
EXAMINATION IN SF2980 RISK MANAGEMENT, 2017-01-10, 14:00–19:00.

Examiner : Henrik Hult, tel. 790 6911, e-mail: hult@kth.se

Allowed technical aids : Everything except computers and communication devices.
All books, notes, old exams and similar are allowed. A calculator is necessary.

Any notation introduced must be explained and defined. Assumptions must be
clearly stated. Approximations must be well motivated. Arguments and computa-
tions must be detailed so that they are easy to follow.

Good luck!

- - - - - - - - - - - - - - - - - - - -

Problem 1

• Draw U, V1, . . . , Vd ∼ Unif(0, 1) independently.

• Put Xi = F−1i (U), i = 1 . . . , d.

• Put Ui = Ψi(− log Vi
Xi

), i = 1, . . . , d.

• Put Yi = G−1i (Ui), i = 1, . . . , d.

Problem 2

Let us write r1j = r0j +
∑p

k=1

√
λkokjZk, where p = 3. We have

V1 − V0er01 = c1 +
n−1∑
j=1

cj+1e
−r1jj − V0er01

= c1 +
n−1∑
j=1

cj+1e
−r0jje−j

∑p
k=0

√
λkokjZk − V0er01 .

Linearizing the (second) exponential function the last expression we arrive at the
approximation

V1 − V0er01 ≈ c1 +
n−1∑
j=1

cj+1e
−r0jj(1− j

p∑
k=0

√
λkokjZk)− V0er01

= b− aTZ,
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where aT = (a1, . . . , ap) and

b = c1 +
n−1∑
j=1

cj+1e
−r0jj − V0er01 ,

ak =
√
λk

n−1∑
j=1

cj+1e
−r0jjjokj, k = 1, . . . , p.

Note that, since Z has standard tν-distribution (which is spherical) b− aTZ has the
same distribution as b−|a|Z1, and since Z1 has a standard tν-distribution it has the
same distribution as −Z1, which implies that b − |a|Z1 =d b + |a|Z1. We conclude
that

VaRα(V1 − V0er01) = VaRα(b+ |a|Z1)

= −be−r01 + |a|t−1ν (1− α).

Problem 3

(a) Since Var(Pt) = Cov(Pt, Pt) = σ2t(1 − t) it follows that Pt ∼ N(0, σ2t(1 − t)).
Therefore FPt(0.95) = σ

√
t(1− t)Φ−1(0.95). This function is maximized in t∗ = 1/2

and we find that

PFE =
σ

2
Φ−1(0.95).

(b) Let Z be a standard normal random variable, independent of Sν , and Y have a
standard tν-distribution. Then

Pt =
σ
√
ν − 2√
Sν

Bt = σ

√
ν − 2√
ν

√
ν

Sν
Bt =d σ

√
t(1− t)

√
ν − 2√
ν

√
ν

Sν
Z

=d σ
√
t(1− t)

√
ν − 2√
ν

Y.

It follows that

F−1Pt
(0.95) = σ

√
t(1− t)

√
ν − 2√
ν

t−1ν (0.95),

which, as in (a), is maximized at t∗ = 1/2. Consequently

PFE =
σ

2

√
ν − 2√
ν

t−1ν (0.95),

Problem 4

Since F̄ = 1−F is regularly varying with index α it follows that the distribution of
X1 and X2 is subexponential. The subexponential property implies that

lim
x→∞

pind(x)

F̄ (x)
= 2.
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(a) In the comonotonic case, X1 = F−1(U) = X2 and it follows from the regular
variation property that

lim
x→∞

pu(x)

pind(x)
= lim

x→∞

P (2X1 > x)

F̄ (x)

F̄ (x)

pind(x)
= lim

x→∞

F̄ (x/2)

F̄ (x)

F̄ (x)

pind(x)
= 2α · 1

2
= 2α−1.

(b) In the countermonotonic case, X1 = F−1(U) and X2 = F−1(1 − U), with
U ∼ Unif(0, 1). It follows that X1 +X2 = F−1(U) + F−1(1− U) is large when U is
close to 1 or close to 0. When U is close to 1, F−1(U) is close to 1, and similarly,
when U is close to 0, F−1(1− U) is close to 1. Therefore

lim
x→∞

pl(x)

F̄ (x)
= lim

x→∞

P (F−1(U) + F−1(1− U) > x)

F̄ (x)

≥ lim
x→∞

P (1 + F−1(1− U) > x) + P (F−1(U) + 1 > x)

F̄ (x)

= lim
x→∞

P (X2 > x− 1) + P (X1 > x− 1)

F̄ (x)

= 2,

where the last equality follows from Proposition 8.1. We conclude that

lim
x→∞

pl(x)

pind(x)
≥ 1,

and since pl(x) ≤ pind(x) the inequality must be an equality.

Problem 5

With U1 = F1(X1) and U2 = F2(U2) we can write the CQE as

CQE(p) = P (X2 ≤ F−12 (p) | X1 ≤ F−11 (p))

=
P (X1 ≤ F−11 (p), X2 ≤ F−12 (p))

P (X1 > F−11 (p))

=
P (U1 ≤ p, U2 ≤ p)

p

=
C(p, p)

p
,

where C is the copula of (X1, X2). Based on the sample (F1(x
(i)
1 , F2(x

(i)
2 )) we can

estimate C(p, p) empirically by

1

100

100∑
i=1

I{F1(x
(i)
1 ) ≤ p, , F2(x

(i)
2 ) ≤ p}.

The corresponding empirical estimator of CQE(p) is

1

100p

100∑
i=1

I{F1(x
(i)
1 ) ≤ p, F2(x

(i)
2 ) ≤ p}.

With p = 0.1 the Figure 1 (lower) gives 4 observations with F1(x
(i)
1 ) ≤ 0.1 and

F2(x
(i)
2 ) ≤ 0.1 and consequently the estimate of CQE(0.1) is

4

100 · 0.1
= 0.4.


