SF3953: Markov Chains and Processes Spring 2017

Lecture 2: Stopping Times and the Strong Markov Property

Lecturer: Jimmy Olsson February 17

Goals of this lecture

e Discuss the existence of Markov chains,
e Introduce some special stopping times of relevance for coming developments,

e Establish the strong Markov property.

Canonical chains

Assume that we are given a measurable space (X, X'), an initial distribution v € M;(X’), and
a Markov kernel P on X x X. Let X be the set of X-valued sequences w = (wp, w1, ws, . . .).
The o-field F = X®N is generated by the algebra A of cylindrical sets of form

I Ax
n=0
where A,, € X for all n € N and A,, # X for at most finitely many n.

Definition 2.1 (coordinate process). The coordinate process { Xy : k € N} is the stochastic
process defined on (XN, XN by

Xk(w) =Wg, WwE XN.
A point w € XN is called a trajectory or path.

With {X} : k£ € N} being the coordinate process, we set, for all n € N, F,, = (X, :
m < n).

Theorem 2.2. Let (X, X) be a measurable space and P a Markov kernel on X x X. For
every i € Mi(X) there exists a unique probability measure P, on the canonical space
(Q, F) = (XN, x®N) such that the coordinate process {X, : n € N} is a Markov chain with
kernel P and initial distribution w.

The proof, which is based on Caratheodory’s extension theorem (Theorem 2.17), is
rather technical and is hence beyond the scope of the course. Still, for the sake of com-
pleteness, the interested reader find a version of the proof Appendix A.
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Definition 2.3. The canonical Markov chain with kernel P on X x X is the coordinate
process {X,, : n € N} on the canonical filtered space (X, X®N {FX : k € N}) endowed
with the family {P, : v € M1(X)} of probability measures given by Theorem 2.2.

Note that with the canonical Markov chain comes a family of probability measures.

In the following, “a Markov chain with kernel P on X x X” will always refer to the
canonical chain.

For x € X, we introduce the short-hand notation P, = Ps, (and similarly for expecta-
tions).

Proposition 2.4. For all A € X®N,
(i) the function X > x +— Py(A) belongs to Fy,(X),
(ii) for all p € My (X), Pu(A) = [Py(A) p(dz).

Exercise 2.5. In order to prove Proposition 2.4, show that the family M of sets A € X®N
satisfying (i) and (i) is a monotone class (see Definition 2.20). Now, conclude the proof

of the proposition using the monotone class theorem, Theorem 2.21, in combination with
Theorem 1.14 (last time).

Stopping times

In the following, consider a filtered probability space (Q, F, {F : k € N},IP) and an adapted
process {(Xn,Fn) : n € N}. Define F as the o-field generated by the union of all the
{fk keN }

We recall the following definition.

Definition 2.6 (stopping time).

(i) A random wvariable T from Q to N = N U {oo} is called a stopping time if for all
keN, {r <k}eF.

(ii) The stopping time o-field F, is generated by the sets A C ) such that for all k € N,
AN {T < k} € Fi.

It is easily checked that
e F. is indeed a o-field,
e a constant 7(w) =n € N is a stopping time (in which case F; = F,),

e the event {7 = oo} belongs to Fi.
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Given the stochastic process {X,, : n € N} and some arbitrary F-measurable random
variable X, we define B
X=X on {r=k}, keN.

Note that X, is F-measurable, since for A € F,,

k k
(XreAyn{r<k}y=|J{X-eAn{r=0=J{XcA}n{r=10}
=0 £=0

k
= {Xen{r<p\{r<t-1}) e F
/=0

2.1 The shift operator and the strong Markov property
Definition 2.7. The mapping XY — XN defined by

0:w=(wy,ws,...) = 0w)=(w1,ws,...)
1s called the shift operator.

Multiple shift operators are defined recursively by letting 6y be the identity function
(i.e., Op(w) = w for all w € Q) and for k € N*,

O =000,

Thus, each 6, shifts a sequence k times.
Now, let {X} : k € N} be the coordinate process on XN. Then for all (j,k) € N2,

Xk o 0j = XjJrk.

Exercise 2.8. Let {Fj : k € N} be the natural filtration of the coordinate process. Show
that for all (m,k) € N? such that m >k, 0 is measurable from (XN, F,) to (XN, Fpp).

Exercise 2.9. Let {Fj, : k € N} be the natural filtration of the coordinate process { X, :
k € N} and 7 and o stopping times with respect to {Fy : k € N}. Show that

(a) for each positive integer k € N, k + 7 o 0y is a stopping time.

(b) the random wvariable p = 0 + 700, is a stopping time. Moreover, if o and T are finite,
then X; 00, = X,.

From now on, a Markov kernel P on X x X is given, and we let {X} : k € N} be
the canonical chain with Markov kernel P on (Q,F) = (XN, X®N), This means that
{Fk : k € N} is the natural filtration of {X} : £ € N}. In addition, P, denotes the law
induced by p € Mi(&X) and E,, stands for the associated expectation operator.
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Theorem 2.10 (Markov property). For all F-measurable positive or bounded random
variables Y, initial distributions p € My (X) and k € N, it holds, P,-a.s., that

E,[Y o6y | Fi] =Ex, [Y]. (2.11)

Proof. We use the functional monotone class theorem (see previous lecture). Let H be
set of bounded F-measurable random variables Y such that (2.11) holds. One proves
straightforwardly that H is a vector space (as the property (2.11) involves expectations).
Now, let £ be the set of finite rectangles in Q = XN, which is closed under finite intersection.
To prove that 14 € H for all A € £, we prove more generally that every Y of form
Y = g(Xo,...,X,), where g € F,(XP*1), belongs to H. We want to prove an identity for
conditional expectations; thus, pick arbitrarily a bounded Fj-measurable random variable
Z and prove that
E, [Z(Y o0, — Ex, [Y])] = 0.

By the factorisation lemma there exists a measurable function z such that Z = z(Xy, ..., Xj).
Moreover, by Theorem 1.14 and the Fubini-Tonelli theorems,

E,[Z(Y 001)] = B, [2(Xo, .-, Xe)g(Xnr -+, Xsp)]

k+p—1
_/"'/2(1'07--~7xk)g(xk7-~-7$k+p) dﬂfo H P xfadforl)
=0
k—1
= [+ [6n ® PPg)s(av.....) ko) [] Pl i)
=0
k-1
/ / o [Y12(z0, . ) p(dao) [ Plae, daers)
=0

E.[ZEx, Y]],

which was to be established. To check the second condition of the functional monotone
class theorem, let {Y,, : n € N} be an increasing sequence of random variables in H and
denote by Y = lim,_,~ Y;, the pointwise limit. Then, using monotone convergence (also
for conditional expectations) and (2.11), P,-a.s.,

E,[Y 00| Fi] = lim E,[Y, 00, | Fi] = lim Ex, [Vs] = Ex, [Y],

which shows that Y € H. We may now conclude the proof by applying the monotone class
theorem. O

Importantly, the Markov property of Theorem 2.10 can be extended to random time
shifts.
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Theorem 2.12 (strong Markov property). For all F-measurable positive or bounded ran-
dom wvariables Y, initial distribution v € M1(X) and stopping time T, it holds, P-a.s.,
that

Eu[(Y00:)lireoy | Fr] = Ex, [Y]1ireney- (2.13)
Proof. We will show that for all A € F.,
By [(Y 00:-) 1ot la] =B, [Ex, [Y]1{rcooyla].
For this purpose, consider, for k£ € N, the related expectation
By [(Y 0 0:)Langr=iy] = Epu [(Y 0 0k)Langr—i}]
Since T is a stopping time, {7 = k} € Fi. Thus, by the tower property and Theorem 2.10,
Ey [(Y 0 0k)Langr=k}] = Epu [Eu[Y 060k | Fil Langr=ky] = By [Ex, [Y] Tangr=s}] -

Now, decompose, using monotone convergence, the original expectation of interest accord-
ing to

By (Y 00)lreopla] =D Eu[(Y 00 langriy] = DBy [Ex, [V] Langr—iy]
k=0 k=0

=Y By [Ex, V] Tangr=i)] = Eu |Ex, V114D ey | = By [Ex, [Y] 1{rcae 4],
k=0 k=0

which establishes the claim. O

Hitting times and return times

The following stopping times will play critical roles in the following:

Definition 2.14. The first hitting time 74 and return time o4 to some set A € X of the
process { X, : n € N} are defined by

T4 =inf{n e N: X,, € A},
oa=inf{n e N*: X,, € A},

respectively, where, by convention, inf ) = co. The successive return times {(TXL) :n € N},

are defined inductively by 01(40) =0 and for alln € N,

o =it {keN: k>0, Xy A},
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One shows easily that 74 is a stopping time; indeed, write for m € N,
m
{ra <m} = J{X¢ € 4},
=0
where each event {X, € A} belongs to Fy;. Thus, as Fy C F,y,, this shows that 74 is a
stopping time. The return time o4 is treated similarly. That {UXL) : n € N} are stopping

times follows by inductive use of Exercise 2.9, as, if 0%_1) is finite, for all n € N*,

0.1(4”’) — 0—[(4’”’71) _|_ O'A (e] 00_54,”,1).

A Proof of Theorem 2.2

Definition 2.15. A set function p defined on an algebra A is said to be o-additive if for
all collections {A,, : n € N} of pairwise disjoint sets in A such that U5 A, € A, it holds

that . .
H (U An) = ZM(An) (2'16)
n=0 n=0

The proof of Theorem 2.2 relies on the following result, which is fundamental in measure
theory.

Theorem 2.17 (Caratheodory’s extension theorem). Let pu be some o-additive, non-
negative set function on an algebra A on some set X. Then there exists a measure [i
on the o-field generated by A. If i is o-finite, this extension is unique.

Proof of Theorem 2.2. Let A be the algebra of cylindrical sets generating X®N (i.e., A is
the family of sets of form A = A, x XY, where A, is a product of n + 1 sets in X). We

define the set function
A3A—u® P®"(An).

Let {A, : n € N} be a collection of pairwise disjoint sets of A such that U2 A, € A.
Using Caratheodory’s extension theorem, we must establish the o-additivity (2.16). Since
UX yA, € A, there must exist ng € N such that US2 A, € F,, (since the filtration is
generated by the coordinate process). For n € N, set B, = Urt 1Ak For all n € N, there
exists ky € N such that {4; }?:0 C Fr,,- As the sets are pairwise disjoint, this implies that

C

B, = O A, | N Ej Ak € Fropvng-
j=0 k=0

Thus, we have a sequence {B,, : n € N} of decreasing sets in .4 such that N{° B,, = 0, and
it is enough to show that
lim u(B,) = 0. (2.18)

n—o0



Lecture 2: Stopping Times and the Strong Markov Property 2-7

(Indeed, since pu is additive (as p ® P®" is a probability for all n), we may write

n

k=0 k=0

k=0

thus, (2.18) implies (2.16).) Since for each n € N there exists k(n) € N such that B, € Fjy)
and since the o-fields F,, are increasing, we can assume that the sequence {Fj(,) : n € N} is
also non-decreasing. Moreover, by repeating if necessary certain terms B, in the sequence,
we can assume that k(n) = n, i.e., we can assume that B,, is F,-measurable for all n € N.

Assume that each B, is of form C,, x XN and define for (k,n) € N2 such that k < n—1,

Xk s gk /ﬂcn(xg) P®(”_k)(xk,dx’,§+1),
which is X**l-measurable, and let f? = 1¢,. Recall that the sets {B, : n € N} are
decreasing; thus, for fixed k£ € N, {f’ : n € N,n > k} are non-increasing functions.

(Indeed, since for all n € N, B, 11 C By, it follows that Cp,4+1 C C,, x X. Hence, for all
n>k+1and zf € Xk

fit () :/ILCW(%SLH)P@("Hk)(ivkvdxﬁi)
ny p®(n—k) n _ ok
< /]lcn(fﬂo)P (zr, dag ) = fi (z0),
and, similarly, ff(zf) < 1¢, («F) = fF(2f).) Thus, for all k& € N, there are limits
gk = lim, o f}}, which are uniformly bounded by one. Note that by construction, u(B,) =
vfy. Moreover, by dominated convergence, vgy = v(lim, o fJ) = lim, o vf, and

consequently we must prove that vgg = 0.
We proceed by contraction. First note that for all large n and xlg e Xkt

fp(ak) = / / Lo, () P, dagsr) PPOFD (11 dafs )
:/fig+1(33lo€+1)P(ﬂfk7d$k+1)-

Thus, by dominated convergence, for all kK € N and :U’g e Xkt

g () :nlggo/fl?+1(x§+1)P(xk7dmk+l> = /g{.lofgﬂ(wgﬂ)P(xmdwkﬂ)

:/gk+1(1‘§+1)P($k,de‘k+1). (2.19)
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Now assume that vgg > 0; then, by (2.19),

0<wvgo= // g1(x4) v(dzo) P(xo, dz1),

which implies that there exists 5:(1) € X? such that ¢ (J?(l)) > 0. This implies in turn, by

(2.19), that
0 < g1(&g) = //92(57(1)7$2)P(5717d962),

which implies that there exists 3 € X such that go(#2) > 0, etc. In this way we construct
a sequence X = {Z,, : n € N} such that g,(Z{) > 0 for all n € N. Now, since for all n € N,
{ff .0 € N,n > ¢} are non-increasing functions and g,, the corresponding limit,

L5, (%) = Le, (&) = F1(&5) > ga(&) > 0.

Thus, foralln € N, 1 (x) = 1, implying that X € N,,en By, which contradicts Npen By, = 0.
Hence, lim, o p(By) = 0, and since p is finite we may conclude the proof by applying
Caratheodory’s theorem. O

B The monotone class theorem

Definition 2.20. Let Q) be a set. A collection M of subsets of ) is called a monotone
class if

(i) Qe M,

(ii) for Ae M and B € M such that AC B, B\ A e M.
(i1i) for all increasing sequences {Ay : n € N*} of sets in M, U2, A,, € M.
Theorem 2.21 (monotone class theorem). Let M be a monotone class and assume that
E C M is stable by finite intersection. Then o(€) C M.
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