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Exam in SF2975 Financial Derivatives.
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Answers and suggestions for solutions.

(a) To obtain the replicating portfolio at ¢ = 0 we have to solve the following set

of equations

z+1y-150 = 50,
z+y-50 0,

since regardless of whether the stock price goes up or down the value of the
portfolio should equal the value of the option. This yields

1
T = —25, y=73

Using the same method we find the rest of the replicating portfolio strategy
and it is shown in the figure below.

That the portfolio strategy is self-financing is seen from the following equations

2541150 = —50+ 2150,
~25+1.50 = 0+40-50,

i. The arbitrage bounds for the interest rate r are
05<(14r)<15.
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ii. Both the price of stock and the price of the option have to satisfy the risk-
neutral valuation principle. This gives us the following set of equations

100 = —[q-150+ (1 —q) - 50]
- 1+.4 4 ’
1
22 = ——|q-42 1—g¢q)-0]|.
1+T[q +(1—q)-0]

Solving these equations we find that r=5% (and ¢=0.55).

(¢) i. We have that

Vi(h) = b/ By + b Sy = By + S,

Applying It6’s formula to this we get
dVi(h) = dB;+dS;
# $LdB;+ 2tdS;.
The portfolio defined by h; = (%i, g—:) is therefore not self-financing.
ii. Using It0’s formula and the fact that

dSy = rSydt + 0S;dV;

under the martingale measure @) (V' denotes a Q-Wiener process) we obtain

AXe = 857778+ 5 (~B) (5 — 1577 (dsy

_ _ 1 _
= —BrS;Pdt — BoS; Pav, + S0+ 328, P dt
= {insert that 8 = 2r/o? }

= T‘Xtdt - ﬂO’Xtd‘/t

Since the process has a local rate of return of r under the martingale
measure () it represents a tradable asset.

2.  (a) If we note that
max{Sr, K} = K + max{Sr — K, 0}
we can write down the price II of the option as
I = e "TVEQK + max{Sp — K,0}|F] = e "TOK + ¢(t, Sy, K, T,7,0).

Here ¢(t,s, K,T,r,0) denotes the standard Black-Scholes price at time ¢ of
a European call option with exercise price K and expiry date T, when the
current price of the underlying is s, the interest rate is r, and the volatility of
the underlying is 0. Using the hints on the last page of the exam we obtain

IL = e 7T OK + S,N[di(t, )] — e " T K N[dy(t, Sy)].
Finally using that N(—z) =1 — N(x) we get the following price
I, = e "I K N[—da(t, Sp)] + SiN[di (t, Sp))-
(b) The price of the option at time ¢ € [0,Tp] is given by
IL[X] = e "TYE? [max {Sr, Sp } F]

e~ T(T—1) pQ [EQ [max {S7, S, }| Frp)

7
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Now use that S = St exp{(r - %02) (T —Tp) + o(Vp — VTO)}.

IL[X] = e~ T(T—1) pQ [EQ [STO max {e(r—%UQ)(T—To)-Hf(VT—VTO)’ 1}‘ fTo}

7

S
_ —r(T—t) Q@ To
= e E [e—T(T—To) X

we—T(T=To) Q {max{e(r_%UQ)(T—To)-I-U(VT—VTO), 1}‘ ]_-TO}

7

S
et EQ H—?%Ha(TO, 1,1,T,r,0)| F

= SI(Tp,1,1,T,7,0) = Si(e "IN [~dy(t,1)] + Ndi(t, 1)]).

For the second last equality we used the fact that S;/B; is a @-martingale.
I1%(t, s, K, T,r, o) denotes the price at time ¢ of the option in exercise (a), when
the current price of the underlying is s, the interest rate is r, and the volatility
of the underlying is o.

3. One way to show that there is arbitrage in the model is to show that there does
not exist a martingale measure for the model. Since the filtration is the natural
filtration generated by the Wiener process W, we only have to consider Girsanov
transformations. Define a Girsanov transformation by

dQ = L(t)dP, on Fy,
where
dLy = LigidWy,
{ Ly = 1.
From Girsanov’s theorem we have that
dWy = gidt + dV4,
where V is a Q—Wiener process. Thus, the Q—dynamics of X and Y are given by

dX; = (Oé + Ugt)Xtdt + o X;d V4,
Y, = (B+0g)Vidt + 6YidVy.

In order for Q to be a risk neutral martingale measure both X and Y have to have
drifts equal to the short rate . Thus we need g to satisfy
r—a r—_0

= ad =
gt P na g 5

This would require the following equation to hold

r—a r—pf

o 1)
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This however is not possible when r # ‘%:gﬁ . This means that we cannot find a

martingale measure for the model and thus it is not free of arbitrage.

Another way to show that there are arbitrage possibilities in the model is of course
to construct an arbitrage portfolio.

4. (a) Recall that
p(t,T) = ¢~ Ji Ttwdu,
We thus have that
p(t,T) = Z®),
where
T
2) =~ [ f(t.u)du.
t
Using one of the hints we get

T
dzZ(t) = f(t,0)dt / df (t, w)du
t
T

= r(t)dt — /t [a(t, w)dt + o(t,u)dWy] du

_ [r(t)—/ja(t,u)du] dt — [/tTa(t,u)du] AW,

Finally using It6’s formula on p(t,T) = exp{Z(t)} we get
dp(t, T) = {r(t) + b{t, T)}p(t, T)dt + at, T)p(t, TYAW (1)

where
T
a(t,T) = —/ o(t,u)du,
t
T 1
b,T) — — / alt,u)du + Sa*(t,T).
t

(b) The drift of any price process under the risk neutral martingale measure is equal
to the short rate. This means that we have b(¢,7) = 0. Using the expression
for b(t,T) and taking the derivative w.r.t. T" we get the HJIM drift condition

o, T) = o(t,T) /t " ot w)du,

(c) We get
p(t, 5)
F(t:T, p(t,S)) = .
TP =6
(d) Using the forward measure @Q° we have the following pricing formula for a

T-claim X
X
p(T, S)

I(t; X) = p(t, S)E”| |7,
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where the super index S indicates that the expectation should be taken under
the forward measure Q°. For the binary asset-or-nothing call we then have

|
= p(t.9)[1- Q% (P(1,T) < K|F)],

The Q-dynamics of F'(t,T) = F(t;T,p(T, S)) are then (use dp(t,T") = rp(t,T)dt+
a(t, T)p(t,T)dV')

(T, S) P11 p(T,5))> K}
p(T, S)
= p(t,8)Q% (F(T,T) > K|F)

tYy) = p(t,S)Esl

S S

p T 1 s 1 2p T\2 1 T

dF(t, T) = ——1t __d dp® + = d - dpTd
(t,T) T +pT p +2(pT)3( p*) T

= (a2(t, T) — a(t, T)a(t, S)) F(t,T)dt + [a(t, S) — a(t, T)| F(t,T)dV (t).

S

Now use that the Girsanov kernel between Q and Q° is given by the volatility
of the new numeraire p(t, S), i.e. a(t,S), to obtain the Q° dynamics

dF(tT) = (a*(t,T) - 2a(t, T)a(t, ) + a*(t, S)) F(t, T)dt
+ [a(t,S) — a(t, T)] F(t,T)dV*°(t)

= [a(t, $) — a(t.T)]* F(t, T)dt + [a(t, S) — alt, T)] F(t, T)dV(t)

where V° is a Q%-Wiener process. Thus
T1 T
F(T, T) = F(t,T)exp {/ 3 [a(u, S) — a(u, T))* du +/ [a(u, S) — a(u,T)] dVS(u)}
¢ ¢

= F(t,T)e?

where Z € N (n*(t,T)/2,n(t,T)) with n defined by
T
(¢, T) = / la(u, 5) — a(u, T2 du.

t

The price of the binary asset-or-nothing call is therefore

It X) = pt,S)K [1 — QS (F(t,T)eZ < K)}

= p(t,8) [1 -Q° (Z = m{F(fT) m
S A )
= w90 (oo ([ F57] + gren))

= p(t,S)® (n(th) {ln [p(?(s)] —Inp(t,T) + %n2(t,T)}> ,

where we have used one of the hints to obtain the third equality and the fact
that F'(¢,T) = p(t,S)/p(t,T) to obtain the last equality. As usual ® denotes
the cumulative distribution function of the N(0,1) distribution.

5. (a) See the textbook. F(t;T,X) = E?[X|F].
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(b) Let Hy = 2F; — S;. We need to check two things in order to show that the

rolling spot futures price process is given by Uy = Hy = 2F; — Sy:
i. That HT = 2FT - ST = ST.

ii. That the price process II and dividend process D of the rolling spot futures
contract satisfies the following relation for all 0 <t < T

T T s
I, = E@ [exp {—/ rsds} 117 +/ exp {—/ rudu} dDg
t t t

given that Uy = H,.

ft‘| 7(1)

Since we know that the conventional futures price satisfies F'(T;T,Sr) = Sr,
we obviously have that Hp = 257 — Sp = Sp.

For the other point recall that II; = 0. Given this we see from G; = U; + S; that
Dy =U; + S;. If Uy = Hy = 2F; — S; the dividend process becomes D; = 2F;.
Inserting the expressions for IT and D into the right hand side of (1) we obtain

T s
Rhs = E9 [/ exp {—/ rudu} 2dF ]—}] .
t t

We know from (a) that F; is a martingale, and since we have assumed that
the filtration is the natural filtration generated by the Wiener process W, the
martingale representation theorem says that F} can be written as

t
F, = Fy —|—/ gOdeS,
0

for some adapted process ;. Thus, the right hand side becomes

T s
Rhs = E9 [/ exp {—/ rudu} 2p0sdWy
¢ t

where the last equality follows from a property of the stochastic integral. For
the left hand side we have

Lhs :Ht :0,

ft‘| :07

and the relation (1) has been proven to hold.



