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Answers and suggestions for solutions.

1. (a)

According to the First Fundamental Theorem the model is free
of arbitrage if and only if there exists a martingale measure. We
thus need to prove that there exist ¢qi, g2, and g3 all strictly
between zero and one, and such that

1 [ + + d]
s = — - su -8 -8
1+r q1 q2 q3 )
1 = ¢1+q+gs.

Letting ¢; act as a parameter we obtain for ¢s and g3

q2 = 2(0.6 — q1), g3 =q1 — 0.2.

From this we see that all values of ¢q; such that 0.2 < ¢; < 0.6 will
result in a martingale measure, and therefore the model is free of
arbitrage. (There are infinitely many martingale measures, but
to show that the model is free of arbitrage you only need to find
one, so if you have found one solution, say q; = 0.3, g2 = 0.6 and
g3 = 0.1, you need not worry about the other solutions.)

Since the interest rate is zero the option price is given by the
following formula

Chacn(0) = E9max{Sy — K,0}] = E?[(Sr — K)I5,_x>0))-
Since

Sr—K=5y+d5Vr— K,
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we see that S — K € N(Sy — K,02S3T). Now apply the stated
result with p = Sy — K, “0? = 0233T”, [ =0, and h = oo, and
note that 1 — ®(x) = ®(—z) and ¢(z) = ¢(—x).

By definition we have that

86YBach

ds
once you have substituted s for Sy in Cpgep. Differentiating you
will find

Acall,Bach(t) =0 <

Acall,Bach =

Sy — K )
O'So vV T—1
Here we have substituted back S; to obtain todays value of A.

If you have sold the option A tells you how many you have to
buy of the underlying in order for your portfolio to become delta
neutral, i.e. insensitive to small changes in the stock price.

We have the following equation
0=TI(t; X) = e " VE? [Sp — f(1: T, Sr)| Fi].

Solving for the forward price we obtain (use that f(¢; T, S7) € Ft)
f(&T,Sr) = E9[Sr|F).

Since S/B is a Q-martingale and B; = e"* we have that

St o St ey
. = BT Bt =€ St.

f(t;T, Sr) = BrE® Fi

The payoff of the range forward can be written as

X = max{min{Sr, K2}, K1} — f(0;T,Sr)
= K+ max{ST — Kl,O} - maX{ST — Ko, 0} - f(O;T, ST)

The price is therefore given by
(t; X) = e "TYEQK, + max{Sr — K;,0}
—max{Sy — Ko,0} — f(0; T, St)|F]
= C(ta Sta K17 T7 T, 0) - C(ta St7 K?a T7 T, G)
_|_€fr(T7t) (Kl _ S()@TT),

where C(t,s, K,T,r,0) denotes the standard Black-Scholes price
at time ¢ of a European call option with exercise price K and
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expiry date T, when the current price of the underlying is s,
the interest rate is r, and the volatility of the underlying is o.
For future use we let P(t,s, K,T,r,0) denote the price of the
corresponding put option.

(c¢) Using put-call-parity at time T°
max{K — 57,0} = K + max{Sr — K,0} — S,
we can decompose the payoff of the range forward in the following
way instead

X = K;+max{Sr— K;,0} — max{Sr — K»,0} — f(0; T, St)
= max{Kl — ST} — maX{ST — KQ,O} + St — f(O;T, ST)

From this we see that the price can also be written in the following
way

H(t; X) = P(t, St,Kl,T,T,O') - C(t,St,KQ,T,T,O') + St — S()ert.

Since S; — Spe™ is the price of a forward, we see that a range for-
ward is equal to a portfolio composed of a long forward contract,
a long put with strike K1, and a short call with strike Ks.

3. (a) We have

r T
p(th) _ EQ 67‘[; r(u)du

7

_ gQ [ Sl @ xa @l

7

_ EQ -e— LT(e_“l(“_t)X1(t)+m€1 ftu e r1(u=9)dst oy ftu e‘“l(“_s)dwl(s))dux

e ftT (e="2(u=D) X (t)+r20s ftu e "2(v=9) ds 1oy ftu e~ 24 dWs(s) ) du

]—'t]
T _kq(u—t)du-X T ko(u—t)du-X
o= S et Xa ) [T emra(umt)duXa (1)
T u u
EQ 671; (melj; e_”‘l(“_s)deralft e_“l(“_s)dwl(s))dux
e~ LT(KQQQ ftu e—r2(u=5)dst gqy ftu 6“2(“5)dW2(s))du]
which shows that the zero coupon bond prices have the desired

form. (Actually the expectation can be computed directly, since
the stochastic variable in the exponential is normally distributed.)
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(b) The It6 formula applied to p(t, T') = eAET) =BG X1 (1) -CET)Xa (1)
yields

dp” = (A; — B X1 — C:Xp)pldt — BpTdX, — CpldX,
1 1
+§BQPT(dX1)2 + §C2PT(dX2)2
= |: At — BtXl — CtXQ — B/il(ﬁl — Xl) — CHQ(HQ — XQ)

1 1
+§BQU% + 50203 pldt+...

1 1
= l:At — Blilcgl - CHQQQ + 5320'% + 5020%

- (Bt - Bﬁl)Xl - (Ct - OKIQ)XQ pTdt + ...

Under @ we know that p(¢,T")/B(t) is a martingale, which means
that p(t,7) has to have local return equal to the short rate
r = X1+ Xo. Thus, for t > 0, and z; € (—o0,00) i = 1,2
the following equality has to hold
1 1
At — Blilcgl — CK/QHQ + 5320'% + 50205]

—[Bt — Br1 + 1].751 — [Ct — Cry + 1]$2 =0
The only way this is possible is if all three square brackets equal
zero, this will give you the ordinary differential equations solved
by A, B, and C. The boundary conditions are obtained from the
condition that p(7,T) = 1. So to sum up we have

Bi(t,T) - B(t,T)sy = —1,
B(T,T) = 0,
Ct,T) — C(t, T)ky = ~—1,
C(T,T) = 0,

and

AT) = K101B(t,T)+/<;2020(t,T)—%J%BQ(t,T)—%JSCQ(t,T),
AT, T) = 0.

4. (a) You can replicate the payoff 1/py(T,U) at time U by buying a
domestic T-bond at time ¢t and reinvesting the principal received
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at time T in 1/py(T,U) domestic U-bonds. The price of a roll
bond is therefore py(t,T).

(b) For t > T we have

1

F
pf(Tv U) ’ t‘|
1 U
— EQ [e—ft ra(s)ds
pf(T7 U)
pd(tv U)

pf(T’ U)7

where we have used that 1/p¢(T,U) € F; for t > T to obtain the
second equality. The price of a quanto roll bond for ¢ > T is thus

(¢) We have that the value process of the portfolio is given by
Vit) = hi(t)pa(t,U) + ha(t)ps(t,U) + ha(t)ps(t, T)
= V(;T,U).

U
D = B [e—ﬁ ey

d

At time T the value process then equals

h _ . ~ pa(T,U)py (T, T)G(T;T,U)
VM T) = V(I;T,U) = P (T, 0)

pd(Tv U)

pf(T’ U)’

where we have have used that, as always, p¢(7T,T) = 1, and that
G(T;T,U) = 1. Thus the portfolio is equal to the desired claim
at time T

It remains to check that the portfolio is self-financing, i.e. that
AV (t) = ha(t)dpa(t, U) + ho(t)dpy (¢, U) + hs(t)dpy (¢, T)
or with the expressions for h1, hy and hs inserted

dpa(t,U)  dps(t,U) dﬁfu,T))
pd(tv U) ﬁf(t7 U) ﬁf(t7T)

Using the It6 formula and that p¢(t,S) = X (t)ps(t,S) we obtain
dpf = Xdp§ +pjdX + dpjdX
= ra(O)py(t, S)dt + [o(t) + vy (t, S)|ps(t, S)dW,

dW@:V@ﬂm<
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and inserted in to (1) we get

dpd(t) U)
pd(t) U)
Now use that the dynamics of p¢(t, S) to see that

pd(t7 U) pf(tv U) pf(tv T)

+o)[ve(t,T) —vy(t, U)]) :

dvh(t) =V (t;T,U) ( — v (t, U)dW + Vf(lf,T)dW) .

dvh(t)y = V(T,U) <

Since V"(t) = V(t;T,U) and the dynamics in the formula above
are the same as those of V(¢;T,U) given in the exercise, we con-
clude that the portfolio is self-financing and replicates the T-claim

pd(Tv U)/pf(Tv U)

5. If we use S as the new numeraire we know that II/S is a martingale
under Q°. Writing down the martingale property we get

0) _ g [101)

%W

S(t)

where the super script S indicates that the expectation should be taken
under Q. Thus,

ne _max{%f(;f Sudu—S(T),()}
so ~ F ST d
- T
= E° _max{i% jg(;;du - 1,0}|.7'—t]

= E%[max{Z(T) - 1,0}| F].

In order to apply Feynman-Ka¢ we need the Q°-dynamics of the pro-
cess Z given by

t
+ Jo S(u)du

St
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Recall that the Girsanov kernel which takes you from Q to Q¥ is the
volatility of S. Using this we find that the Q°-dynamics of S are given
by

dSy = (r + %) Sidt + 0.S;dUy,

where U is a QS—Wiener process. Let
Y(t) 1/t5d i dY—lsdt
= = .€. = = .
T 0 udl, 1 t T ¢

The dynamics of Z can now be found by an application of the Ito

formula
1 Y; 12Y; 9
dZ; = —dY; — —=dS; + ——=(dS
b= g it 5 (dsy
1
= <? — TZt> dt — (TthUt.

Now Feynman-Ka¢’s theorem tells us that

@)
S0 F(t, Z(t)),

where F' solves the PDE stated in the exercise.



