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7 Empirical Methods

Problem 7.1. A unit within a bank is required to report an empirical estimate of
VaRyo1(X), where X is the portfolio value the next day from its trading activities.

The empirical estimate ‘7(17?,0.01()( ) is based on market prices from the previous n + 1
days that are transformed into a sample of size n from the distribution of X, and the
sample points are assumed to be independent and identically distributed. Compute the
probability

P(%\PLO.M (X) > VGR()‘(H (X))
as a function of n and determine its minimum and maximum for n = 100, 101, ..., 300.

Solution. We assume that effects from interest rates are negligible since we are dealing
with a one-day horizon. Thus, we have L = —X/R; = —X. Recall the definition of
Value-at-Risk,

VaR,(X) = F;'(1 —p) =min{z: F(z) > 1 - p},

and that the empirical VaR estimator is given by

%E,(X) = F{i(l —p) = Liyppl41,n, where Lyyp, > ... > Ly,

Now, let YFgl(q) be the number of sample points exceeding FL_l(q), with ¢ =1 —p. We
obtain

P(mp(X) > VaRp(X)> = P<L[np}+1,n > FL_1(1 —p))
= P<YF;1(Q) > [np] + 1).

Each sample point exceeds the ¢-quantile with probability 1 — ¢, independently of the
other points. Thus, the number of sample points exceeding the g-quantile is binomially
distributed, Yp—1 ) ~ Bin(n,r) with

r=P(L>F'(1=p) =1-F(F'(1=p) =1-(1-p) =,
if F'is continuous. Thus, we have
P<Y _1,y > [np] + 1) = " pr(1—p)"*.
Fpo(e) = k

We find

maxp(@om (X) > VaRoo (X)) = 0.5926 1 = 199
) —0.2642 n =100

mnin P (@0,01 (X) > VaRgo1 (X)



Problem 7.2. The tail conditional median TCM,(X) = median[L|L > VaR,(X)],
where L = —X/Ry, has been proposed as a more robust alternative to ES,(X) since
TCM,(X) is not as sensitive as ES,(X) to the behaviour of the left tail of the distri-
bution of X. Let Y have a standard Student’s t distribution with v degrees of freedom,

and set X = €% — 1. Consider the empirical estimators mo_m(){) and E’TS’O.OI(X)
based on a sample of size 1000 from the distribution of L = —X. Generate histograms

based on samples of size 10° from the distribtutions of TCMyo (X) and ESo01 (X) for
v =2 and v = 10.

Solution. Recall that Expected shortfall is defined as

BS,(X) = & / "V aR,(X)du.
P Jo
Since [np] is an integer in this case, the empirical estimators are given by
— 1 [P —
ES,(X) = ) /0 VaR,( = ;Lkn

TCM,(X) = median|L|L > VaR,(X)] = median[L|L > Liyypjs1.]-

The generated histograms of the estimators are presented below.
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Figure 1: Expected shortfall and Tail conditional median for v = 2.
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Figure 2: Expected shortfall and Tail conditional median for v = 10.



Problem 7.3. Let {Z;,..., Z,} be a sample of independent and identically distributed
historical log returns that are distributed as the log return log ‘z—z of an asset from today
until time T" > 0. Show that if the risk-free return over the investment period is 1, then
the empirical estimator of ES,(Sr — Sy) is given by

n

1 c
in—c+—» (c+ S — Soe?)I{Z < log(1+ —)}.
min c—l—np k:1(c+ 0 0e”™ ) 1{Z), < log(1+ So)}

Solution. Using proposition 6.5, ES has the representation

1 X
ES,(X)=min—c+ -E[(c — —)4]. (1)
¢ p Ry
The risk-free return over the investment period is 1, so Ry = 1. Defining the loss
L = —X, we rewrite (1) as
1
ES,(X) = min —c—l—;E[(c—l—L)]{c%—L > 0}]. (2)
The empirical estimator of (2) is
— 1~
ES,(X) = min —c—f-EE[(c—I—L)I{c—I—L > 0}, (3)

where E denotes the expectation with respect to the empirical distribution of L, with

P(L=1) = %, Il =1,...n. Expressing the loss in terms of log-returns, we obtain

L:—X:SO—ST:SO—S()(ZZ. (4)

Inserting (4) into (3) and using the empirical distribution of L yields

n

—~ ) 1
ES,(X) = min—c+— > e+ L) I{c+ Ly > 0}

k=1
1 ¢ ¢

— min— _E: Sy — SpeZ)I1{Z;, < log(1
min C+”pk:1<c+ 0 0" ) I{Zy < log( —i—SO)}



Problem 7.4. Let {Z,...,Z,} be a sample of independent and identically distributed
historical log returns that are distributed as the log return log of an asset from today
until time 7" > 0. Show that if the risk-free return over the 1nvestment period is 1 and if
pe is a spectral risk measure with risk aversion function ¢, then the empirical estimator
of py (St — Sp) is given by

(n—k+1)/
SO_SOZ Z’“"/ du.

Solution. Recall that a spectral risk measure p, is defined by

= - [ stFg, wan o)

where ¢ is decreasing, non-negative and integrates to 1. It is natural to estimate p,(X)
using the empirical distribution of X. The empirical quantile function is given by
Fn_)l( (p) = Xm@—p)+1,n- Moreover, since the risk-free return is 1, we have L = —X/Ry =
—X. Thus, we estimate ps(X) by

_ /01 (u) & (u)du = /01 d(u)F, 1 (1 —u)du = /01 ¢(u) Linuj+1ndu. — (6)

Linyj41,n is constant between integer values of [nu], which implies

k/n k/n
/ ¢(U)L[nu}+1,ndu = Lk,n/ ¢(u)du, k= 17 sy T (7)

u=(k—1)/n u=(k—1)/n

We have seen that we can express the loss L as L = Sy— Spe?. Now since L is decreasing
in Z, we must have Ly, = Sy — SpeZr—++1n. Using this fact and inserting (7) into (6)
yields

n k/n n k/n
) = [ dwpperndu =Y L [ ofu)du
k=1 7 u=(k=1)/n 1 u=(k—1)/n
n k/n
= S-Sty [ o
k=1 u=(k—1)/n
n k/n
= S() — So Z 62”7’”1’" / ¢(u)du
k=1 u=(k—1)/n



8 Parametric Models and Their Tails

Problem 8.1. The distribution function F'(z) = p®(x/01)+(1—p)P(z/03) of a mixture
of the two normal distributions N(0,0%) and N(0, %) corresponds to drawing a value
with propability p from the N(0, c?)-distribution and with propability 1 — p from the
N(0, o3)-distribution.

(a) Use maximum likelihood to estimate the parameters p, 01,09 based on the sample
{t;'(k/201) : k =1,...,200)}.

(b) Plot the density function of the mixture distribution with the parameters estimated
in (a) and compare it to the density function of the standard Student’s ¢ distribution
with four degrees of freedom.

(c) Plot the quantiles of the Student’s ¢ distribution with four degrees of freedom against
the quantiles of the mixture distribution with the parameters estimated in (a).

(d) Determine the asymptotic behavior of F(x) as © — —oo in terms of an explicitly
given function G such that lim,, - F(x)/G(x) = 1.

Solution. The maximum likelihood estimates of p, o1, 09 are the values that maximise
the log-likelihood function I(p, o1, 02) defined by

l(p,01,09) :Zlogf(xk|pvo-1a0-2)7 (8)
k=1
where z1,...,x, is an i.i.d. sample from some distribution. The density of the normal
mixture is given by
Flalp,on,02) = () = Loy 1 2o ©
x|p,o1,00) = —F(z) = —¢(— 2.
P, a1, 92 dx 01 01 09 09

Inserting (9) into (8), we obtain

> o (Zo(%) L2, (10

02 02

We maximize (10) numerically and obtain the parameter estimates
(p,01,02) = (0.6270,0.8663,1.7917). We plot the densities for the normal mixture and
Student’s ¢ distributions.



They appear almost identical, which is confirmed by a qqg-plot.

Figure 4: qqg-plot of the normal mixture vs Student’s ¢ distributions.



However, as we look further out in the tail, it becomes obvious that the Student’s ¢
distribution has a heavier tail than the normal mixture. This illustrates the fact that
it might be dangerous to draw conclusions about the tail of a distribution from data
obtained in the center of the distribution.

Figure 5: qg-plot of the normal mixture vs Student’s ¢ distributions.

To determine the asymptotic behavior of F(z) as x — —oo, it suffices to find a
function G such that

-1
lim FE @) _ (11)
q—0 q
since this implies that
-1 —1
im 2@, G ) FGT@) (12)

T——00 G(J?) q—0 G(G_1<q)) q—0 q

It is natural to assume that the distribution with the fatter tail will dominate. In this
case, it is the distribution with the higher o. From now on, we will assume that o; > o5,
otherwise we can simply rearrange the order. This would imply that

F(z) = p®(z/o1) + (1 — p)®(x/03) ~ p®(x/01). (13)

Thus, we assume that G(z) = p®(z/o1), which is equivalent to G~'(¢) = o191 (q/p).
We obtain

—1 -1
Ja Gil P(o @~ (q/p) + (1 — P(o @~ "(q/p)
limw :limp =)+ A=), ) (14)
q—0 q q—0 q

It easily seen that the first term equals 1. If we can show that the second term vanishes,
then we have the desired result. Let z = ®~!(¢/p), or equivalently, ¢ = p®(z).

10



Then, as ¢ — 0, z — —o0o. For the standard normal distribution function it holds that

o
O(x/o) ~ _—x(b(m/a), (15)
as r — —oo, see Example 8.1 for details. We have
1 — p)®(oy 2L2) 1—p)®(= 1 — p)2Lop(—=—
L e BN Gt UL G B Ll o SN
4—0 q 200 p®(2) p—9(2)
22 22
= C -4 — 17
exp ( 2(oafo ) >) 1"
22 o?
— Cexp (5( —?)) =0, (18)

2

since by assumption gy > 0y. We conclude that G(z) = p®(z/0y).

11



Problem 8.2. Consider the Student’s ¢ location-scale family with parameter vector
(u,0,v).

(a) Determine the log-likelihood function and estimate the parameters based on the
sample {t;'(k/201) : k =1,...,200}.

Simulate 3,000 samples of size 200 from the standard Student’s ¢ distribution with four
degrees of freedom.

(b) For each sample compute the maximum-likelihood estimate of the parameter vector
(u,0,v). Make a scatter plot of the 3,000 parameter estimates (6, 7) and interpret
the plot.

(b) For each sample compute the least-squares estimate of the parameter vector (u, o, v).
Make a scatter plot of the 3,000 parameter estimates (7, 7), interpret the plot, and
compare the plot to that in (b).

(b) For each sample compute the sample standard deviation and divide the sample by
the sample standard deviation. Consider each rescaled sample to be a sample from
a Student’s t distribution with unit variance and estimate the degrees-of-freedom
parameter by maximum likelihood. Transform the estimates into estimates of the
parameter pair (o,v) for a centered Student’s ¢ distribution with scale parameter
o. Make a scatter plot of the 3,000 parameter estimates (¢, 7), interpret the plot,
and compare the plot to that in (b).

Solution. The density of the location-scale Student’s ¢ distribution is given by

D4 1/2) (1 (o= p)ty -0
fzlw,o,v) = o/vrl(v/2) (1 vo? ) '

The log-likelihood function becomes

p,o,v) = ; log <£(<\/Z_+% (1 + %) —(u+1)/2> |

where z;, = t;*(k/201). Maximizing [ numerically gives the parameter estimates (j1, &, 7) =

(0,1.0349, 5.3090).

Next, we simulate 3,000 samples of size 200 from the standard Student’s ¢ distribution
with four degrees of freedom. For each sample, we compute the maximum likelihood
estimates (f1,0,7). A scatter plot of the 3,000 parameter estimates (7, 7) is presented
below.

12
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Figure 6: Scatter plot of the 3,000 parameter estimates (&, 7) using ML.
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Figure 7: Scatter plot of the 3,000 parameter estimates (¢, 7) using ML.
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A likelihood surface for ¢ vs o for one sample is plotted below.

Figure 8: Likelihood surface for ¢ vs © for one sample.

We see that the likelihood surface seems rather flat in the center. You may get quite
different optimal values of (4, 7) for different numerical algorithms.

14



The least-squares estimates of (u,o,v) are the values that minimize the sum of
the squared deviations between the empirical quantiles and the quantiles of a chosen
parametric distribution, formally

n

> (= F () 19

k=1

Recall that the distribution function of the location-scale Student’s ¢ distribution is
given by

Flx) = t,(~—F).

where t,(z) is the standard Student’s ¢ distribution function. It follows that the quantile
function is given by

FY(p) = p+ ot (p), (20)

where ¢, !(p) is the standard Student’s ¢ quantile function. Inserting (20) into (19), we
obtain the following expression for the sum of squared deviations:

Z <zk7n —p—ot)! (n;—f_—;l)y (21)

Minimizing (21) w.r.t. (u,o,v) gives the least-squares estimates (fi, 7, 7).

We simulate 3,000 samples of size 200 from the standard Student’s ¢ distribution
with four degrees of freedom. For each sample, we compute the least-squares estimates
(f1,0,7). A scatter plot of the 3,000 parameter estimates (7, ) is presented below.

15



40

35

30

25

20

15

10

LS:sigma vs nu

Figure 9: Scatter plot of the 3,000 parameter estimates (7, 7) using LS.
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Figure 10: Scatter plot of the 3,000 parameter estimates (&, ) using LS.
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For each sample, we compute the sample standard deviation s, and divide the sample
by s. We consider each rescaled sample to be a sample from a Student’s ¢ distribution
with unit variance. Recall that a random variable Y with the location-scale Student’s ¢
distribution has the representation

YLu+oZ,

where Z has a standard Student’s ¢ distribution. To obtain a distribution with unit
variance, we must have

v
v—2

1=Var(Y)=Var(p+oZ) = 0c*Var(Z) = o*

which yields o = 4/ ”—;2 Using this, the log-likelihood function becomes

(D) (s — )2\ ~0D/2
l(u’y)_zlg< (y—z)wr@/z)(H v—2 > >

k=1

Maximizing [ yields the degrees-of-freedom estimate 7. To find the estimate of the scale
parameter o, consider again

v
Var(Y) = o? :
ar(Y)=o0 —"
which is equivalent to
-2
o=1/% Var(Y)
v
We estimate o with
. v—2
o=s5 —
1%

for each sample. A scatter plot of the 3,000 parameter estimates (,7) is presented
below.

17
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Figure 11: Scatter plot of the 3,000 parameter estimates (7, 7) using ML.

There is something strange with this picture: we have some observations near the
point (0,0). If we zoomed in, we would see that these points had 7 < 2. Since we have

o =4/ ”7’2, this should be impossible. We must take care that ¥ only takes values larger

than 2 in our optimization procedure. Maximizing [ with the constraint © > 2 for each
sample yields the following scatter plot.
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Figure 13: Scatter plot of the 3,000 parameter estimates (&, 7) using ML.

Clearly, our numerical problem is gone. It is however not so clear whether this
two-step fitting algorithm gave any improvement over standard maximum likelihood.

19



Problem 8.3. Let X be LN(u, 0?)-distributed.

(a) Show that, as z — oo,

o
V2r(logx — )
(b) Use the result in (a) to show that, for any A\, a > 0,

P(X P(X
lim g — o  and lim PX > 1)
T—00 e~ T T—00 T«

P(X >zx)~

(logz — u)2>
202

exp ( —
=0.
Solution. X has the representation

XZLexp(u+02), Z~N(0,1).

Using this, we have

1 _
P(X>z) = 1-P(X<z)=1—-Plexp(p+oZ)<z)=1-P(Z < M)
o
logx — p logx — p
= 1o a(E ) g B
o o
For the standard normal distribution function it holds that
1
B(r) ~ (), (22)
as r — —oo, see Example 8.1 for details.
Now, as x — 00, —bg% — —oo. It follows that
logz — 1 logz — o (logx — p)?
P(— ~ — = ex (— —)
(——%—) — (s )gb( ;) Var(logz —p) 207

Using this result,

o log x— 2
. P(X > .T) . V2r(logz—p) eXp(_( g2a2“) )
lim ———= = lim
T e T30 exp(—Az)
. (logz — p)? 1
= lim Cexp ( -4 )\x)(logx — 1)
T—00 20'2
1 _ 2
= lim Cexp < — M + Az — log(log x — u))
T—00 2(72

Now, it is well known that x dominates logx, which implies that z also dominates

log(log ). Further, to see that x dominates (logz)?, let y = logz, and recall that eV

dominates y?. Thus, the expression in the exponent goes to oo, and it follows that
P(X > x)

T—00 6—/\90

20



Again using the result from (a),

. P(X >ux) _ o (logz — p)?\
lim ——= = lim exp ( — —2>x
T—00 T T—00 27-((10gx — Iu) 20
1 _ 2
= lim Cexp(—M—I—alogw—log(logm—u)).
T—00 202

The dominating term is (logz)?. It follows that the exponent goes to —oo, and

P(X
i P& >2)

T—00 T«

=0.

Thus, we have shown that the log-normal tail is heavier than every exponential tail, but
lighter than any polynomial tail.
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9 Multivariate Models

Problem 9.1.

Solution. Let a = (hy,...,hg,—1) and Y = (X3,..., X4, L). Y has an elliptical distri-
bution, that is

Y=p+AZ 'Y =d"pn+ aTAZiaTu +Va'¥aZ,

where ¥ = AAT and Z has a spherical distribution. From Proposition 3.2, the portfolio
weights that minimize E[(ho + a’Y)?] must satisfy E[ho +a’Y] = ho +a”p = 0. Thus,
we have

E[(ho +a"Y)*] = (E[ho+a’Y])*+ Var(hy +a'Y)
= Var(VaTaZ,) = a*YaVar(Z,).

We see that the optimal quadratic hedge is the vector that minimizes a’Ya. Now, for
any positive homogeneous risk measure p, we have

plho +a'Y) = p(ho+a"u+a"AZ) = p(a’ AZ) = VaTSap(Z,).

Thus, the vector a that minimizes E[(hg + a’Y)?] also minimizes p(ho + a’Y’).

22



Problem 9.2.
Solution. X and Y have the representations

XLR1+W,AZ, Y Z1Ry+ W,AZ,

where AAT =¥ is a common dispersion matrix, Z ~ Ny(0, I) and W, and W, are non-
negative random variables. The portfolio values at the end of the investment period,
denoted Vx(w) and Vi (w), can be written as

Vi (w) = w"X Lw” (Ryl + W, AZ) = VoRy + WowT AZ LV Ry + WVwT AATw Z,,

and similar for Vy (w). Thus, for a positive homogeneous risk measure p and a positive
semi-definite dispersion matrix AA”, we have

p(Vx(w) = VoRy)  p(VoRy + WovVwT AATwZ, — VoRy)  VwTAATwp(W,Z1)  p(W,Zy)

p(Vy(w) =VoRo)  p(VoRy + WNWTAATWZ, — VoRy)  VwTAATwp(W,Zy)  p(WyZ1)

If, in particular, X has a Student’s ¢ distribution with four degrees of freedom, Y has a
normal distribution, and p is given by VaR,,, then

VaR,(Vx(w) — VoRy)  VaR,(WoZy) 7' (p)
VaR,(Vy(w) — VoRo)  VaR,(Z)) — & (p)

23



Problem 9.3.

Solution. The Gaussian copula for the pair (X, X3), with common distribution func-
tion t4, can be written

CH(Fi(x1), Fa(w2)) = ®2(P ™ (ta(1)), @~ (ta(2))),

where p is the linear correlation. Note that,under the Gaussian copula, the pair (&~ (¢4(X;)), P71 (t4(X5)))
has a bivariate normal distribution. Using, in turn, the probability and quantile trans-
forms, we obtain

lim P(X, > 2X; > x) = lim P(® 7 (t4( X)) > @71 (t4(2)) @ H(ta( X)) > @ (ta())).

T—00

As x — oo, 71(t4(x)) — oo, so we may rewrite the above as

lim P(® 7 (t(X2)) > 2@ Hty(X1)) > 2).

Z—00

It follows from the symmetry of elliptical distributions that

lim P(® 1 (t4(X3)) > 2|® 1 (t4(X1)) > 2) = lim P(® 7 (t4(Xy)) < 2|®@ 1 (ta(X1)) < 2).

Z—00 Z——00

Finally, using Proposition 9.5, we have

lim P(X2 > I|X1 > 13) = lim P(q)il(tzl(Xg)) < Z|(I)71(t4(X1>> < Z) = 0.
T—r00 Z—r—00
The Student’s ¢ copula for the pair (X, X3), with common distribution function #,,
can be written

Cr ,(Fi(21), Fy(x0)) = 3 ,(t5  (ta(x1)), tg ' (ta(2))).

Note that, under the Student’s t copula, the pair (t;'(t4(X1)), 5" (t2(X2))) has a bi-
variate Student’s ¢ distribution with v = 6 degrees of freedom. Using, in turn, the
probability and quantile transforms, we obtain

lim P(Xp > 2|X; > ) = lm Pt (ta(X2)) >t (ta(2))lts ' (ta(X1)) > £ (ta(2))).

Again using the symmetry of elliptical distributions, we may rewrite the above with
z=t5 (ts(7)) as
lim P(tg'(ta(X2)) < zltg (ta(X1)) < 2).

z——00
Since the tg-distribution is regularly varying with tail index @ = 6, in follows from
Proposition 9.6 that

mlggo P = el=e) = zEIPoo P<tg1(t4(X2)) < Z|t51(t4(X1)) <2)
/2
f(W/Q—arcsmp)/Q cosStdt
- /2 ~ 0.17
fo cosbtdt

24



Problem 9.4.

Solution. For comonotone random variables X; and X, with distribution functions F}
and F5 we can write

(X1, X5) = (X1, Fy H(Fi(X1))).

Thus, we have

VaRy(Xi + X2) = =Fxl e, (0) = =Fi oy ) (23)

The function x + F; '(Fy(x)) is non-decreasing in x, and if we assume that F; and F}
are continuous, it follows from Proposition 6.3 that (23) equals

—(F(p) + B (R(FTH (D) = —Fy () = By (p) = VaR,(X1) + VaRy(Xa),
which shows that VaR, is additive for comonotone random variables.

Using this result, we have, for any spectral risk measure pg,

po(Xi+ X)) = — / O(u) Fi, ., (u)dus = — / () (Fy () + Fy () ds

= —/O ¢(U)(F11(U))du—/0 S(u) (Fy ' (u)du = py(X1) + py(Xa).

25



Problem 9.5.

Solution. Let (U7, U}) be an independent copy of (Uy, Us). Recall that Kendall’s tau
is defined as

7(U1,Us) = P((Uy — Up)(Uy = Uy) > 0) — P((Uy — U)(Uz — Uy) <0).

If (Uy,Us) does not have a point mass anywhere, this expression simplifies to
7(Uy,Us) = 2P((Uy — Uy)(Uy — U3) > 0) — 1.
Further,
P(U,—U)(Uy—Us) > 0)=P(U;—U; > 0,Us—Uy > 0)+P(U, —U; <0,U;—Uj <0).
We have
P(U,—U; <0,U;—Uy;<0) = PU, <U,Uy < Uj) = /P(U1 < up, Uy < ug)dC(ug, us)
= /C<U1,uz)dC(U1,UQ) = FE[C(Uy, Us)].
Similarly,

105054 E[C(U,Uy)] = E[C(UL, Ty,

and it follows that
(U, Us) = 2(E[C(Uy, Uy)] + E[C(Uy, U:)]) — 1 = AE[C(Uy, Uy)] —

Now, recall that the expected value of a random variable X on [0, 1] can be written

E[X]:/ vdF (x //dtdF //dF )dt = /P(th)dt.

Using this relation, we obtain
1 1 \Ij—l(t)
E[C(Uy,U)] = P(C(Uy,Up) >t)dt = | (1 —t+ ——+<)dt
0 0

B B 1 1 \Ilfl(t)
= 2+/o @™

which yields

7(Uy, Uy) = AE[C(Uy, Uy)] — 1 = 4(% + /1 (‘I’Jdt) . +4/1 (\;P_—l(t) "



For the special case of the Clayton copula, we have from Example 9.16 that

M u) =ul =1, (@7 (u) = —0u"
It follows that

L owl(t) L1 2 4 0
=144 —Ldt=1+4] ———dt=1-- = .
(UL Ue) = 1+ /0 e * /0 “gr o1 60052 042

27



Problem 9.6.

Solution. The distribution function can be obtained from Table 4.1 simply by summing
up the cells, e.g.

P(Xl S 1,X2 SB) :P(X1 - 1,X2: 1)+P<X1 — 1,X2:2)—|—P(X1 - 1,X2:3>
Repeating this for all cells gives the distribution function on matrix form as

i\ |1 2 3 4
1 10.098736 0.099792 0.099842 0.099842
2 | 0.731454 0.830309 0.849379  0.850300
3] 0.796051 0.938708 0.976856  0.980003
4 | 0.800633 0.950533 0.995117 1

Table 1: Distribution function F'(x1, z5).

To obtain the copula C' defined by C(Fi(x1), Fo(xs)) = F(x1,x2), simply change the
axis values from (z1,x2) to (Fi(z1), Fa(x2)), e.g. C(F1(2), F5(3)) = F(2,3). This gives
the copula in matrix form as

Fi(21)\Fa(zs) | 0.800633 0.950533  0.995117 1
0.099842 | 0.098736 0.099792 0.099842 0.099842
0.850300 | 0.731454 0.830309 0.849379  0.850300
0.980003 | 0.796051 0.938708 0.976856 0.930003

1 0.800633 0.950533  0.995117 1

Table 2: The copula C'(Fi(x1), Fa(xs).

The above copula can be approximated by a Gaussian copula, and the correlation
parameter p is estimated using least-squares, that is p is chosen as to minimize

D (@527 (), 27 (v) = C(u,v))*.

(u,v)

The estimated linear correlation is p = 0.5984.
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Problem 9.7.
Solution. We seek a function g such that P(Xy = 1|g(Y) = 0) = 0. We have

P(Xy=1lg(Y)=0) = P(Xp,=1Y =g7'(0) = P(Vpg '(0) + /1 —pYe <27 '(p))
®~Y(p) — /pg~1(0) d~'(p) — /pg~'(0)

( T ) = i, )
Setting this expression equal to 6 and substituting 6 for g(Y") yields
o1(p) - B
g(Y) = &( )-
V1I=p

To find the g-quantile of g(Y'), we first note that g is decreasing. Propositions 6.3-6.4
yield
Fola) = —F (1—q) =—(—g(F5' (1 —q)) = g(®7'(1 —q))
¢*@%—¢ﬁﬁ%1—®):¢(V%m+wﬁ®*@%
v1i—p v1i—p

Consider the aforementioned portfolio of n =1,000 loans, and define the number of
defaults D,, = > ;_, Xj. Then, the one-year profit S, of the portofolio is

Y

S, = 10,000(n — D,,) — 0.25 - 1,000, 000S,, = 10,000n — 260, 000D,,.
Further, the one-year Expected Shortfall is given by
1 0.01

ESp(Sn) — m .

VaR,(S,)du,

with
B 10, 000n

0

VaR.(S,) = VaR,(10,000n — 260,000D,,) = + 260,000V aRy(—D,,).

To evaluate the above expression, we must resort to simulations or approximations. We
choose the latter, and consider the case where n is large. Indeed, it follows from the
conditional law of large numbers that, conditional on Y,

D,
— = P(Xp =1Y)=g9Y) a.s.
n
Thus, we may, for large n, approximate D,, by
D, = ng(Y).

Using this approximation,

—_ _ n _ n
VaRupﬂD@::ﬁbbRJ1—u)zzg;YVRJ1—u)::ﬁgﬁa;g1—u)::——@(
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Finally, we obtain an approximate ES,(S,,) as

ES,(S,) =

10,0000, 260, 000 /0-01 (I)(fl)_l(p) + /P07 (1 —u)
Ry 0.01Ry Jo

which can be integrated numerically. We find that ES,(S,) ~ 46.8 millions, or
4,68% of the capital.
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Problem 9.8.

Solution. The portfolio weights w; and ws satisfy the following system of equations

wy +wy = %
le[R1]+w2E[R2] = 106%,

where Ry, and R; denote the return on the bond and stock portoflios, respectively,

and Vjis the initial capital. The system admits the solution w; = wy = % Let w =

(w1, we, —1) and X = (Ry, Re, L). By assumption, X has a multivariate Student’s ¢
distribution with v = 4, and it follows that
A—L=uw"X<y" (/L—FAZ) wh pp+ VuT AATwZ,,

where Z has a multivariate standard Student’s ¢ distribution. Denoting AA” by X, we
have, under the assumption that the risk-free return Ry = 1, that

VCLR0.005(A — L) = VCLRQ.005(U}T,M + V U}TZ’U)Zl)
= —wlp+v wTSwVaRyp5(27)
= —wlp+ VwTSwt;1(0.995).

The dispersion matrix is given by

X;)Var(X;).

zg i)

We evaluate the risk numerically and obtaln VaRy005(A— L) =~ —920,000, which means
that the insurer is solvent.

Next, we consider an instantaneous decline of 15% in the value of the stock mar-
ket portfolio. Immediately after the shock, the portfolio weights w are (%, 0.85%, -1) =
(0.5V, 0.425V;, —1). Re-evaluating the risk numerically yields VaRg g5 (A—L) =~ 13,000,
which means that the insurer is no longer solvent. To achieve solvency, the insurer wishes
to rebalance the portfolio with weights w; and w, so that

VCLR0.005(A - L) = O,

under the constraint w; + Wy = f/o, where f/o = % + 0.85%. Solving numerically for w,
we obtain

(w1, W) = (0.5132V4, 0.4118Vj),
so the insurer should reduce the exposure to the stock market in favour of the bond
market. The expected return of the adjusted asset portfolio is
E[A] _ w1 E[Ry] + Wy B[R]
Vo Vo
slightly lower than the initial target return of 1.06.

= 1.0556,
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