&

S,
ZFKTHS

VETENSKAP
38 OCH KONST 9%

R

KTH Mathematics

Exam in SF2975 Financial Derivatives.
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Answers and suggestions for solutions.

1.  (a) For the martingale probabilities we have
14+r—d
=—=05
u—d

Using them we obtain the following binomial tree where the value of the stock
is written in the nodes, and the value of the option is written in the adjacent
boxes. The value 20 adjacent to the node with stock price 80 is obtained as

1
max{100 — 80, ﬁ(0'5 -0+ 0.5-36)}. Thus, an early exercise of the option is

optimal at this node!

The price of the put option is thus 9.09 kr.

(b) i A=2ELs)
ii. A portfolio is delta neutral if it has A = 0. If we let x5 denote the number
of underlying stocks you should buy, and use that A = 1 for the underlying

stock itself, we obtain the following equation for xg
1.3425-1=0.
You should therefore sell 1.3 stocks.
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iii. A high value of I' = 82]58(5’5) = %—é indicates that A is very sensitive to
changes in the underlying stock price, which means that you will probably
have to rebalance your portfolio quite frequently (as long as I' remains
high) in order to keep it delta neutral.

i. Theorem 1 (First Fundamental Theorem) The model is arbitrage free
essentially if and only if there exists a (local) martingale measure Q.

ii. Theorem 2 (Second Fundamental Theorem) Assume that the mar-
ket is arbitrage free. Then the market is complete if and only if the mar-
tingale measure is unique.

We have the following equation
0=1I(t; X) = eI E? [Sp — f(t:T, S7)| Fil.

Solving for the forward price we obtain (use that f(¢; T, St) € Fy)
F(t:T, 1) = E9[Sr|F).

Since S/B is a Q-martingale and B; = ¢"* we have that

ST St T—
2 — B2t — r(T-t) g,
BT ]:t] TBt € St
The payoff of the break forward can be written as
X = max{Sr, SoeT’T} — K = max{Sr — Spe™ T, 0} + Spel — K.
——

const.

f(t:T, S7) = BrE? {

the price is therefore given by
X)) = e T-DECmax{Sr — Soe’™, 0} + Spe’" — K| F]
= C(t,8:, S0, T,r,0)+ e 7TV (She'T — K),

where C(t,s, K,T,r,0) denotes the standard Black-Scholes price at time ¢ of
a European call option with exercise price K and expiry date T, when the
current price of the underlying is s, the interest rate is r, and the volatility of
the underlying is o. For future use we let P(t,s, K,T,r,0) denote the price of
the corresponding put option. Setting the price equal to zero at time ¢t = 0 we
obtain the following expression for the delivery price K

K = Spet 4+eTC(0, 8y, Soe™, T, r, o)
= Spe"T (14 ®[d1(0,Sp)] — ®[d2(0, Sp)]).
The payoff X at time Ty of the exchange option is given by
X = max{C(Tp, St,,, K, T,r,0) — P(Tp, S1,,, K, T, 7,0),0}.

Using put-call-parity P(t,s, K,T,r,0) = Ke "9 4+ C(t,s, K,T,r,0) — s this
payoff can be written as

X = max{Sq, — Ke ""~70) 0}
We now see that the price of the exchange option is given by
Mt X) = e DR [max{STo — Ke_T(T_TO),O}‘ .7-}}
= C (t,St,Ke_T(T_TO),TO,r, O') ,

which can be computed using the Black-Scholes formula.
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3. (a) Recall that
p(t,T) = e~ i Jwdu,
We thus have that
p(t,T) = eZ®),
where
T
2) =~ [ f(t.u)du.
t
Using one of the hints we get

T
dzZ(t) = f(t,0)dt — / df (¢, u)du

T
= r(t)dt —/ [a(t,w)dt + o(t, u)dW] du

— [r(t) — /tT a(t,u)du] dt — [/tT J(t,u)du] AWy

Finally using It6’s formula on p(t,T') = exp{Z(t)} we get
dp(t,T) = {r(t) + b{t, T)}p(t, Tt + alt, T)p(t, T)AW (1),

where
T
a(t,T) = —/ o(t,u)du,
t
T 1
b(t, T) = —/ a(t,u)du+§a2(t,T).
t

(b) The drift of any price process under the risk neutral martingale measure is equal
to the short rate. This means that we have b(¢,7) = 0. Using the expression
for b(t,T) and taking the derivative w.r.t. 7" we get the HJM drift condition

T
ot T) = o(t,T) / o (t, u)du.
t
(c) Using the HIM drift condition we obtain

T 2
a(t,T) = 02e—a(T—t)/ e=a(u=0) gy = _ T =a(T—t) (=a(T=) _ 1y,
t a

Thus the forward rates rates are given by
t o2 t
f(t,T) = f(O,T) _/ ;e—a(T—u)(e—a(T—u) . 1)du+/ O,e—a(T—u)qu
0 0

where V' denotes a Q-wiener process. Since r(t) = f(¢,t) we have that

t 0.2
0 =s00- [ =

t
¢ alt=) (g=alt=u) _ 1)y 4 / et gy,
0 a 0

Note that Wiener integral can be written as

t t
/ ge~ =W gy, = e_“t/ oe™dV, = e %7,
0 0
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if we define Z;, = [J oe®dV,,. Thus we have that

r(t) = m(t) + e %7, (1)
with
t 0.2
m(t) = f(0,8) — /0 T emalt=) (el — 1)a 2)
o2 2
= O+ 5 (=) (3)

Applying 1t6’s formula to (1) we obtain the following dynamics for r (use that
dZ = gedV;)

dry = "(t) — ae_“tZt) dt + e~%dz,

t) — ae_“tZt) dt + e~ e dV;
= [ +am(t) = a(mt) + e 2)] dt + odV;
= (m/(t) + am(t) — ary)dt + odV;.

Thus r has the required form with ¢(t) = m/(t) + am(t).

Since a forward rate model is automatically fitted to the initial yield curve, we
see that we should choose ¢(t) = m/(t) + am(t), where m is given by (2) with
f(0,¢) equal to the observed forward rate curve.

Under Q¢ the following processes should be martingales

B¢ Bf xBf S Xxsf

B BiT Bl Bl BT
This means that the processes B, Bf , and S7 should have a local rate of return
equal to r4. Perform a Girsanov transformation according to

dQ¢ = L4(t)ydP  on F,
where
dL{ = Lig*dW,,
{ L = 1

Here * denotes transpose. Using It6’s formula and Girsanov’s theorem we find
the Q% dynamics of the above processes to be

dBf = Ef(rf—i—ax—l—axcp)dt—i-éfaxdv,
dsf = §f(af+ax+afa§(+[af+UX](P)dt+§f(0f+UX)d‘7-

Here V = (V1, V3)* is the two dimensional Q%-Wiener process, defined by dV =
dW — @dt. Setting the local rates of return equal to ry gives the following
system of equations
oxY = Tqg—Tf—0Qx,
(O’f + Ux)(p = rqg—Qaf —Qax — O'fO'}k(.
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Thus, under Q¢ we have

s’ = (ozf—i—afcp)Sfdt—i-Sfade_
= SI(ry—opok)dt + SlosdV.

The price of the quanto forward contract is given by
1(t, 1) = e T (8 — K!| 7.

Setting this equal to zero and solving for the delivery price K/ yields
K/ =B [s]|R].

Now, we have that
sf— sl + /t"(rf —oso%)Sldr + /t" Slod7,.

Let m(u) = E4[S}|F;] and take the conditional expectation with respect to F;
to obtain

m(u) = S/ + /tu(rf —ofox)m(r)dr +0.
This gives the ODE
mo= (ry—ogox)m,
{ m(t) = S/,

with solution m(u) = S/ exp{(ry —opo%)(u —t)}. The correct delivery price
is thus K/ = &/ exp{(ry —oro%)(T —1)}.

A portfolio is a vector process h = (hg, h1) which is adapted (really it should
be predictable) and sufficiently integrable. Here hg is the number of risk free
assets in the portfolio and h; is the number of stocks. The value process is
given by

V(t;h) = ho(t)B(t) + ha(t)S(1).

The gain process G of the stock is defined by G(t) = S(t)+ D(t) and a portfolio
h is self-financing if it holds that

dV (t;h) = ho(t)dB(¢) + hi (£)dG(2).

A probability measure ) ~ P is a martingale measure if the normalized gain
process

St
(1) = Fo +/0 500

is a (Q-martingale.

From Exercise (a) we know that the value process of a self-financing portfolio
satisfies

dV (t;h) = ho(t)dB(¢) + hi (£)dG(2).
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Now, defining the relative portfolio according to
ho(t)B(t) hi (t)S(t)
t) = =
uo(t) vt “ V()

we have that the value process of a self-financing relative portfolio should satisfy

dB(t) dG(t)
tiu) = — HV (1) —2.
Now, we are interested in the self-financing relative portfolio u = (0, 1), i.e. the
relative portfolio which at all times has all its money invested in the risky asset.
Recall that the dynamics under @ of a risky asset paying a constant dividend

yield of § are given by
dSt = (7‘ - (5)Stdt + O'Stht,

where U denotes a ()-Wiener process. The value process of this portfolio is
then seen to solve

D
dV, = 1.%.%:r%dt+o‘%dUt’ (4)
t

Vo = So, (5)

where we have used that we should start out owning exactly one risky asset to
begin with. Thus, the value process is given by geometrical Brownian motion,
and the explicit solution for V is given by

1
V, = Soexp{<r — 502) t—l—JUt}.
Finding the number of stocks owned at ¢, hy(t), is now easy. Simply use that
V(t) = h1(t)S(t) to obtain

hi(t) = % = %exp{(r — 302) t+0Ut} = ot (6)

The number of risky assets owned at time 7' is thus given by equation (6)
evaluated at ¢ = T, and the dynamics of the portfolio are given by equation

(4).



