
Cauchy sequences

and

complete spaces

Recall that

lim
n→∞

fn = f

means that for every ε > 0 there exists an N

such that

‖fn − f‖ < ε for all n ≥ N.

Problem: To check for convergence you need

to know what the limit is!
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The remedy for complete spaces is

Def 1 A sequence {fn}∞n=1 is a Cauchy se-

quence if for every ε > 0 there exists an N

such that

‖fn − fm‖ < ε for all m,n ≥ N.

Def 2 A normed linear space is called com-

plete if every Cauchy sequence in the space

converges, i.e. for each Cauchy sequence {fn}∞n=1

in the space there is an element f in the space

such that

fn → f.

Advantage: Now you can check for conver-

gence without knowing the limit!
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Examples of complete spaces:

• R with ‖f‖ = |f |.

• L1(Ω,F , P) with

‖X‖ =
∫

Ω
|X|dP.

• L2(Ω,F , P) with

‖X‖ =

√

∫

Ω
|X|2dP .
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