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KTH Matematik

EXAMINATION IN SF2701 FINANCIAL MATHEMATICS, 2011-08-23, 14:00—
19:00.

Examiner: Henrik Hult, tel. 790 6911, e-mail: hult@kth.se
Allowed technical aids: calculator.

Any notation introduced must be explained and defined. Arguments and computa-
tions must be detailed so that they are easy to follow.

Interest rates are compounded continuously.

GoOD LUckK!

General information:
We use the notation (a); = max(a, 0).

Black’s formula for European call and put options:

c = Z(GV0(dy) — KO(dy)),
p = Z(K®(—dy) — Gé“cb(—dl)),
In(GY/K)
o + oVt
(i2 = (il — CT\V/—

a =

A table of the standard Normal distribution is given at the end of the exam.
Problem 1

Let Z; denote the price of a zero-coupon bond with face value 1 and maturity ¢ years
from now. Suppose Z; is known for each future time ¢.

Derive the forward price G(()tl)[ZtQ] for receiving, at time t;, a zero-coupon bond
with maturity ¢,. Here 0 < t; < t3. For full points you must give a complete
derivation of the forward price from the law of one price. It is not sufficient just to
state the formula. (10 p)

Problem 2

Determine the price of an American option to buy 100 US dollars at 6.00 SEK per
dollar. The time to maturity is one year. The value of the US dollar today is 6.45
SEK. The dollars volatility relative to the Swedish crown is 10% in one year. The
rate of interest of the Swedish crown is 3% a year, and the one year forward exchange
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rate is 6.46 SEK for one US dollar. Use a binomial tree to solve the problem, with
time interval six months. (10 p)

Problem 3

Let X represent the price in pounds (£) per tonne of Cocoa in March 2012; seven
months from now. The volatility of Cocoa is 26% per year. The forward price of X
for delivery in seven months is £1915. Use Black’s model to compute the price of
a put-spread on X with maturity in seven months. The put-spread is a derivative
with payoff at maturity given by

0 it X > 1925,
1925 — X if 1875 < X <1925,
50 it X < 1875.
A table of the standard Normal distribution function is given at the end of the exam.
The interest rate is 2% per year. (10 p)
Problem 4

Consider Ho-Lee’s binomial model where the interest rate between year ¢ — 1 and ¢
is given by

Z(0,t — 1)

re=1n ( Z(0,1)

)+m@%m@—1w»+awyp~+hm

where Z(0, t) is the price of a zero coupon bond with maturity ¢ (years), and by, b, . . .
are independent taking values 1 and —1 with probability 0.5 each, under the futures
distribution.

The following zero-coupon rates of interest hold: 1-year: 2%, 2-year: 2.2%, 3-year:
3%. The volatility of the one-year rate is assumed to be 1%.

A caplet is a European call option on the short rate. Compute the price of a caplet
which pays 100(r; — 0.03) . two years from now. (10 p)
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Problem 5

An index of shares pays dividends. Your task is to determine the dividend yield per
year, assuming the index pays continuous dividends. The value of the index today
is 3261. The price of a European call option with strike 3250 and maturity in four
months is 205. The price of a European put with strike 3250 and maturity in four
months is 212. The four month interest rate is 2% per year. You are encouraged
to make model assumptions as long as they don’t contradict the given numerical
values. State your assumptions clearly. (10 p)
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TABLE A; STANDARD NORMAL PROBABILITIES (CONTINUED)

Figure 1: Standard Normal distribution
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