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Problem 1

In immunization a liability such as a deterministic cash flow is hedged by a bond
portfolio. The bond portfolio is selected such that its value equals the value of
the liability and such that the resulting total portfolio, assets minus liabilities, is
insensitive to a number of scenarios Ary,...,Ar, of zero rate changes. Principal
Component Analysis (PCA) can be used to decide upon reasonable scenarios to
protect the portfolio against.

To perform PCA we need historical zero rate changes and an estimate of the covari-
ance matrix Cov(Ar) from the data. The covariance matrix may be expressed as
the product (singluar value decomposition) Cov(Ar) = ODO®, where D is a diago-
nal matrix with the (strictly positive) eigenvalues A, ..., A, of Cov(Ar) as diagonal
elements and O is an orthogonal matrix whose columns o4,...,0, are eigenvec-
tors of Cov(Ar), orthogonal, and of length one. The columns of D and O can be
ordered so that the diagonal elements in D appear in descending order.The first
few eigenvectors 01,09, ... are natural candidates as scenarios to use in the immu-
nization procedure. Indeed, any scenario Ar can be expressed in the orthonormal
basis {01, ...,0,} and since the eigenvalues A1, Ay, ... are descending the error from
ignoring the eigenvectors with small eigenvalue will be small.

A criteria for selecting the number of principal components to use is to study

J
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k=1

as a function of j. Then we often find that its value for j = 1 is close to one.
This means that variability of Ar is mainly in the direction of the first principal
component o;. To improve the accuracy of the approximation we may pick a small
7, such as j = 2 or 3 and use the corresponding eigenvectors as the scenarios in
the immunization procedure. For zero rates the first three components can often be
interpreted as a parallel shift, a change in slope, and a change in curvature of the
Zero rate curve.

Suppose we use 3 principal components 01,09, and o3. If P(r) represent the value
of the liability and Py(r) is the value of the bonds in the hedging portfolio, then a
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good choice a hedging portfolio is obtained by solving the system of equations
> hPi(r) = P(r),
k=1
Z hi VP (r)Yo, = VP(r)'o, forli=1,...,3.
k=1

Problem 2

Consider first an investment problem without a risk free asset. Suppose the vector
of returns of the risky assets has mean p and covariance matrix ¥ and w is the
vector of amounts invested in each asset. The trade-off problem is to

maximize w'p — ﬁ

subject to wT1 < Vj.

witw,

For each ¢ > 0, let (o(c), u(c)) be the mean and standard deviation of the portfolio
that solves the trade-off problem with trade-off parameter c. The efficient frontier
is the set of all such pairs.

The efficient frontier is determined by finding, for each ¢ > 0, the portfolio w, that
solves the trade-off problem and then compute

p(c) = wep,
o(c) =/ wlXw,.

The efficient frontier may look like the solid line in Figure 1.
When there is a risk free asset with return Ry the trade-off problem is

maximize woRy+ W'y — ﬁWTZW,
subject to w1l < Vj.

The efficient frontier is determined in a similar way as just described, and it turns
out that it is a straight line. It may look like the dashed line in Figure 1.

Problem 3

Let time 1 be in six months from now, K = 10* be the payoff of each contract, ¢;,
J =1,...,4, be the price of each contract, and p;, j = 1,...,4, be the probability
of each outcome. The initial capital is V = 10%.
Investing the amounts w' = (w1, we, w3, wy) in the four contracts gives the value V;
at time 1 as
(K/q)wy, if “Excellent”,
v — (K/q2)wsy, if “Good”,
Y7 (K /gs)ws,  if “Poor”,
(K/qq)wy, if “Default”.

The expected utility is then given by

Eu(v)] = Yo u(ow o

J=1

We want to maximize E[u(V})] subject to w1 < V.
The sufficient conditions for optimality are:
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Figure 1: Illustration of the efficient frontier.

(1) —u'(Kw;/q;)p; + A =0, for j=1,....4,
(2) w1 < W,

(3) A0,

(4) A(WT1— V) =0

Since 7 = 0 we have u/(z) = (yz)~'/7. Assuming A > 0, the first condition leads to

wy= (LY
T 4K\
The fourth condition then implies

4

1 PiN"Y
Vo=w'l= q~<—j> ,
0 )\VVKZ "\ g

j=1

and from this expression we solve for A to get

4 2\ 1/
> i1 (Z_j)
Yo K

Then the optimal portfolio is given by

AN\
10

VW77
Zi:1 gk (Zf)

w; =
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Entering the numerical values and v = 2.5 gives

wy, = 1014.68,
wy = 7742.66,
w3 = 963.76,
wy = 278.89.
Problem 4

(a) Let I; and I3 be the default indicators for the two issuers. They are assumed
to be independent and identically distributed, I; = 1 with probability p and I, =0
with probability 1 — p.
The returns of the two bonds are then given by

_10°

(1-1), k=12
The expected value of Ry, is

Ry Ry
(1= Bl =

u= E[Ry] = 1 (1—-p)=1051, k=12
and the variance is

2

(1— [k)) =7 }_%Oq)Qp(l — p) = 0.02717.

Since the default indicators are independent, so are the returns R; and Ry, which
implies Cov(Ry, Ry) = 0.
Let uT = (p, 1) be the mean vector of (R;, Ry) and X be the covariance matrix

given by
a2 0
2_(0 &).

Let wy be the amount invested in the risk-free bond and wt = (wy, w,) the amounts
invested in the two defaultable bonds, respectively. The objective is to solve

Ry
-4

o = V(Ry) = V(l

maximize woRy + W',
subject to wiXw < Vio?,
wo +w'l <V,
Wo Z O,w1 Z O,w2 Z 0.

Here V; = 10° is the initial capital and Vyoy = 25000.
If we, for now, ignore the short-selling constraints, then the sufficient conditions for
optimality are

(1) RQ —)\2 =0 and —M+)\12W—|—)\21 :O,

(2) witw < V@o? and w + wil <V
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(3) )\1 Z 0 and )\2 Z O,
(4) M(wTEw — V2o?) = 0 and Ay(wo + w1l — 1) = 0.
Assuming A\; > 0 and Ay > 0 leads to Ay = Ry,

1
w=—%"Y(u— Ryl),
A1

by (1) and using the first condition in (4) gives
Viog = ~(p — Rol)"S7 (1 — Rol).

Then we solve for A\; which gives

1(W—R@szu—%nfﬂ

A =
! Voo

and
Vooo

(1 — Rol)TE~1(p — Ryl)
( )

wozvb—wl—wg.

== (10 )

and putting in the numerical values gives

wy = wy = 107253.1, wo = 785493.8.

S — Rol),

W= 1/2

We can compute

Since the solution to the optimization problem without short-selling constraints
actually satisfies the short-selling constraints we conclude that this is the optimal
solution to the problem.

(b) The mean and standard deviation of the optimal portfolio are given by

woRo + (U)l + wg)u = 1050231,

vVwTIYw = 25000.

Problem 5
Let X =V, — VhRy be the net worth. Then the discounted loss is

L=—X/R,

1
= —— (500000 + 100000(Rs + R,) — 10000007
0

100000
= 200000 — (Ry + Ry)
0
100000 R,
= 200000 — ——((1 =T 1—1
Rl =g (1= 1)+ (1= E)

100000
— —200000—1— + (I + ).
L A
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The distribution of I; + I is given by
P(Ii+1,=0)=(1-p)?
P(I,+ I, =1) =2p(1l —p),
P(I, 4+ I, = 2) = p?,
and the quantile function is therefore given by
0, ifl—u<(l-p)?
Fl,l—u)=¢1 if(1-p?<l-u<l-p%
2, ifl—-p*<1-—u.
The Value-at-Risk is then given by
VaR,(X) = F;'(1 —u)

100000

q 1
= —2000001_q+ - F11+12(1_U)

0, ifl—(1-p?<u
100000 | " =,
::_Qommolq + 1, ifpP<u<l-—(1-p)
4 4 2, if u < p?

(a) With w = 0.05 and p = 0.024 we have 1 — (1 — p)? = 0.04742 < 0.05 and
p? = 0.000576 and therefore

VaRo.05(X) = —200000¢/(1 — ) = —5128.2.
(b) The Expected Shortfall can be computed as

1 0.05
ES¢.05(X) = 0OF VaR, (X)du
q 100000 ) o
= —200000 20 = 0) +1(1 — (1 —p)® —
1—q+00a1—@((p ) +1(1=(1=p)" =p7))

= 93333.
(c) Let I; = 1 with probability p; = 0.91 and I, unchanged. Then
P(I + I, =0) = (1 — p1)(1 — p) = 0.08784,
P(li+ I =1) =pi(1 —p)+ (1 —pi)p = 0.89032,
P+ I, = 2) = pip = 0.02184,
and
0, fl-u<(l-pi)(l-Dp),

ﬂ#dl—w:: L, if(l—-p)(1—-p)<l—-u<1-—pp,
2, ifl—pp<l—u.

The Value-at-Risk is then given by
VaR,(X) = F; 1 (1 —u)

100000 _
=:—2mm001_ 1—¢;Fhib(1_1”
0, if1—(1—p)(1-p)<u
100000 ’ ’
q 2, ifu<pip.
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In particular

100000
VaRg.05(X) = —200000¢/(1 — ¢) + —— ;= 974se.
The Expected Shortfall is given by
1 0.05
ESpo5(X) = — VaR,(X)d
005(X) 0.05/0 aRy (X)du
q 100000 ( )
= —200000 2 —0)+ 1(0.05 —

= 142236



