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Goals of this lecture

» Today we will

» discuss briefly the existence of Markov chains,

» introduce some special stopping times of relevance for coming
developments,

» establish the strong Markov property.




Some background: the coordinate process

» For a given measurable space (X, X), let XY be the set of
X-valued sequences w = (wp, w1, w2, . ..).
» The o-field F = X®N is generated by the algebra A of
cylindrical sets of form
oo
11 A
n=0

where A, € X for all n € N and A, # X for at most finitely
many n.

Definition (coordinate process)

The coordinate process { X : k € N} is the stochastic process
defined on (XN, A®N) by

Xk(w) =wg, wE xN.

» When {Xj : k € N} is the coordinate process, we set
Fn=0(Xm:m<n).



Some background: stopping times

» Consider an adapted process {(Xy, Fx) : k € N}. Define F,
as the o-field generated by the union of all the {F : k € N}.

Definition (stopping time)

(i) A random variable 7 from Q to N = N U {co} is called a
stopping time if for all k € N, {1 < k} € Fy.

(ii) The stopping time o-field F, is generated by the sets A C Q
such that for all k e N, An {7 < k} € Fx.

» |t is easily checked that
» F. is indeed a o-field,
» a constant 7(w) = n € N is a stopping time (in which case
Fr= ]:n)y
» the event {7 = co} belongs to Fo..




Some background: stopping times (cont'd)

» Given the stochastic process {Xj : k € N} and some arbitrary
Foo-measurable random variable X we define

X, =X on {r=k}, keN.
» Note that X, is F,-measurable, since for A € F,,

{Xr e AAn{r <k}

k
= J{XeAn{r=0}
=0

k
- JXeeAtnir=0
=0

k
=JxeAn{r<o\{r<t-1}) e F
=0
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