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Answers and suggestions for solutions.

1. (a) For the martingale probabilities we have
1+r—d
=—=05
u—d

Using them we obtain the following binomial tree where the value
of the stock is written in the nodes, and the value of the option
is written in the adjacent boxes.

The price of the call option is thus 25 kr.

(b) A replicating portfolio is a self-financing portfolio which has the
same value as the claim at the exercise date. It is easy to check
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that the value of a portfolio consisting of K bonds, a long position
in a call option with strike price K and exercise date T', and a
short position in the underlying stock itself will be equal to the
value of the put option at time 7. The portfolio is also self-
financing since it is constant.

(¢c) i. A probability measure @ is a risk neutral martingale measure
for the standard Black-Scholes model if it
e is equivalent to P, and
e the process S/B is a Q-martingale.
ii. Under the martingale measure ) the dynamics of .S are given
by
dSy = rSidt + 05 dVy,
where V is a @-Wiener process. Using Itd’s formula on
R = 1In(S;/Sp) we obtain

i - Lis-LL
= (r -~ %JQ) dt + odV;
Since Ry = 0 we obtain
R, = (r — 302) t+ oV,
and thus R; is normally distributed with expectation r—o?2/2
and variance o?t.

(dS;)?

2.  (a) The price of the claim at time ¢t € [0, 7] is given by
m[x] = e T 0EQ [ S]] 7]
The dynamics of S under @) are given by
dSy = rSidt + 05 dVy,

where V is a Q-Wiener process. Let Z = S? and use Itd’s formula
to find the differential of Z

Az = pSPtds + %5(5 —1)5%7%(dS)?

- (m - %5(5 - 1)02> Zdt + BoZdV.
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Let ¢ = Br + 3(83 — 1)0? /2. Integrating we obtain
Zu = Zy + /tu cZyds + /tu BoZsdVs.

Now take the conditional expectation with respect to F;
E|Z4F) = Z + /tu CE|Z,|F)ds + 0.

Let m, = E[Z,|F:] and take derivatives with respect to u

m = cm,
my = Zt.
Solving the ODE above we get
my, = Zeth,

—r(T—t)

The price of the claim is given by e mr, i.e.

1
IL[X] = SPel T with ¢ = gr + 5506~ 1)o2.

(b) We know that II(¢) = F(t,S;). Therefore using Itd’s formula on

F we obtain (in the formulas below sub-indices denote partial

derivatives, for example F = %_f)

1
dF = Fdt+ FydS + §FSS(dS)2 (1)

1
— (Ft + 502521?55) dt + FydS. (2)
In order for a portfolio h = (h”,h") to be self-financing it must
satisfy
dv* = hBdB; + h°dS,.

Now comparing with equation (2) we see that we must have
_ 1
hi = Fy(t.5) = BS) 10, e = pr— o p(5 - 1)o”.

Since V}h = hB B, + h° S, we must have
_ F - SF;

—r)(T'—t) —r 1
WP = == = (1= 98T o= Br— S p(B — 1)o”.

You may recognize the continuously rebalanced delta hedge.
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The price of the option on the underlying stock which pays no
dividends will be greater than the price of the option on the div-
idend paying stock, given that the stock price is the same today.
This is because the price of the stock takes future dividend pay-
ments into account, but the holder of the option will not benefit
from them, and the dividend payments will cause the stock price
to fall making it less likely that the option will be exercised.

Just as in the ordinary Black-Scholes model the price of the option
is given by

I, = e "TYECQ [max{Sr — K,0}| F]
However, in a model with dividends it is the normalized gains
process, GG, which should be a martingale under the martingale

measure (. The normalized gains process for the stock is given
by

St LS
GZ(t) = = + / —*du.
( ) By 0o By
This can be seen to be a martingale if the dynamics of S under
@ are given by
dSt = (7‘ - (S)Stdt + O'Std‘/t,
where V' is a Q-Wiener process.
If we rewrite the price in the following way
I, = e 001 . o= (r=0)(T-1) R [max{St — K,0}| F]

BS formula

we can as indicated use the Black-Scholes formula on the second
part with » — § for the interest rate and o for the volatility. We
thus have

I, = e T D[Gd(d)) — e T ITDKD(dy)]
= ¢TI VG,d(d)) — e TTVKD(dy)

where

d = W%{ln(%)—l—(r—&%—%UQ)(T_t)},
dy = dy—oVT -t
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4. (a) The Ho-Lee model possesses an affine term structure, i.e. the

zero coupon bond prices are of the form p(t, T) = eA®T)=BED)r

where A and B are deterministic functions. To completely specify
the bond prices we need to find expressions for A and B. The It6
formula applied to p(t, T) = eA&T) =BT yields

1
dp” = (A, — Byr)ptdt — Bpldr + §BQpT(dr)2
1
— {At — Byr — 0B + 532[)2] pLdt — pBpTdU

1
= {At — 6B+ §p232 — Byr| ptdt — pBpTdU.

Under @ we know that p(¢,T)/B(t) is a martingale, which means
that p(t,T) has to have local return equal to the short rate r.
Thus, for t > 0, and r € (—o00,00) the following equality has to
hold

1
{At — 6B+ 5/)232] —[Bi+1r=0

The only way this is possible is if both square brackets equal zero,
this will give you the ordinary differential equations solved by A,
and B. The boundary conditions are obtained from the condition
that p(T,T) = 1. To sum up we have

BttT - 1,
= 07

AtT) = OB(.T) - 0B T)
AT, T) = 0

B(t,T) = (T—t),

T 2 — 3
A(LT) = /t e(s)(s—T)dH%%.

Using the T-forward measure Q7 we have the following pricing
formula

I1(t) = p(t, T)ET

maX{S((T)T K, 0}‘}}]
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where the super index T indicates that the expectation should be
taken under the forward measure Q7. This can be written as

I1(t) = p(t, T)ET [max{Z(T) — K,0}| F] .

where Z(t) = S(t)/p(t,T). In order to use the extended ver-
sion of the Black-Scholes formula we need an interest rate and
a volatility. Under Q7 Z will be a martingale (it is a price pro-
cess normalized by the numeraire p(¢,7")), which means that the
drift of Z is zero, and therefore also the interest rate used should

be zero. To obtain the volatility first note that It6 applied to
p(t,T) = eALT)=BUT)re yields

dp(t,T) = rp(t,T)dt — pB(t,T)p(t, T)dU.

Then use It6 once more to obtain

iz, - (p 5%) — (.. )dt + Zy|odW, + pB(t, T)dU}]

= \Jo?+ p2B2t, T)dV;

From this we see that the volatility of Z is deterministic. Let
Y(t) = /o2 + p2B%(t,T). Then under QT we have

dZ; = () Z,dV;"

for a QT-Wiener process V7.

Applying the extended version of the Black-Scholes formula now
yields

(t) = p(t,T)ET [max{Z(T) — K,0}| ]
= p(t,T)[Z(t)®(d1) — KP(d2)]
= S(t)®(d1) — Kp(t, T)®(d2)

_In (%) + 3 [ 2 (s)ds
ftT v?(s)ds

T
, de=dy — / 72 (s)ds.
t
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5. Recall that

[, T)=2,+ H(T - 1), (3)
and that
dry = p(t,r)dt + o(t,ry)dWy. (4)

By definition, we have that r, = f(¢,t), so
(a) re = f(t,t) = Zs + H(0) = Z;.

(b) Using (3), the relation r; = Z;, the dynamics of r in (4), and the
It6 formula we obtain

df (t,T) = [u(t,ry) — h(T — t)]dt + o(t,ry)dWy
where h(x) = H'(z). The HIM drift condition now reads

u(t, 1) — h(T — 1) = o(t, ) /tT o(t,r)ds
i.e. we obtain the following identity for all ¢, T', and r
p(t,r) —h(T —t) = o?(t,r)(T —t).
Denoting T — ¢ by x this reads
w(t,r) — hz) = o?(t,r)z.
Setting = = 0 yields
pu(t,r) =c
where ¢ = h(0). We thus have
c—h(z) = o?(t,r)x

which implies that also ¢ has to be a constant as a function of
(t,r). This means that we have the following degenerate form of
the Ho-Lee model

dry = cdt + odWy.
For fun we note that
h(z) = ¢ — o’z

Integrating we obtain

2

H(x) = —%:1:2 —cx +d.



