Solution to Examination in SF2975 Financial derivatives 2012-03-13

Problem 1

(a) The risk-neutral probabilities are given by

The payoff at the final nodes are

max(169 — 148, 0) = 21
max(104 — 148,0) = 0
max(64 — 148,0) =0

The prices at time 1 are

(0.5-21+0.5-0)/1.05 = 10
(0.5-0+0.5-0)/1.05 =0

Finally, the price at time 0 is equal to

05-104+05-0 100
1.05 21

(b) See proposition 9.2 in Bjork.

(c) We use the Feynman-Kac formula, which says that the solution F' to the PDE
has the stochastic representation

F(t,2) = By [X(TY]
where the stochastic process X evolves according to
dX (u) = adu + bdW (u); X(t) =z,
where W is a Wiener process. Hence
X(T)=X(t)+a(T —1t)+b(W(T)—-W(t)),

and this yields
X(MNX(t)=x~N(x+a(T —1t),bvVT —1).
We get

F(t,x) = Ei, [X(T)Q}

(Ero [X(T)))? + Vary,(X(T))
(x+a(T —1)*+ (T — 1)

= 22+ (2ax + b)) (T —t) + a*(T — t)*.
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Problem 2

The price of X at time ¢ € [0, 7] is given by the risk-neutral valuation formula
(t; X) = e " E9 [max(In S(T), 0)| 5] ,
where (F;) is the filtration generated by S. Under @ the stock price has dynamics
dS(t) = (r — 8)S(t)dt + o S(t)dWO(t),
where W% is a Q-Wiener process. The solution to this SDE is
S(T) = S(t)e(r—é—az/Q)(T—t)+0(WQ(T)—WQ(t))’
and hence
InS(T) =nS(t)+ (r—8—0*/2)(T —t) + o(WOT) — WO(t)).
We get
NtX) = " T IE? max(InS(t) + (r — 6 — 0?/2)(T —t) + o(W(T) — W2(1)),0)| ]
= T /OO max(In S(t) + (r — 6 — 0?/2)(T — t) + o2V/T — t,0)p(2)dz

= T /Oo(ln St)+(r—8—0*/2)(T —t) + 02T — t)p(2)dz

20

_ efr(Tft) |:(1n S(t) + (7" 5= 0.2/2)(T — t)) (1 — N(Zo)) +oVvT — t/oo 290(2>d2:| )

where

~ WnSE)  r—=6-0%2 ——
20 = U\/rt) - VT —t.

Here we have used that under ()

WE(T) — WQ(#)|F, ~ N(0,VT —t)

and the notation

z

1 oy B
o(z) = \/%e /2 and N(z) —/_OO o(x)dx.

Using the Hint we finally get

Mt X) = @ :(lnS(t) +(r—8—0%/2)(T — 1)) (1 - N(z0)) + ov/T — up(zo)}
= (T :(ln S(t)+ (r — 6 — 02/2)(T — 1)) N(—20) + amgo(—zo)}

= (T _(lnS(t)+(r—5—a2/2)(T—t))N( S T_5_02/2m>

ovT —t o

+0\/T__'w( S | r—o—0/2 T_t)]

oI —t o
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Problem 3

(a) Here we have an ATS model, and we know that in this case

p(t,T) = ACT)-BED)(0)

)
where A and B solves the equations

94(t,T) = bB(t,T)—10B*(t,T) 9B, T) = -1
AT, T) = 0 B(T,T) = 0.

Solving the last equation yields
B(t,T) =T —t,

and inserting this in the first equation gives

AT, T)— A(t,T) = b/tT(T —u)du — %02 /tT(T —u)*du

= g(T —t)* — %Q(T — )%,

Using A(T,T) = 0 we get
pt,T) = &% T=0°=5T=02~(T=0)r(e)

Alternatively we can solve the SDE for r directly to get
r(u) = r(t) + b(u —t) + o(W(u) — WO(t)),

and

/t r(u)du = r(t)(T —t) + S(T — )2 + U/t (W (u) — WO(t))du.

Hence, using the risk-neutral valuation formula,

p(t,T) = E° [e—./;?r(u)du E}
i LA R VA
Since
T T
/(W@“O—W”@Dmu=/<T—umw@m)
t t
and under @)

|

/tT(T —u)dW? (u)

we get

p(t,T) = e TO(T=)—3(T—1)* pQ [e—oftT(T—u)de(u)

oI =)= 5(T—1)*+ (T t)?
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(b) We know that
I(t; X) = p(t, T)E?" [r(T)|F] .

where Q7 is the T-forward measure, and that
[, 1) = B9 [r(T)| 7).
In the Merton model we have (use p(t,7T") from (a))

Olnp(t,T) o? 9
Qa1 r(t) +b(T" - )_7(T_t)7

and hence, again using p(t,T) from (a),

ft,T) =

2 cr2 2
TI(t; X) = (r(t) + b(T — t) — %(T — 1)) (T =5 (T ~(T=1)r(0),

Problem 4
(a) A self-financing portfolio h(t) = (h2(t), h%(t)) has dynamics

dV"(t) = hP(t)dB(t) + h¥(t)dS(t),

so we get

w0 = 1w B D oo
= V(1) [((1 — uo)r + upa)dt + ugodW ()]

= VM) [(r + uo(e — 7))dt + ugadW ()]

(b) The differential of S(t)/V"(t) is given by

(Pagsy) = gy 504 () + 4504 (g )

Now
1 B dV(t) (dV"(t))?
! (vw)) © V) MRUEOIE
[( r—up(a — 1) + ugo?)dt — uoadW(t)] ,
and we get
S S 2 2
d (V}EZ)) = Vh(z) [(oz —r —ug(a — 1) +ugo® — ugo?)dt + (o — uoa)dW(t)]

With ug = (o — 1) /0 we get the drift rate

2 2
a—r—uo(a—r)—l—u%aZ—quQ:a—r—(a 21") +(a 2T) —(a—1) =0,
o o
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so S(t)/V"(t) is a P-martingale. The dynamics of B(t)/V"(t) are given by

() = v 204 (o)

and from this

B(t) o B(t> r—r —unla—1r u20'2 — UgO
d(w(t)) = g U o(e =) +ugo”)dt — upodW ()]

Inserting up = (a — r)/0? we see that the drift rate is

_(oz—r)2+ (o —1)? _o,

o2 o2

and also B(t)/V"(t) is a P-martingale.

(c) The likelihood process is given by

(see Proposition 26.4 in Bjork).
Problem 5
(a) We know that

(t; X) = e "T-DEQ [\/Sl(T)SQ(T) ‘-,Ft} ;

where () is the martingale measure where B is the numeraire. The drift rate under
Q is equal to r for both S; and Ss. 1t6’s formula on Z(t) := S1(t)S2(¢) yields

dZ(t) = Si(t)dSa(t) + Sa(t)dSy(t) + S (t)dSy(t)
= 51(t)Ss(2) [rdt + ondW2(t) + o12d Wi (t)
+rdt + 091 dWE (1) 4 02dWE (1) + 011091 dE + 012022dt
= Z(t) [(21" + 011091 + 01202)dt + (011 + 091 ) AW 2 () + (015 + 092) AW (1)
Let

o = 2r + 011021 + 012092,

and let

o (011 + 021)2 + (012 + 022)2-

Then we can write

dZ(t) = Z(t)|adt + OdWQ(t)],
where W€ is a 1-dimensional Q-Wiener process. The solution to this SDE is

Y

Z(T) = Z(t)ele=o*DA-0+a (WD) - WD)
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and we get

[t X) = e T9EQ [\/Z(T) }ft}
N o [65<a—a?/2>(T—t>+%cr<VvQ(T)—WQ(t» ‘ ft]
_ e—r(T—t) Z(t)e(a/2—02/4)(T—t)+(02/8)(T—t)
= {use Z(t) = S1(t)S2(t) and the expressions for o and 0}
— S, ( )52( )6 $(011—021)? +(0127022)2]'

Alternatively we can use the change of numeraire technique. Using S;(t) as nu-
meraire we get

53 (T)

II(t; X) = S, (t)E¥s: 5.(T)

Fi

The dynamics of Sa(t)/S1(t) under Qg, is

1(3) == (5) oo

where o is as above, and W is a s,-Wiener process. Then

So(T) _ SQ(t)e—(a2/2)(T—t)+cr(W(T)—W(t))
Sy(T)  Si(t) ’

53(T) 2() (2 /4)(T 1) (o /2) (W (T) - W (1))
S.(T) D¢

St V()1
It X) = Si(t) —Sjgt; Qs [67(02/@<T7t>+<o/2)<W<T>fW<t>> ‘ ft}

= Sl( )52( ) 1 [(c11— 021)2_5_(012_022)2]‘

and

Finally,



