(1 + 1/a))?; 0.19, 0.84, 0.9967

a(a+1)

0.0309, 0.197, 0.0309

(@) 3.090; (b) —3.090; (c) 1.960; (d) 1.282
2and 3

1.000, 0.841, 0.159, 0.00135

13.02

0.97725,0.97722

0.9522; (a) 0.002; (b) 0.006; (c) 0.008
4.98,0.10

0.20

N(0,5), N(2,5)

(a) N(250, 25), N(50, 25), N(125, 6.25);

(b) 0.0694, 0.0228, 0.0455

(a) N(1,360, 1,525), N(80, 1,525); (b) 0.153; (c) 0.0202
(a) N(8,640,30%-12); (b) 0.9938; (c) 0.0000
N(1,2)

(@) N(0,0.2%/n); (b) 0.317; (c) 0.0455; (d) n>4,331
(a) 0.0124; (b) 0.00616; (c) 27 pills

0.968, 0.724, 0.841

(@) 65,0.2; (b) 0.933

0.159

eb

0.006

0.9995

Bin(15, 1/2)
(@) 3/4; (b) Bin(5,3/4); (c) 135/512
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903.
904.
905.
906.
907.
908.
909.

910.
911.
912.
913.

914.
915.
916.
917.
918.
919.
920.
921.
922.

923.
924.
925.
926.

1101.

1102.
1103.
1104.
1105.

1201.
1202.

1203.
1204.
1205.

Answers to Exercises

(a) Bin(8, 1/2); (b) 35/128

0.0706

0.549, 0.198

(a) Bin(12,0.80); (b) Bin(12,0.20); (c) 0.653; (d) 0.653

0.771

(a) Bin(288, 1/3); (b) 96,64; (c) yes; (d) 0.713,0.974

(a) Bin(48, 1/16); (b) 3, 45/16;

(c) normal approximation should not be used; use Poisson approximation;
(d) 0.647,0.185

(a) 0.652; (b) 0.450; (c) 0.0167

(a) Bin(n,, 0.95), Bin(ng, 0.90); (b) 0.0104

0.0279

E(X) = 60 in both cases. V(X) = npq = 24 both for N = 200 and N = 1,000;

- N — 100
VX) = npg—" = 24 , which for N = 200 and N = 1,000 becomes

N-1 N-1

12.1 and 21.6 (The first variance refers to drawing with replacement, the second
to drawing without replacement.)

(a) yes; (b) yes; (c) yes; (d) yes

(a) 2/3; (b) 0.590 (use binomial approximation)
0.977 (use Poisson approximation)

0.0183

0.132,0.679, 0.224, 0.137

(a) 0407, (b) 0.331; (c) 0.147

2

(a) 0.000; (b) 0.285

0.0769

!
Prvamlln, K ks) = (12 (1/61(1/3f where ky + ky + ks =
17213
Bin(n, 1/2)

2n — k\ [1\*"*
Px(k)=< n )(5) ,k=0,1,....n

Po(Ap)

The arithmetic mean, median, variance, standard deviation, and coefficient of
variation are, respectively, 54.0, 52.5, 119, 11 and 20

The arithmetic mean and standard deviation are, respectively, 14.9 and 4.03
The arithmetic mean and standard deviation are, respectively, 174.6 and 32.7
The arithmetic mean and variance are, respectively, 1.78 and 0.2043

The arithmetic mean and standard deviation are, respectively, 9.506 and 0.200

X ~ N(g,15%2)

(@) pfcanbeOand 1; pf can be 0, 1/2and 1; (b) yes;

(©) V(p}) = pq; V(p%) = pq/2; the efficiency of p¥ relative to p% is 1/2
(b) 2/n

(@) 0.82; (b) 0.85

(@) LO) =001 —0)*"-...-601 —0)! ™ =0°1 — 0)'3;

(b) L(6) is largest for 8 = 1/4; this is the ML estimate



Answers to Exercises 345

1206.

1207.
1208.
1209.
1210.
1211.
1212.
1213.
1214.

1215.
1216.
1217.
1218.

1219.

1220.
1221.

1222,
1223.

1301.

1302.
1303.
1304.
1305.
1306.
1307.
1308.
1309.
1310.
1311.
1312.
1313.
1314.
1315.
1316.
1317.
1318.
1319.
1320.
1321.

1322.

(a) L(8) = 62-2.167°"%; L(#) = 0.40, 0.41 and 0.34 for 6 = 2, 3 and 4;
(b) L(0)is largest when 6 = 3; this is the ML estimate
The ML estimate is —n/Y; In x;
The ML estimate is ) 1} x?/2n
(a) 1/(6 — 1); (b) The LS estimate is 3
The LS estimate is 80.77
1.73
(a) 0.184,0.232,0.158; (b) 0.017
0.067
(@) 0.40; (b) \/4/10
(@) 0.64; (b) \/pq/25; (c) 0.096
(a) 0.64; (b) 0.048; (c) 0.066
80.9, 0.10
m* ~ 7.6; 6% ~ 2.4
2

(@) X% (b) %2 ——
n

(b) 0.69
N*=5

n x
1-2=
n—1x< n)

(b) 1/n

(a) 021

(b) The number of intervals that miss the target is Bin(15, 0.10). Table 8 shows
that P(X =0) < P(X = 1) > P(X = 2) >...; hence it is most probable
that one single interval misses the target

(271, 39,500)

(334, 0)

(432,472)

(8.04, 8.16)

(7.98, 8.22)

n>11

(11.8,112)

About 200 observations

(0.16, 0.20)

9.9, 13.7)

(0.12,0.32)

(5.5, 16.5) (Hence the medicine seems to increase the blood pressure!)

(45.7, 52.9)

(0.024, 0.056)

(a) n =~ 40,000; (b) n~ 6,000

(a) N < about 2,500; (b) n > about 1,690

(a) (0.024,0.048); (b) (0, 0.046); (c) (0, 4,600)

(a) 225; (b) 250

(a) (361,439); (b) (36.1,43.9)

(a) 2—n’ 2—n7 1 — 2—n+1; (b) 1— 2—n+1

(a) 4.425; (b) a./5/12; (c) 0.054; (d) (4.30,4.55)
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1323.
1324.
1325.

1401.
1402.
1403.
1404.

1405.

1406.

1407.
1408.

1409.
1410.
1411.

1412.
1413.
1414.
1415.

1416.
1417.

1418.
1419.
1420.

1421.
1422,
1423.
1424,

1425.
1426.

1501.

Answers to Exercises

(1.42, 2.62)
(0.23, 0.30)
1—c¢™"

(a) Bin(15, 0.5); 0.0592

20

0.0115

(a) a= —1000In(1 — a)

(b) no, for x, = 75 is larger than a = — 1000 In 0.95 = 51.3

(c) yes )

P = P(X <45 if 6 = 1,000) = ¢~#51:0°° = 0,044 which is smaller than 0.05.
Hence the result is significant at level of significance 0.05

Since H, contains small values of p, person 4 ought to reject H,, if it takes a~
long time before he wins. We obtain P = Y'2,,0.2-0.8*"! = 0.8 = 0.107.
Since P > 0.10, the hypothesis H, cannot be rejected.

Only assertion 2

A suitable test quantity is the arithmetic mean x. The critical region consists
of all X such that u = (X — 4.0)/(0.2/4/10) > 4, o5 = 1.64. In this case X = 4.10
and u = 1.58; hence the result is not significant at level of significance 0.05
h(m) = 1 — ®[1.64 — (m — 4.0)/(0.2/,/10)]; h(3.8) ~ 0; h(4.3) = 0.9990

n> 64 o

(a) u=0.67 < ty45(9) = 1.83; H, cannot be rejected

(b) u= —1.24 > —1.83; H, cannot be rejected

u = —6.36; we get |u| > ty.,5(17) = 2.11; H,, is rejected

u =276 > ty,4,5(7) = 2.36; H, is rejected

u = 11.8; we get [11.8] > 44025 = 1.96; H,, is rejected

(a) d(x) = 0.0030

(b) u = 13.15; we get [13.15] > Ay.9,5 = 1.96; H,, is rejected

P = (5/6)!1% = 0.11; not significant

8 (12
P= ;( k°)(1/6)"(5/6 1207k = 00024 (normal approximation); the hy-

pothesis that the die is symmetrical can be rejected at level of significance 0.01
(a) 0.34; (b) 0.036

26/252 = 0.103

P =3 %5e7'°°10.04/k! = 0.0072 (use Table 7 at the end of the book); H, is
rejected at level of significance 0.01

Q =115 > y2 5,(3) = 11.3; H,, is rejected

Q = 3.77 < y3.05(2) = 5.99; H, cannot be rejected

(a) 0.89; (b) 7ineach sample

n = 130. Reject H, if the sum of the 130 observations is greater than 520 +
3.09,/520 = 590.5

Not significant

14

(@) o + B(x + 1) — (o + Bx) = B; p* = 0.7410/1.860 = 0.398
(b) If x =x wegeta + B(x — X) = a; a* = y = 0.537, D(a*) = a/ﬁ



Answers to Exercises

1502.
1503.
1504.
1505.
1506.

©) If x=0 we get a + f(x — X) = a — Bx; (@ — pX)* = a* — f*x = 0.059
D(a* — f*x) = 0.958¢

(d) 0.025

(a) (—0.21, 1.41); (b) (—0.32, 1.88)

The hypothesis cannot be rejected

(1.65,2.57)

The hypothesis is rejected at level of significance 0.05

U8 = Yo/to — to 3, yit?/Y. tf = 0.313; (0.290, 0.336)

347

y



Answers to Selected Exercises

P1. p/(7 — 6p)
P2. Mean f and variance 2f
P3. 0.206
P4. In both cases the sum assumes the values 2, 3, ..., 12 with probability 1/36, 2/36,
3/36, 4/36, 5/36, 6/36, 5/36, 4/36, 3/36, 2/36, 1/36, respectively
P5. 3
P6. (a) 10; (b) 5x* and (10/3)(y — y*)
P7. 0.85
P8. 15/34
P9. X has mean 1/(x + 3) and Y has mean 1 — 1/(x + 3)
P10. px(2) = 1/10, px(3) = 3/10, px(4) = 6/10
P11. 1/6
P12. 1/4
P13. (5/6)"2(1/6), k > 2
Pl4. (@) Z=m— X —30; (b) N(m — 30,7.5%); (c) 492.3
P15. (a) N(m — 30, 8.082); (b) 493.3
P16. \/m and 1/2
P17. (a) yes; (b) no

P18. \/n/B/2 and (1 — n/4)/B

P19.
Y
X 0 1 2 3 rx(j)
0% & 0 o0 %}
1o % &+ 0} 3
2. 0 o0 § % | %
py(k) H H 3 3 1

Note that X ~ Bin(2, 1/2), Y ~ Bin(3, 1/2)
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P20.
P21.

P22.
P23.
P24.

P25.
P26.
P27.
P28.
P29.
P30.
P31.
P32.
P33.
P34.
P3s.

P36.

P38.
P39.
P40.

S1.
. a*= —(1/n)Y, Inx,
S3.
S4.
SS.
S6.
S7.

S8.
S9.

$10.
S1l1.
S12.
S13.
S14.
S15.
S16.
S17.
S19.
S20.
S21.
S22.
S23.
S24.

0.00037

0.0178
4z, 0<z<1)2

Joa) = {4(1 -2, 12<z<1
1/4

—1/63 (Note that J:[ x°y’(1 —x — y¥dxdy =alblc!/a+b+c+ 2)!.)

O0<x+y<1
E(Z)~0and V(Z) ~ 1 /(y4nl) + 1/(4ny)
5/9
(a) 5/6; (b) 29/30; (c) 4/5
12
Fx(x) = 4x(/3 - x)/3,0 < x < /32
(@) 0.0864; (b) 0.173
027
(a) 5/324; (b) 35/648
0.083
(@ 1/3; (b) 1/5
0.785

k—1
(@) px(k) = (r _ 1)p'q‘*", k=r; (b) r/pandrq/p?

£ () =yexp(—y*/2),y =0
n/zn-l
11/2

n>96

(a) (1.15,2.69); (b) (0.68,1.93)

8%

x/3

(37.6, 67.8)

Fora=0,1,...,7 the power is, respectively, 0, 0, 1/21, 3/21, 6/21, 10/21, 15/21, 1
The hypothesis should be rejected

The ML estimate is Y, x;y,/Y. x its variance is 1/} x?

The ML and LS estimates are both 0.79

(1/4 + Y. x?/30)"2 — 1/2 = 1.29

The hypothesis is rejected at the level of significance 1%,

(b) (122, 156)

H, cannot be rejected at the level of significance 5%,
(24.8,28.9)

H, is rejected

0, 1.78)

(a) Let y be the number of x’s equal to 1 or 2. The ML estimate of 6 is y/(2n)
The hypothesis d = 0 is rejected at the level of significance 5%,
c=3/n

30.38

The estimate 0f

1.83
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S25.
S26.
S27.
S28.
S29.
$30.
S31.
$32.
$33.
S34.
S35.

S36.
S37.
S38.
S40.

Answers to Selected Exercises

The assertion cannot be rejected at the level of significance 5%
him)=1— @2 — 4m) + O(—2 — 4m)

H, is rejected at the level of significance 5%

0.344 and 0.177

0* = 2.01; V(6*) = 0.056*

58

(@ 15 (b) 3

0.891

590

@) h(m) =1 — ®(7.96 — 3m) + ®(4.04 — 3m); (b) 19

The difference between A and B is significant at the level of significance 5%,
(Exclude pairs (H, H) and (H*, H*) before performing a sign test.)

(780, 1,220)

(1.589, 1.605)

n=15a=973

(2n + 1)/(2n)- max(x;). (Note that the x’s are not uniformly distributed.)
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Abstract model 3
Accelerated motion 201, 202
Accidents 248
Accuracy 107
Addition formula 12
Addition of random variables 83
Addition theorem

for three events 14

for two events 13
Adjusted ML estimate 199
Allocation

optimal 300

proportional 300
Alternative hypothesis 257
Anaesthesia, anaesthetics 61, 244, 265
Analogue model 3
Androsterone 287
Animal experiment 2
Arithmetic mean

of data set 185

of random variables 119
Axioms of probability 12

Banach’s match box problem 166
Bar diagram 181

cumulative 181

Bayes’ theorem 24

Bayesian statistics 219
Bernoulli’s theorem 154
Bertrand’s paradox 74

Biased estimate 194

Bilirubin and protein 285, 287

Binomial approximation (of hyper-
geometric distribution) 157

Binomial distribution 48, 147

Birthday problem 34

Bivariate normal distribution 71

Block 303

Boole’s inequality 14

Bose—FEinstein statistics 74

Buffon’s needle problem 76

Calibration 280
Capacitance of condensers 181
Caries and fluoride 174
Cauchy distribution 98
Central limit theorem 141
Chebyshev’s inequality 121
Check list (for planning) 294
Children in family 67
%2 distribution (chi-square distribution)
227
x? method (chi-square method) 270
Class limit 182
Classical definition of probability 15
Classical problems of probability 32,
74,126

Coefficient of correlation 110
Coefficient of regression 281
Coefficient of variation

of data set 186

of random variable 103



352 Index

Combinations 31 Descriptive statistics 179
Combinatorics 29 Difference (between random variables)
Comparative experiment 301 89
Comparative experimental investigation  Discrete random variable 44
301 Discrete sample space 7
Comparative investigation 170, 301 Dispersion (measure of) 102, 185
Comparative nonexperimental Distribution 46
investigation 301 binomial 48, 147
Comparative survey 301 bivariate normal 71
Complement theorem 12 Cauchy 98
Complete investigation 170 12 (chi-square) 227
Completely randomized experiment exponential 54, 86, 87, 92, 98, 105
302 extreme value 63
Composite hypothesis 255 fit 48,97
Conditional probability 21 gamma 58, 228
Confidence interval 223 general normal 135
one-sided 224 geometric 48
two-sided 224 hypergeometric 49, 155
Confidence level 223 logistic 64
Confidence limit 223 lognormal 144
Confidence method 262 marginal 67
Consistent estimate 194 multinomial 68, 161
Continuity correction 152 normal 56, 131
Continuous random variable 49 one-point 47
Continuous sample space 7 Poisson 49, 158
Contour curves 69, 109 posterior 218
Control of medicine 168 prior 218
Convolution 84, 85 Rayleigh 57
Convolution formula standard normal 132
for independent continuous random t distribution 229
variables . 86 two-point 47
for independent discrete random uniform 15, 47, 53, 70, 87, 98, 104
variables 84 Weibull 57
Correction Distribution function 42, 66
continuity correction 152 empirical 217
finite population correction 156 joint 66
Correlation 110 marginal 67, 69
coefficient of 110 Disturbing factor 297
Covariance 109 Drawing
Critical region 255 with replacement 19
Cumulative bar diagram 181 without replacement 18

Cumulative histogram 184

Cumulative relative frequency 181
Efficiency (of estimate) 195
Empirical distribution function 217

Defective units 1, 16, 171 Error
Degrees of freedom 227, 229 of the first kind 260
Density function 50 of the second kind 260
joint 68 random 107
marginal 69 systematic 107
skew 50 ESP 253,257
symmetric 50 Estimate
Dependence (of random variables) adjusted ML 199

108 biased 194



Index

consistent 194

efficient 195

interval 223

least squares 201

LS 201

maximum likelihood 199
ML 199

point 192

unbiased 194

Estimated regression line 283

Events 5

independent 25, 26
mutually disjoint 9
mutually exclusive 9

Expectation

of function of random variable 99
of function of several random
variables 100

of random variable 97

Experiment

completely randomized 302
randomized block 303
reproducible 296

Exponential distribution 54, 86, 87, 92,
98, 105

Extrapolation 289

Extreme value distribution 63

Fair game 107,122
Favourable cases 15
Fermi-Dirac statistics 74
fft-distribution 48, 97
Finite population 169
Finite population correction
Finite sample space 7
Fluoride and caries 174
Fractile (of random variable) 52
Frequency function 50
Frequency interpretation (of probability)
11
Frequency table 180
Frequency tabulated data 180
Function of random variable 80

156

Gamma distribution 58, 228

Gamma function 58

Gauss’s approximation formulae 123,
125

General normal distribution 135

Geometric distribution 48

Graphical method (probability paper)
210

353

Graphical presentation (of data) 180
Grouped data 181, 187

Handshakes 31
Harvest damage 295, 298
Histogram 183

cumulative 184
Homogeneity test
Household survey
Housing 267, 272
Hypergeometric distribution 49, 155
Hypothesis

alternative 257

composite 255

simple 255
Hypothesis testing 253

27
168

Improbable event 28
Independent events 25, 26
Independent random variables 71
Independent trials 27

Inference 177

Infinite population 169
Interval estimate 223

Interval estimation 223

Interval of variation (of data set) 186
Interviews 245, 247

Inventory 28

Investigation

comparative 170, 301
noncomparative 170, 294

Joint density function 68
Joint distribution function 66
Joint probability function 66

Kolmogorov’s system of axioms 12

L function (likelihood function) 199
Larger of two random variables 89
Law of large numbers 121

Least squares estimate 201

Least squares method 201

Level of significance 255

L function (likelihood function) 199
Lifetimes 72, 73, 90, 112, 200
Likelihood function 199

Limit theorems

Bernoulli’s theorem 154
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Limit theorems (cont.)
Central limit theorem 141
Law of large numbers 121
Linear regression 280
Linear transformation (of random
variable) 81
Location (measure of) 101, 185
Logarithmic transformation (of random
variable) 82, 124
Logistic distribution 64
Lognormal distribution 144
Lottery 100
Lower quartile 52
LS (least squares) estimate 201
LS (least squares) method 201

Marginal density function 69
Marginal distribution function 67, 69
Marginal probability function 67
Market research 157, 247
Maximum likelihood 198
Maximum likelihood estimate 199
adjusted 199
Maximum likelihood method 198
Mean
of data set 185
of random variable 97
of sample 196
Measure of dependence 108
Measure of dispersion
of data set 185
of random variable 102
Measure of location
of data set 185
of random variable 101
Measurements 1, 41, 43, 120, 140, 172,
173, 193, 206, 224, 225, 240, 258,
261, 264, 269
Median
of data set 185
of random variable 52, 101
Menu 32
Method of least squares 201
Method of maximum likelihood 198
Missing values 297
Mixed population 24
Mixture (of random variables) 60
ML (maximum likelihood) estimate
199
adjusted 199
ML (maximum likelihood) method
198
Model 3

Index

Multidimensional random variable 65
Multinomial distribution 68, 161
Multiple regression 290
Multiplication principle 32

Mutually disjoint events 9

Mutually exclusive events 9

Noncomparative investigation 170,
294
Nonlinear regression 289
Normal approximation
in the theory of hypothesis testing
264
in the theory of interval estimation
241
of binomial distribution 152
of hypergeometric distribution 157
of Poisson distribution 161
Normal distribution 56, 131
bivariate 71
general 135
standard 132
Normal probability paper 210
Null hypothesis 254

Odds 108

One-point distribution 47
One-sided confidence interval 224
One-sided test of significance 256
Optimal allocation 300
Outcome 5

P method 256

Paired samples 238

Parallel system 126

Parameter 175

Parameter space 175

Percentile (of random variable) 52
Permutations 31

Petersburg paradox 126
Planning (check list) 294

P method 256

Point estimate 192

Poisson approximation

of binomial distribution 153

of hypergeometric distribution 158
Poisson distribution 49, 158
Poker 33

Population 168

finite 169

infinite 169



Index

Possible cases 15

Posterior distribution 218

Power 257

Power function 257

Precision 107

Prediction (of point on theoretical
regression line) 283

Prior distribution 218

Prize in food package 36, 127

Probability 10

classical definition of 15
conditional 21

subjective 14, 108

total 23

Probability distribution 46

Probability function 45

joint 66

marginal 67

skew 45

symmetric 45

Probability paper 210

Probability space 12

Production by machines 24

Proportional allocation 300

Protein and bilirubin 285, 287

Quadratic transformation (of random
variable) 83
Quantile 52
Quartile 52
lower 52

upper 52
Quotient (of random variables) 91

Radioactive decay 6, 55, 159, 193, 195,
209
Random error 107
Random model 3
Random numbers 295, 305
Random sample 176
Random sampling 295
Random trial 3
Random variables 41
continuous 49
discrete 44
independent 71
multidimensional 65
standardized 105
two-dimensional 66
uncorrelated 110
Random walk 148
Randomization 302

355

Randomized block experiment 303
Range (of data set) 186
Ratio (of random variables) 91
Raw data 180
Rayleigh distribution 57
Reciprocal (of random variable) 124
Regression

linear 280

multiple 290

nonlinear 289

simple linear 281
Regression coefficient 281
Regression line

estimated 283

theoretical 281
Regression variable 281
Relative frequency 154, 158, 180
Rencontre 35, 128
Repeated tests of significance 275
Repeated trials 27
Representative selection 296
Reproducible experiment 296
Residual sum of squares 284
Risk 27
Round-off errors
Ruin problem 34
Russian roulette 32
rv (random variable) 41

54,143

Sample mean 196

Sample (random) 176

Sample space 5

continuous 7

discrete 7

finite 7

Sample standard deviation 198

Sample survey (stratified) 299

Sample variable 192

Sample variance 197

Sampling investigation 170
scheme for 175

Sampling survey 170

Sign test 268

Significance level 255

Significance test 255
one-sided 256
strengthened 260
two-sided 256

Significant*, significant**, significant***
255

Simple hypothesis 255

Simple linear regression 281

Simple random sampling 295
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Simple sampling 295
Skew density function 50
Skew probability function 45
Smaller of two random variables 89
Smiling-face scale 169
Square root transformation (of random
variable) 82
Standard deviation
of data set 185
of random variable 103
of sample 198
Standard error 209
Standard normal distribution 132
Standardized random variable 105
Statistic 192
Statistical inference 177
Statistical investigation 167
Stratified sample survey 299
Stratum 299
Strengthened test of significance 260
Subjective probability 14, 108
Sugar-content 234, 236, 238, 263
Sum of random variables 83
Sum of squares
about the arithmetic mean 186
residual 284
Symmetric density function 50
Symmetric probability function 45
Systematic error 107
Systematic selection 306

t distribution 229
Tabulation (of data) 180
Target-shooting 27, 70
Taste testing 266

t distribution 229
Tensile strength 90
Test of homogeneity 271
Test of significance 255
one-sided 256

Index

strengthened 260

two-sided 256

Test quantity 255

Testing hypotheses 253
Theoretical regression line 281
Time series 290

Total probability theorem 23
Treatment 301

2 x 2table 272
Two-dimensional random variable 66
Two-point distribution 47
Two-sided confidence interval 224
Two-sided test of significance 256

Unbiased estimate 194

Uncorrelated random variables 110

Uniform distribution 15, 47, 53, 70, 87,
98, 104

Upper quartile 52

Urn model 17

Variability 2

Variance

of data set 185

of product of random variables 125
of random variable 103
of sample 197
Variation 2

coefficient of 103, 186
continuous 169
discrete 169

interval of 186

Venn diagram 8

Waiting time 54, 60
Weibull distribution 57
Woollen fabric 161
Work study 242



