EXAMINATION IN SF2942 PORTFOLIO THEORY AND RISK MANAGE-
MENT

Date: 2016-01-08, 14:00-19:00

Suggested solutions

Problem 1

(a) The relation between the price P of a bond with coupon rate C, face value
F, maturity in n years and yield-to-maturity y is

n
P=>) CFe v+ Fe ¥
k=1
The formula for using zero rates ri, k = 1,...,n when valuing bonds is

P=>Y CFe k4 Femn,
k=1

For Bond 1 we get
103¢79935 =103e ™ = r; =0.035,
for Bond 2 we get
4e700% £ 10467002 = 46709 1104672 = 1y = 0.0452,
and finally for Bond 3 we get

6e™ " +6e” %072 410667 = 6e~ 0% +6e” 012211060 = 1y = 0.0505

(b) The price of the bond is given by

P = 116_0'035 4 116—0.04522 + 2116—0.0505'3 = 9202.00

(c¢) If the bond defaults, then the present value is equal to
0.20 - 100 - 72035 = 19.31,
and if the bond does not default, then the present value is
100 - e~ *0%053 = 85.94.
The price P of the bond is thus

P =0.025-19.31 4 0.975 - 85.94 = 84.27.



Problem 2

(a) The optimal portfolio is given by

h = $,'S1 7
he = E[L-h'E[Z].
Here
Cov(L, Z4)
Yrz= )
Cov(L, Z,)

Using the optimal portfolio we get the optimal payoff:
A=E[L)-W"E(Z]+ (3;'S0z) Z=E[L] + 21257 (Z-E[2Z).
————
=T s!
L,z%z

Since

E [A} — EB[L)+%] %, (E[2] - E[Z]) = E[L]
we have
A - 2 ~ o
E [(A - L)Q} - (E [A - LD + Var(A — L) = Var(4 — L).
It follows that
E [(/1 - L)Q] = Var(A- L)
= Var(E[L]+X] 3, (Z-E[Z]) - L)
Var (X7 ,5,'Z — L)
= Y] 55825582 — 251 25, S,z + Var(L)
st 5580, - 257 5,18 7 + Var(L)
= Var(L) - X[ ;5;'SL 2.
In this case L = S% and we get

B Cov(S2, St)
B Var(ST)

Cov(S%, St)

and hg = E [S%] — Var(SZ)

- E[ST].
Since
Var(Sr) = E [52] — (E[Sr])*

and
Cov(S7,Sr) = E [S3] — E [S7] E[S7]

we need E [S}] for n =1,2,3. Let Z ~ N(0,1). Using the fact that

E [eaerZ] _ ea+b2/2



for a,b € R we get

E[Sr] = SoE 'eunoﬁz}
= SoeltT+02T/2,
E[S?] = S2E _€2uT+2o\/TZ]
= Sgez,u_T—i-QozT’ and
E[S}] = SE 'esmsmz]
= S8’631;T+902T/2.
It follows that
Cov(S3,S7) = S3eMTHOT/2 _ GR2uT+20°T g cul+o"T/2

2 2
SgeguTesa T/2 (820' T 1)

and
Var(Sr) = Sgez“T““QT — (Soe"T+“2T/2)2
= SgeQ“Te”ZT (e"zT — 1) .
Hence
S3EHT 50T /2 (6202T _ 1)
ho= Sge2uT eo*T (e"zT — 1)
_ SoeuT+302T/2 (eO'QT 4 1)
and
ho = 5362“T+2‘72T — Soe“T+3”2T/2 (602T + 1) Soe“T+"2T/2
_ _SgeQ;LT+303T.

The minimal expected square heding error is given by

2
_ 2, (Cov(S%,57))”
- Var(ST)—W
Now
Var(s2) = E[SH - (E[S2])”

S4e4ltT+802T _ S4e4ﬂT+4‘72T
0 0

2 2
— 56164/J«T+40' T (640 T 1)

)



B [(A - L)2] = Var(S2) — (W)zm(&)

S§e4MT+4o—2T <e4a2T B 1) _
(SoeuT+302T/2 (602T + 1))2 SgeQHTeUZT (60'2T . 1)
_ 5364#T+502T (6202T B 1) ) (602T B 1) .
Problem 3

The inverse of the covariance matrix is

/o2 0 ... 0 0
) 0 1/o3 0 ... 0
yl = _
0 0 ... 0 1/02

(a) The minimum-variance portfolio solves the problem

min %wTEw
subject to wT1 =1.

The Lagrangian is
1
L= inEw + A1 —wT1),

and the first order condition is

Yw—A1=0.
The solution is
1/0?
1/03
w=x2"1=x| '’
/oy
Inserting this in the constraint yields
MTS1=1 = A= -t
N 1Ty
Now
1/o%
1/03 G
1"y M1=[11---1 =y =
{ A EDIp
: k=1
1/02



It follows that

1/ot
1 1/03

Wmvp = —7———— .

mvp 2221 7% :
1/o7

(b) The problem now is
max wlp — JwTsv
subject to wT1 = 1.

The Lagrangian is
L=wlp— %wTEw + A1 —wT1),
and the first order condition is
pw—yXw—A1=0.
We get
w:%QrmfAE%n,

and using the constraint we arrive at

%(1TE*ML7A1T2*1U::1 = A=

We know the expression for 172711 from above, and get

1/o%
Ty—1 Ty—1 Ljo3
VY p=p X771 =[u po - pn] :
1oy
Hence,
22:1 ﬁfg -7
and the optimal portfolio for any v > 0 is given by

1 7*22:1%5

n 1
Vo Zk:l 7%

A=

(¢) The problem we want to solve is

min %wTZw
subject to  wT p = o
wll =1.



The Lagrangian is
L= %wTEw + A (o — whp) + Ao (1 — w'1),
and the first order condition is
Yw — A p— A1 =0.
The solution is given by
w=Y""Ap+ A1) = S+ XX

Inserting this into the constraints we get

po = MptS a4+ 'y
1 = M1IT2 4+ 1Tyt
In our case
n_ o9
_ ui
wr's=ty = U—;‘::a
k=1 Fk
R BB B
k=1 F
"1
Ty—1 .
1’11 = ZF:.C.
k=1 F
Then
a b Ao ] mo
b ¢ )\2 o 1
and

a1 c b po | 1 cuo — b
X | ac—b2| —b a I | ac—0b2 | a—buy |’

Hence for i = 1,2,...,n we have the optimal weights
Hi 1
wg = A5+l
[ 1 0_72 2 O',LZ
1

2
S Bk ) f nooMe noope ) L
Zk:l Ui) o2 (Zk:1 o2 Ho Zkzl Ui) o2
= 5 .

2
Sho g Y - (Cha )

Problem 4



(a) With u(z) = In(z + 10) we get the coefficient of absolute risk aversion

1
w'(z) Tz 1
U

i = .
"(z) EER T x4+ 10
(b) The general problem we want to solve is

max > ory ok In(wiby +m)
subject to > _r_, wi = Vg,

where n =5, for k =1,...,5 we have introduced p; and 6 as the proba-
bilities and odds respectivly, m = 10 and V{; = 100. We get the Lagrangian

L:Zpkln(wk9k+m)+)\ (V()_Zwk> ,

k=1 k=1
and the first order conditions

PrOk
wrbr +m

n
E W = Vo.
k=1

The first set of equations yields

-A = 0, k=1,....n

Pk m
wp =28 k=1, n,
TN 6,

and inserting this into the constraint yields

_n pp mY\ 1 1
-2 (%) sk

k=1

Hence, the optimal solution is

"1 1
wk:%pk+m<pkz_>v k:17"'7n'
=0 Ok

Inserting the values given we get

wy = 24.95, wy = 14.84, ws = 8.83, wy = 46.86 and ws = 4.52.

(¢) The certainty equivalent C' solves
Eu(W)] = u(C),

where u(z) = In(z + 10). Now the value of V; in state k, which we denote
(V1)k, is given by
(Vl)k = ’wkak



It follows that

n

Eu(W)] = Y peln((Vi)k + 10)
k=1
= 0.251n(24.95 - 3.75 + 10) + 0.151n(14.84 - 5.75 + 10)
+0.101n(8.83 - 4.5 4 10) + 0.45In(46.86 - 3.5 + 10)
+0.051n(4.52 - 10 + 10)

= 4.7565.
Hence, the certainty equivalent C solves
In(C 4 10) = 4.7565 = C = 106.33.
The absolute risk premium 7 of V7 is defined by

T = BEVi]-C
= 0.25-24.95-3.75+0.15-14.84-5.75+0.10 - 8.83 - 4.5
+0.45-46.86 - 3.5+ 0.05-4.52 - 10 — 4.7565
= 116.23 — 4.7565
= 9.90.

Problem 5

We want to calculate the value-at-risk and expected shortfall for the random
variable
X =V; — RyVp.

(a) We know that with for p € (0,1) we have

VaR,(X) = min{m|P(mRy+ X <0) <p}
min{m|P(mRy + Vi — RyVp < 0) < p}
= min{m|P(V1 < Ry(Vy —m)) < p}.

Since Vi has a continuous distribution we have

P(Vi < Ro(Vy — VaRy(X))) = p.

Fulo) = [ et = [el]" =1 e,

and it follows that

1 — e BoVo—VaRp(X))/a — ) = VaR,(X) = Vp + Ri In(1 — p).
0

Inserting the parameter values and using Ry = 1/By we get for p € (0,1)

VaR,(X) = 100000+ 150000 - 0.96In(1 — p)
= 100000 + 144000 1n(1 — p).



(b) The expected shortfall of X at level p € (0,1) is given by

1 P
= / VaR, (X)du
P Jo

1 P
= f/ (100000 4 144 0001In(1 — u))du
P Jo

ES,(X)

1 D
= 100000 + 144 000 - 5/ In(1 — u)du
0
1 1
= 100000 + 144 000 - f/ In vdv
p 1-p
1
= 100000 + 144 000 - ’ [vInw — v

= 100000 + 144000 - %(07 1- ((1—p)ln(1—p)—(1 fp))>

—p)In(l—p) —p
p

= —44000 + 144000 (1 — 1) In
p

—(1
= 100000 + 144 000 (

1
l—p'



