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1 Some notation

R = (—o00,0)
Z=A{0,£1,£2,...}
C = The complex numbers = {x + iy; * € R, y € R}

& means “equality by definition”.

2 General probabilistic formulas

(Q,F, P) is a probability space, where:
Q) is the sample space, i.e. the set of all possible outcomes of an experiment.

F is a o-field (or a o-algebra), i.e.
(a) 0 e F;

(b) if Ay, Ag,--- € F then |JA; € F
1

(c) if A€ F then A° € F.

P is a probability measure, i.e. a function F — [0, 1] satisfying
(a) P(Q) =1;

(b) P(A) =1— P(A°);

(c) if Ay, Ag,--- € F are disjoint, then P(U Ai) =Y P(A).
1 1

Definition 2.1 A random variable X defined on (0, F, P) is a function Q0 —

R such that {w € Q: X(w) <z} € F forallx € R.

Let X be a random variable.

Fx(x) = P{X < x} is the distribution function (férdelningsfunktionen).

fx(+), given by Fx(z) = [*_ fx(y) dy, is the density function (téthetsfunktionen).

px (k) = P{X = k} is the probability function (sannolikhetsfunktionen).

¢x(u) = E(e™*) is the characteristic function (karakteristiska funktionen).

Definition 2.2 Let X, X5,... be a sequence of random variables. We say

that X,, converges in probability to the real number a, written X, L a, if for

every € > 0,
lim P(|X, —a| >¢)=0.

n—oo
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Definition 2.3 Let X1, Xo,... be a sequence of random variables with finite
second moment. We say that X, converges in mean-square to the random
variable X, written X,, —> X, if

E[(X, — X)* — 0 asn — oo.

An important property of mean-square convergence is that Cauchy-sequences
do converge. More precisely this means that if X;, X5,... have finite second
moment and if

E[(X, — X3)?] — 0 as n, k — oo,

then there exists a random variable X with finite second moment such that
Xn m.s. X'

The space of square integrable random variables is complete under mean-square
convergence.

2.1 Some distributions

The Binomial Distribution X ~ Bin(n,p) if

n

px (k) = (k)pk(l —p)"* k=0,1,....,nand 0<p< 1.
E(X) = np, Var(X) =np(1 —p).
The Poisson Distribution X ~ Po()\) if

/\k
px(k) = Fe_)‘, k=0,1,... and A > 0.

E(X) = )\, Var(X) = )\7 ¢X(u) — e_A(l—eiu).
The Exponential Distribution X ~ Exp(}) if

LA g >0
G if z >0,

x) = A > 0.
fx(@) {o itz <0

E(X) =\, Var(X) = A\
The Standard Normal Distribution X ~ N(0, 1) if

E(X)=0, Var(X) =1, ¢x(u) =e /2
The density function is often denoted by ¢(-) and the distribution function by

O(-).
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The Normal Distribution X ~ N(u,0?) if

X —p
g

~ N(0,1), peR, o>0.

B(X) = p, Var(X) = 02, ¢x(u) = etuev’s"/2

The (multivariate) Normal Distribution
Y =Y,...,Y,) ~ N(u,X), if there exists

251 bin ... bin
avector p=| : |,amatrix B=| : with ¥ = BB’

o U .

and a random vector X = (Xy,...,X,,)" with independent and N (0, 1)-distributed
components, such that Y = p+ BX. If

(1)~ (() (e 750))
~ ) 2 )
Ys |25 PO102 0y

Y} conditional on Y5 = g5 ~ N(m + 20 (s — p12), (1 — ,02)0%) :
02

()~ (G) (5 52)
Y, Ho T\ X XYoo ’

then Y’y conditional on Y, = vy,

then

More generally, if

~ N(py 4 Z1235 (Yg — 19), 11 — B1235 Tan ) -
Asymptotic normality

Definition 2.4 Let Y1,Y5,... be a sequence of random variables.
Y, ~ AN(u,,02) means that

n

lim P(M < x) = P(z).

n—oo On

Definition 2.5 Let Y,Y5,... be a sequence of random k-vectors.
Y, ~ AN(w,,, X)) means that

(a) 3q,%9,... have no zero diagonal elements;

(b) XY, ~ AN(N p,,, NS, ) for every A € RF such that NS, > 0 for all
sufficiently large n.
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2.2 Estimation

Let x1, ..., x, be observations of random variables X7, ..., X,, with a (known)
distribution depending on the unknown parameter §. A point estimate (punkt-

o~

skattning) of # is then the value 6(z1,...,x,). In order to analyze the estimate

~

we consider the estimator (stickprovsvariabeln) (X, ..., X,,). Some nice pro-
perties of an estimate are the following:

-~

e An estimate 6 of 0 is unbiased (véntevardesriktig) if E(0(Xy,...,X,)) =
0 for all 6.

e An estimate 6 of 6 is consistent if P(]é\(Xl, oy Xp) =0 >¢) — 0 for
n — oo.

o If # and #* are unbiased estimates of § we say that 0 is more effective

-~

than 6* if Var(6(Xy,...,X,)) < Var(6*(Xy,...,X,)) for all 6.

3 Stochastic processes

Definition 3.1 (Stochastic process) A stochastic process is a family of
random variables {X;, t € T} defined on a probability space (Q, F, P).

A stochastic process with T' C Z is often called a time series.
Definition 3.2 (The distribution of a stochastic process) Put
T={teT" t1<ty< - <tp,n=12... }

The (finite-dimensional) distribution functions are the family {Fy(-), t € T}
defined by

Ft(zc) :P(th S.Tl,...,th an), tET", x € R".
With “the distribution of {X;, t € T C R}ae mean the family {Fi(:), t € 7}.

Definition 3.3 Let {X;, t € T} be a stochastic process with Var(X;) < oo.
The mean function of {X,} is

nx(t) € B(X,), teT.

The covariance function of {X,} is
’VX(nS) = COV(XMXS), r.sel.

Definition 3.4 (Standard Brownian motion) A standard Brownian mo-
tion, or a standard Wiener process {B(t), t > 0} is a stochastic process sa-

tisfying
(a) B(0) =0;
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(b) for every t = (to,t1,...,t,) with 0 =ty < t; < --- < t, the random

variables Ay = B(t1)— B(to), ..., A, = B(t,) — B(t,_1) are independent;
(c) B(t) — B(s) ~ N(0,t —s) fort>s.

Definition 3.5 (Poisson process) A Poisson process {N(t),t > 0} with
mean rate (or intensity) \ is a stochastic process satisfying

(a) N(0) =0;

(b) for every t = (to,t1,...,t,) with 0 <t < .- < t, the random
variables Ay = N(t1)—N (to), - . N( n)—N(t,_1) are independent;

(¢) N(t) — N(s) ~Po(A(t —s)) fort>s.

Definition 3.6 (Gaussian time series) The time series { X, t € Z} is said
to be a Gaussian time series if all finite-dimensional distributions are normal.

4 Stationarity

Definition 4.1 The time series {X;, t € Z} is said to be strictly stationary
if the distributions of

(th’ C ,th) and (Xt1+h7 Ce ,th+h)
are the same for all k, and all t1,...,ty,h € Z.

Definition 4.2 The time series { X, t € Z} is said to be (weakly) stationary
if, see Definition 3.3 on the preceding page for notation,

) Var(X;) < oo forallt € Z,

(i

(il) pux(t)=p forallt € Z,

(ili) yx(r,s) =vx(r+t,s+1t) forallr,steZ.
(

iii) implies that vx(r,s) is a function of r — s, and it is convenient to define

vx (h) € % (h, 0).

The value “h”is referred to as the “lag”.

Definition 4.3 Let {X;, t € Z} be a stationary time series. The autocovari-
ance function (ACVF) of {X;} is

Yx(h) = Cov(Xypn, Xy).

The autocorrelation function (ACF) is
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5 Spectral theory

Definition 5.1 The complex-valued time series { Xy, t € Z} is said to be sta-
tionary if

(i) E|Xi|*<oo foralteZ,

(ii) EX,; is independent of t for allt € Z,

(i) E[Xi4n X4 is independent of t for all t € Z.

Definition 5.2 The autocovariance function v(-) of a complex-valued statio-
nary time series {X;} is

y(h) = E[Xt—&—hyt] - EXt-‘rhEyt'

Suppose that > |y(h)| < oo. The function
1 o
fA) e ™My(h), —m<A<T, (1)

" or
h

=—00

is called the spectral density of the time series { Xy, t € Z}. We have the spectral
representation of the ACVF

Ay = [Py ax
For a real-valued time series f is symmetric, i.e. f(\) = f(—A).
For any stationary time series the ACVF has the representation

v(h) :/ e dF(v) for all h € Z,
(—7‘(,71’]

where the spectral distribution function F'(-) is a right-continuous, non-decreasing,
bounded function on [—7, 7| and F(—n) = 0.
The time series itself has a spectral representation

X = / e dz(v)
(771',7‘(']

where {Z()), A € [—m, 7|} is an orthogonal-increment process.

Definition 5.3 (Orthogonal-increment process) An orthogonal-increment
process on [—m, | is a complex-valued process {Z(\)} such that

(Z(A),Z(N) <00, —m<A<m,

Z(N),1) = —rT <A<
o (ZO),1) =0, —m<Asw

(Z(M\) —Z(N3), Z(Xa) — Z(M)) =0, if (A, AN (Ag, 0] =0
where (X,Y) = EXY.
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6 Time series models

Definition 6.1 (White noise) A process {X;, t € Z} is said to be a white
noise with mean pu and variance o?, written

{Xi} ~ WN(p, 0%),

o ifh=0,

if EXy = pu and y(h) = {O i h 0.

A WN(p, 0%) has spectral density

fAA)=—, —n1<A<m.

Definition 6.2 (Linear processes) The process {X;, t € Z} is said to be a
linear process if it has the representation

Xo= Y WiZij, {Z}~WN(0,0°),

j=—o0
o0
where Y 77 |;] < oo.
A linear process is stationary with mean 0, autocovariance function
oo
2
v(h) = Z VYjthjno”,
j=—00

and Spectral del’lSity
f()\) |¢(6 2)\)| Tl < A < T
271 ’ ’

where ¢(z) = 3 7° ;27

Definition 6.3 (IID noise) A process {X;, t € Z} is said to be an IID noise
with mean 0 and variance o, written

{X;} ~ 1ID(0, 0?),

if the random variables X; are independent and identically distributed with
EX; =0 and Var(X;) = o?.
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6.1 ARMA processes

Definition 6.4 (The ARMA(p, q) process) The process {X, t € Z} is
said to be an ARMA(p, q) process if it is stationary and if

- ¢1Xt—1 — ... ¢pXt—p — Zt + 01Zt—l —l— N + qut—qa (2)

where {Z;} ~ WN(0,0?). We say that {X;} is an ARMA(p,q) process with
mean p if {X; — p} is an ARMA(p, q) process.

Equations (2) can be written as
o(B)Xy =0(B)Z;, teZ,

where
B(x) = 1= bz — .. — 6y
O(2) =1+ 6012+ ... +6,2%

and B is the backward shift operator, i.e. (B’X), = X,_;. The polynomials
¢(-) and 6(-) are called generating polynomials.

Definition 6.5 An ARMA(p, q) process defined by the equations
¢(B)X; = 0(B)Z; {Z;} ~WN(0,0?),

is said to be causal if there exists constants {1;} such that 3777 |1;| < oo and
=> Z_;, tel (3)
=0

Theorem 6.1 Let {X;} be an ARMA(p,q) for which ¢(-) and 0(-) have no
common zeros. Then {X;} is causal if and only if ¢(z) # 0 for all |z| < 1. The
coefficients {1;} in (3) are determined by the relation

ZW— Z, 2 < 1.
Z

Definition 6.6 An ARMA(p, q) process defined by the equations

~—

%

&(B)X, = 0(B)Z;, {Z} ~ WN(0,07),

is said to be invertible if there exists constants {m;} such that 3 77 |m;| < oo
and

Z,=Y mX,;, tel (4)
=0
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Theorem 6.2 Let {X;} be an ARMA(p,q) for which ¢(-) and 6(-) have no
common zeros. Then {X;} is invertible if and only if 0(z) # 0 for all |z] < 1.
The coefficients {m;} in (4) are determined by the relation

m(z) = Zoﬂjzj = %, |z] < 1.

A causal and invertible ARMA (p, q) process has spectral density

o B )P

= o o p

—m <A<

Definition 6.7 (The AR(p) process) The process {X;, t € Z} is said to
be an AR(p) autoregressive process of order p if it is stationary and if

Xo— 1 Xo 1 — . — 0, Xy =2y, {2} ~ WN(0,0?).

We say that {X;} is an AR(p) process with mean u if {X; — p} is an AR(p)
process.

A causal AR(p) process has spectral density

o? 1

= —g< <.
ar gl M =T

f)
Its ACVF is determined be the the Yule-Walker equations:

0 k=1,...
’Y(k>_¢1’7(k3—1)—...—¢p7(k;_p):{0’2 kzoi 2

A causal AR(1) process defined by
Xy —0Xi 1 =2y, {Z;} ~ WN(O, 02)7

has ACVF

and spectral density

o? 1

= — —r <A<
2m 1+ ¢? — 2¢cos(N)’ TeA=T

fN)

Definition 6.8 (The MA(q) process) The process {X:, t € Z} is said to
be a moving average of order ¢ if

Xt = Zt -+ 91Zt,1 + ...+ qutfq; {Zt} ~ WN(O, 0'2),

where 0y, ...,0, are constants.
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An invertible MA(1) process defined by

Xt = Zt + ‘9th1, {Zt} ~ WN(O, 0'2>,

has ACVF
(1+6%*0* ifh=0,
y(h) = 0c* if |h] =1,
0 if |h| > 1.
and spectral density
o? 9
f) = o (1+6°+20cos())), —-m<A<m

6.2 ARIMA and FARIMA processes

Definition 6.9 (The ARIMA (p, d, q) process) Letd be a non-negative in-
teger. The process { Xy, t € Z} is said to be an ARIMA(p,d,q) process if
(1 — B)4X,; is a causal ARMA(p, q) process.

Definition 6.10 (The FARIMA ((p, d, q) process) Let 0 < |d| < 0.5. The
process { X, t € Z} is said to be a fractionally integrated ARMA process or a
FARIMA (p, d, q) process if {X;} is stationary and satisfies

¢(B)(1 = B)'X, = 0(B)Z,. {Z} ~ WN(0,0?).

6.3 Financial time series
Definition 6.11 (The ARCH(p) process) The process {X;, t € Z} is said
to be an ARCH(p) process if it is stationary and if

Xt = O'tZt, {Zt} ~ IID N(O, 1),

where

2 _ 2 2
oy =g+ Xi g+ F X

andag >0, o; >0 forj=1,...,p, and if Z; and X;_1, X;_o, ... are indepen-
dent for all t.

Definition 6.12 (The GARCH(p, q) process) The process {X;, t € Z} is
said to be an GARCH(p, q) process if it is stationary and if

Xt = O'tZt, {Zt} ~ IID N(O, 1),
where
ocl=ap+a X2, 4.+ apr_p +Bot .+ ﬂqaf_q

and ag > 0, aj >0 forj=1,...,p, B >0 fork =1,...,q, and if Z; and
Xi 1, X4 9,... are independent for all t.
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7 Prediction

Let X1, X5,...,X,, and Y be any random variables with finite means and
variances. Put u; = E(X;), p=E(Y),

’}/171 e ’71,71 COV(Xl, Xl) e COV(AXVl7 Xn)
i - Ynn Cov(Xp, Xy) ... Cov(X,,X,)
and
71 COV(Xl, Y)
=11 = s
Vi Cov(X,,Y)

Definition 7.1 The best linear predictor Y of Y in terms of X1, Xs,..., X,
18 a random variable of the form

~

Y:a0+a1X1—0—...+aan

such that E[(Y — }/})2} is minimized with respect to ag, ..., a,. E[(Y — ?)2} is
called the mean-squared error.

It is often convenient to use the notation

def &

P, x,,.x0Y =Y.

77777

The predictor is given by
}/}:u—i—al(Xl—u1)+...+an(Xn—un)

where
ay

a, —

Qn
satisfies «,, = ' a,. If T',, is non-singular we have a,, = I', 'v,,.
e There 1s no restriction to assume all means to be 0.
e The predictor Y of Y is determined by
COV(?—KXZ') =0, fori=1,...,n.

7.1 Prediction for stationary time series

Theorem 7.1 If{X;} is a zero-mean stationary time series such thaty(0) > 0

and y(h) — 0 as h — oo, the best linear predictor X, 11 of X,11 in terms of
X1, Xo, ..., X, is

n
Xn+1 - E (bn,an—i-l—ia n = 17 27 s
=1
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where
On,1 (1)
gbn,n ’Y(TZ)
vy1-1) ... v(1—mn)
I, = :
y(n—=1) ... v(n—n)

The mean-squared error is v, = v(0) — 4. T, 1y,
Theorem 7.2 (The Durbin—Levinson Algorithm) If{X;} is a zero-mean

stationary time series such that v(0) > 0 and y(h) — 0 as h — oo, then
¢r1 = 7(1)/7(0), vo = 7(0),

n—1
i = [wn) S j)} ol
j=1

(bn,l qbn—l,l ¢n—1,n—1
: = : = Pnn :
¢n,n71 ¢n71,n71 ¢n71,1

and
Up = Up—1[1 — Zn]

Theorem 7.3 (The Innovations Algorithm) If {X;} has zero-mean and
r(1,1) ... k(1,n)
E(X;X;) = k(i,j), where the matriz < ) is non-singular, we have

n(r‘z,l) ... K(n,n)
0 if n =0,

Xpi1 =4 & N ‘ 6
i > 00 (Xng1—j — Xng1-5) ifn>1, (6)
i=1

and
vo = (1, 1),

k—1
Onnr= v, " </f(n +1,k+1)— Z Gk,kjﬁn,njvj), k=0,....,n—1,
=0

n—1
vy, =kr(n+1,n+1)— Z@i,n_jvj.
=0
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7.2 Prediction of an ARMA Process
Let {X;} be a causal ARMA(p, q) process defined by ¢(B)X; = 0(B)Z;. Then

~

Z 9n7j<Xn+1fj - XnJrlfj) if 1 <n<m,

Xnp1 = 01X+ + OpXngiyp
+ 2 On (X1 — )?nJrlfj) if n >m,

where m = max(p, q). The 6,,:s are obtained by the innovations algorithm
applied to

W, = o1 X,, ift=1,...,m,

W, = o '¢(B)X,, if t > m.

8 Partial correlation

Definition 8.1 Let Yy, Yo and Wy, ..., Wy be random variables. The partial
correlation coefficient of Y7 and Yy with respect to W1, ..., Wy, is defined by

a(Y1,Ys) & p(vi — V1, Vs — Va),

where ?1 = P@{Lwl ..... Wk}Y1 and ?2 = P@{l,wl ..... Wk}Y2-

8.1 Partial autocorrelation

Definition 8.2 Let {X;, t € Z} be a zero-mean stationary time series. The
partial autocorrelation function (PACF) of {X;} is defined by

a(h) = p(Xnt1 — Psp(xa,.. xn3 X1, X1 — Psp(xo,..x,3X1), h>2.

Theorem 8.1 Under the assumptions of Theorem 7.2 a(h) = ¢pp for h > 1.

9 Linear filters

A filter is an operation on a time series { X;} in order to obtain a new time series
{Y;}. {X,} is called the input and {Y;} the output. The following operation

o0

Y, = Z Ctk Xk

k=—o0

defines a linear filter. A filter is called time-invariant if ¢, ) depends only on
t —k, ie. if
Ce ke = P
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A time-invariant linear filter (TLF) is said to by causal if
h; =0 for j <0,

A TLF is called stable if Y |hg| < oo.
Put h(z) = 3. _hgz*. Then Y = h(B)X. The function h(e=*) is called the

transfer function (6verforingsfunktion eller frekvenssvarsfunktion). The func-
tion |h(e=™)|? is called the power transfer function.

Theorem 9.1 Let {X;} be a possibly complex-valued stationary input in a
stable TLF h(B) and let {Y;} be the output, i.e. Y = h(B)X. Then

(a) EY; = h(1)EXy;
(b) Y; is stationary;
(c) Fy(\) = f(_m\} \h(e=™)|?dFx(v), for X\ € [—m, 7.

10 Estimation in time series

Definition 10.1 (Strictly linear time series) A stationary time series { X;}
18 called strictly linear if it has the representation

Xe=p+ Y ¥iZiy,  {Z}~1D(0,0%.

j=—o0

10.1 Estimation of p

Consider X,, = % Z?Zl X, which is a natural unbiased estimate of p.

Theorem 10.1 If {X;} is a stationary time series with mean p and autoco-
variance function (), then as n — oo,

Var(X,) = E[(X, — 1)*] =0 ifv(n) =0,

and
o0

nVar(X,) — Y y(h)=2af(0) if > |y(h)| < oo

h=—o00 h=—o0

Theorem 10.2 If {X;} is a strictly linear time series where ) 72 |1;] < 00
and Z;’i_oo p; #0, then
Xn ~ AN <M, 2) 5
n
2
where v =Y"3° _~(h) = o? (Z;ifoo %) '

The notion AN is found in Definitions 2.4 and 2.5 on page 4.
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10.2 Estimation of v(-) and p(-)

Consider
1 n—h
() =~ (X~ X)X = X), 0<h<n—1,
t=1
and S(h)
~ gl
Y h) = ~/n\
(") 7(0)
respectively.

Theorem 10.3 If {X;} is a strictly linear time series where 3 72 |1;] < 00
and EZ} = no* < oo, then

7(0) 7(0)
: | ~AN B IR
y(h) ~(h)

.....

vij = (=3 + D {v(k)y(k —i+ ) + 3k +5)v(k — )}

k=—o00

Note: If {Z;, t € Z} is Gaussian, then n = 3. 0

Theorem 10.4 If {X,} is a strictly linear time series where 372 [th;] < 00
and EZ} < oo, then

. ~ AN 7n_1W )
p(h) p(h)

where W = (wjj); j=1,..n is the covariance matriz and

.....

wig = > Aplk +i)plk + 5) + pk — D)p(k + 5)

L 20(0)p) k) — 2p(DpR)plk + ) — 20(7)p(R)plk + D)} (7)

In the following theorem, the assumption EZ} < oo is relaxed at the expense
of a slightly stronger assumption on the sequence {1;}.

Theorem 10.5 If {X;} is a strictly linear time series where ) 72 |1;] < 00
and Y7 W3|j| < oo, then

where W is given by the previous theorem.
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10.3 Estimation of the spectral density

The Fourier frequencies are given by w; = %, —m <w; < 7. Put

R ez, —7r<wjg7r}:{—{”;1],...,[g”,

where [x] denotes the integer part of .

10.3.1 The periodogram
Definition 10.2 The periodogram I,,(-) of {Xi,..., X, } is defined by

n
§ Xte—itwj‘
t=1

Definition 10.3 (Extension of the periodogram) For any w € [—m,7]
we define

2

1 )
In(w]') = ﬁ y ] € Fn

I(w) = I, (wg) ifwg—7m/n<w<wg+7/nand 0 <w <,
mw = I(—w) ifwe€[-m70).

Theorem 10.6 We have
EL,(0) —nu* — 27 f(0) asn — oo

and
El,(w) = 2nf(w) asn — oo ifw #0.

(If p = 0 then I,(w) converges uniformly to 2w f(w) on [—m,m).)

Theorem 10.7 Let {X,} be a strictly linear time series with

=0, Z [i||3]"* < 00 and EZ* < oco.

j=—00

Then

2(2m)2f3(w;) + O(n=Y/?) ifwj =w, =0 orm,
Cov(I,(w;), In(wk)) = § (27)2f%(w;) + O(n~1/2) if 0 <wj =wy <,
O(n™1) if wj # wy.

10.3.2 Smoothing the periodogram

~

Definition 10.4 The estimator f(w) = f(g(n,w)) with

Fl) = 5= 30 Walbihafewen)

|k|<mn
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where
m, — oo and my/n—0 as n— oo,
Wi(k) = Wa(=k), Wy(k) >0, forallk,
> Walk) =1,
[k|<mp
and

Z W2(k) -0 as n— oo,

|k|<mp

is called a discrete spectral average estimator of f(w).
(If wjyk & [—m, 7| the term I, (wjik) is evaluated by defining I,, to have period
27.)

Theorem 10.8 Let {X,} be a strictly linear time series with

=0, Z [i||3]'* < 00 and EZ* < oco.

j=—00
Then N
lim Ef(w) = f(w)
and
. 212(w) ifw=A=0orm,
lim ~ T Cov(f(w), f(\) = { F2(w) z:fO <w=A<m,
k| <mn 0 if w# A\

Remark 10.1 If  # 0 we ignore [,,(0). Thus we can use

~ 1 i
m k=1
Moreover, whenever I,,(0) appears in f(wj) we replace it with f(()) O

Example 10.1 (The simple moving average estimate) For this estima-
te we have
1/(2m, +1 if |k| < my,
Wn(k):{ [y +1) ik <m

0 if k| > M,

and

~ a=ffw)  ifw=0orm,
L fAw) if 0 <w <.

My 2
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11 Estimation for ARMA models

11.1 Yule-Walker estimation

Consider a causal zero-mean AR(p) process {X;}:
— 1 Xe 1 — o — 0 Xe =71, {Z} ~TID(0,0?%).
The Yule-Walker equations (5) on page 10 can be written on the form
Lpp ==, and o°=~(0)— @'y,
where

70)  ...ovp-1) (1)
I, = : and Yy = :

yip—=1) ... ~(0) v(b)

If we replace I';, and -y, with the estimates fp and 7, we obtain the following
equations for the Yule- Walker estimates

Iy¢=7, and 5°=7(0) - ¢7,

7(0) (1)
T, = : and 7, =| :
(p)

where

Alp—1)

Theorem 11.1 If{X;} is a causal AR(
(,b is the Yule-Walker estimate of ¢, then

process with {Z;} ~ 1ID(0, 02), and

217-1

$~ AN (q’), it > ,  for large values of n.
n

Moreover,
~2 P 2

g’ — o”.
A usual way to proceed is as if {X;} were an AR(m) process for m =1,2,...
until we believe that m > p. In that case we can use the Durbin-Levinson
algorithm, see Theorem 7.2 on page 13, with ~(-) replaced by 7(+).

11.2 Burg’s algorithm

Assume as usual that zq,...,x, are the observations. The idea is to consider
one observation after the other and to “predict”it both by forward and back-
ward data. The forward and backward prediction errors {u;(¢)} and {v;(¢)}
satisfy the recursions

uo(t) = vo(t) = Tns1-1,

Ui () = w1 (t — 1) — dyvi_i(t),
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and
Ul(t) = Ui_l(t> — ¢1ZUZ_1(t - 1)

Suppose now that we know ¢;_1 4 for k. = 1,...,i — 1 and ¢;;. Then ¢, for
k=1,...,7—1 may be obtained by the Durbin-Levinson algorithm. Thus the
main problem is to obtain an algorithm for calculating ¢;; for : = 1,2, ...

Burg’s algorithm:

d(1) = jaf + a5+ ... +a}_ + 327 (8)

o = g5 3 Bt =) )

t=i+1

n—1
d(i +1) = d(i) (1 — 6% —$02(i + 1) — Su2(n). (11)
The Burg estimates for an AR(p) have the same statistical properties for large

values of n as the Yule-Walker estimate, i.e. Theorem 11.1 on the preceding
page holds.

11.3 The innovations algorithm

Since an MA(q) process
Xe=Zi+0Zi 1+ ...+ 0,7y, {Z:} ~1ID(0,0%),

has, by definition, an innovation representation, it is natural to use the in-
novations algorithm for prediction in a similar way as the Durbin-Levinson
algorithm was used. Since, generally, ¢ is unknown, we can try to fit MA mo-
dels R R

Xe=2Z14+ 0 Zi 1+ ..o+ O Zi—mm, {Z:} ~1ID(0,0,,),

of orders m = 1,2, ..., by means of the innovations algorithm.

Definition 11.1 (Innovations estimates of MA parameters)
If7(0) > 0 we define the innovations estimates

9m1
0, = : and Vp, m=1,2,...,n—1,
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by the recursion relations

(60 = /’7\/(0)7
~ k=1 . ~
Qm m—k = U ! <?(m - ]C) - Gm,mjemﬁj) N k= 0, N (e 1,
=0
. ~ ml JA
Um = 7(0) - Z em,mfjvj
\ 7=0

This method works also for causal invertible ARMA processes. The following
theorem gives asymptotic statistical properties of the innovations estimates.

Theorem 11.2 Let {X;} be the causal invertible ARMA process ¢p(B)X; =
0(B)Z;,{Z} ~TD(0,0%), EZ} < 00, and let ¢(z) = Z;io Vil = Z((‘Z)), 2| <1
(with o =1 and ¢; = 0 for j < 0). Then for any sequence of positive integers
{m(n), n=1,2,...} such that m — oo and m = o(n'/3) as n — oo, we have
for each fized k,

eml wl
: | ~AN | ,nTtA
ka ¢k
where A = (a;j); j=1,..1 and
min(4,7)
Q5 = E wifr’l/}jfr
r=1
Moreover,
~ P 9
Uy — O

11.4 The Hannan—Rissanen algorithm

Let {X;} be an ARMA(p, q) process:
Xt — ¢1Xt,1 — ... — ¢pXt7p = Zt —|— 91Zt71 —|— . + qutfqy {Zt} ~ IID(O, 0'2).

The Hannan—Rissanen algorithm consists of the following two steps:
Step 1

A high order AR(m) model (with m > max(p, q)) is fitted to the data by Yule-
Walker estimation. If ¢,,1, ..., ¢mm are the estimated coefficients, then Z; is
estimated by

Z\t:Xt_alet—l_”-_amth—ma t:m+1,,n
Step 2
The vector 8 = (¢, ) is estimated by least square regression of X; onto

thla s 7thp7 Zt717 ) thqa
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i.e. by minimizing
n

SB =Y (X~ Xt — o= Xy — 021 — . — 0,21

t=m+1

with respect to 8. This gives the Hannan—Rissanen estimator

8= (Z'2)*Z' X, provided Z'Z is non-singular,

where
Xerl
Xy

and

X X1 oo Xovptt Zm Zmea oo Dymegii

Z = : :

X1 Xno oo Xoop Znoy Zn—o ... Zny

The Hannan—Rissanen estimate of the white noise variance o2 is
HR = 7

11.5 Maximum Likelihood and Least Square estimation

It is possible to obtain better estimates by the maximum likelihood method
(under the assumption of Gaussian processes) or by the least square method.
In the least square method we minimize

n

s(g.0) =y TNl

j=1

where r;_1 = v;_1/0?, with respect to ¢ and 6. The estimates has to be
obtained by recursive methods, and the estimates discussed are natural starting
values. The least square estimate of o2 is

o S(rs: O1s)
OoLs =~
n—p—gq

where (qASLS, §LS) is the estimate obtained by minimizing S(¢, 6).
Let us assume, or at least act as if, the process is Gaussian. Then, for any fixed
values of ¢, 0, and 02, the innovations X; — X1, ..., X,, — X,, are independent
and normally distributed with zero means and variances vy = 0%rg, ..., Vp_1 =
02r,_1. The likelihood function is then

20%r;_
i=1 i i
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Proceeding “in the usual wayae get

S(6.6)

202

1
InL(¢,0,0%) = —3 In((2m0)"rg - - Tn_1) —

Obviously 7, ...,r,—1 depend on ¢ and @ but they do not depend on ¢2. To
maximize In L(¢, 8, 0?) is the same as to minimize

((¢,0) =In(n"1S(¢,0)) Zlnr] .

which has to be done numerically.

In the causal and invertible case 7, — 1 and therefore n=! 2?21 Inr;_; is
asymptotically negligible compared with In S(¢, ). Thus both methods — least
square and maximum likelihood — give asymptotically the same result in that
case.

11.6 Order selection

Assume now that we want to fit an ARMA(p, q) process to real data, i.e. we
want to estimate p, ¢, (¢,0), and 0. We restrict ourselves to maximum li-
kelihood estimation. Then we maximize L(¢,8,0?), or — which is the same
— minimize —21n L(¢, 0, 0?%), where L is regarded as a function also of p and
q. Most probably we will get very high values of p and ¢. Such a model will
probably fit the given data very well, but it is more or less useless as a mathe-
matical model, since it will probably not be lead to reasonable predictors nor
describe a different data set well. It is therefore natural to introduce a “penalty
factorto discourage the fitting of models with too many parameters. Instead
of maximum likelihood estimation we may apply the AICC Criterion:

Choose p, ¢, and (¢,, 8,), to minimize
AICC = —2In L(¢,, 04, S(,,0,)/n) + 2(p+ ¢+ L)n/(n —p — ¢ — 2).

(The letters AIC stand for “Akaike’s Information Criterionénd the last C for
“biased-Corrected”.)

The AICC Criterion has certain nice properties, but also its drawbacks. In
general one may say the order selection is genuinely difficult.

12 Multivariate time series

Let
X
def

Xt - ) t€Z7
Xtm

where each component is a time series. In that case we talk about multivariate
time series.
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The second-order properties of { X} are specified by the mean vector

M1 EXy
oy dIEf EXt = = ) te Z7
,U/tm EXtm
and the covariance matrices

it +ht) o Y+ ho1)
def ! :
L(t+h,t) = E[(Xipn—Hep)(Xe—p)'] = :
Yot +ht) o Yt + B 1)

where v;;(t + h, t) S Cov(Xpsni, X j)-

Definition 12.1 The m-variate time series { Xy, t € Z} is said to be (weakly)
stationary if

(i) w,=p  forallteZ,
(ii) [(r,s) =D(r+t,s+t) forallr s,teZ.
Item (ii) implies that I'(r, s) is a function of r — s, and it is convenient to define
T'(h) € T(h,0).
Definition 12.2 (Multivariate white noise) An m-variate process
{Z,, t€Z}
is said to be a white noise with mean p and covariance matrixz X, written
{Z:} ~ WN(p, ),

S ifh=0,
0 ifh#0.

Definition 12.3 (The ARMA(p, q) process) The process { X, t € Z} is
said to be an ARMA(p, q) process if it is stationary and if

if EZy = p and T'(h) = {

Xt - (I)l-Xt—l .. T (I)pXt_p - Zt + @1Zt_1 + ...+ @th_q, (12)

where {Z;} ~ WN(0,3X). We say that {X;} is an ARMA(p,q) process with
mean p if {X; — p} is an ARMA(p, q) process.

Equations (12) can be written as
(I)(B)Xt - @(B)Zt7 t € Z,

where
O(2)=1—Drz—...— D2,
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O(z) =1 +01z+...+ 0,27,

are matrix-valued polynomials.
Causality and invertibility are characterized in terms of the generating poly-
nomials:

Causality: X, is causal if det ®(z) # 0 for all |2| < 1;
Invertibility: X is invertible if det ©(2) # 0 for all |z| < 1.
Assume that

> ih) < oo, dj=1,...,m. (13)

Definition 12.4 (The cross spectrum) Let {X, t € Z} be an m-variate
stationary time series whose ACVFE satisfies (13). The function

1 — _; ,
fie(A) = o Y e yu(h), —w <A<, j#k,

is called the cross spectrum or cross spectral density of {X¢;} and {Xu}. The

matrix
fuA) o fim(A)
) = :
fmiA) oo foum(N)

is called the spectrum or spectral density matrix of {X,}.

The spectral density matrix f()\) is non-negative definite for all A € [—x, 7.

13 Kalman filtering

We will use the notation

{Z:} ~ WN(O0,{%:}),

to indicate that the process {Z,;} has mean 0 and that

E]]t ifS:t,

EZ.Z ; = )
0  otherwise.

Notice this definition is an extension of Definition 12.2 on the page before in
order to allow for non-stationarity.
A state-space model is defined by

the state equation

Xt+1:FtXt+Vt7 t:1,2,..., (14)
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where

{X} is a v-variate process describing the state of some system,
{V:} ~ WN(0,{Q:}), and

{Fi} is a sequence of v X v matrices

and
the observation equation
Yt:GtXt+Wt7 t:1,2,..., (15)

where

{Y;} is a w-variate process describing the observed state of some system,
{W.} ~ WN(0,{R,}), and

{G,} is a sequence of w X v matrices.

Further {W,} and {V;} are uncorrelated. To complete the specification it is
assumed that the initial state X is uncorrelated with {W,} and {V}.

Definition 13.1 (State-space representation) A time series {Y,} has a
state-space representation if there ezists a state-space model for {Y,} as spe-
cified by equations (14) and (15).

Put

PX) Y P(X|Yo,...,Y)),
i.e. the vector of best linear predictors of X1, ..., X, in terms of all components
of Yg,...,Y,.

Linear estimation of X, in terms of

e Y, ..., Y, | defines the prediction problem;
e Y, ..., Y, defines the filtering problem;
e Y, . ....Y, n>t, defines the smoothing problem.

Theorem 13.1 (Kalman Prediction) The predictors jf\t def P,_1(X¢) and
the error covariance matrices
def ~

0 = B(X, ~ X)) (X, — X,)]

are uniquely determined by the initial conditions

—~

X, =P(X,| Yo, &% E[(X - X)X, - X))
and the recursions, fort=1,...,
X1 =FX,+0,A(Y, — G X)) (16)
Qi1 = B F) +Q, — 6,A10), (17)
where
Ay = GiELGl + Ry,
0, = F,G.
The matriz ©,A; " is called the Kalman gain.
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Theorem 13.2 (Kalman Filtering) The filtered estimates Xy, Lo P(X,)

and the error covariance matrices

def

Qe = E[(X; — Xy)(Xy — Xyp1)']
are determined by the relations
Xt‘t — Pt—l(Xt) "‘ QtG;A;1<Yt — Gt/‘X\t)

and

Qt‘)H»l - Qt - QtG;At_thQ;

Theorem 13.3 (Kalman Fixed Point Smoothing) The smoothed estimates

def . .
Xy = Po(X4) and the error covariance matrices

U  E[(X ) — X o) (Xy — Xupn)]

are determined for fized t by the recursions, which can be solved successively
form=tt+1,... :

Po(X)) = Poi( X)) + QnG AT (Y, — Go X ),
Qt.nJrl = Qtn[Fn - @nAglGn]la
Qt|n - Qt|n—l - Qt.nG/TLA;lGnQ,

t.n

with initial conditions P,_1(X,;) = 5(\,5 and Qyy = Qpy = Q4 found from
Kalman prediction.
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