OPTIMAL DAMPING OF FORCED OSCILLATIONS IN
DISCRETE-TIME SYSTEMS*
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ABSTRACT. In this paper we consider a linear discrete-time control system affected
by an additive sinusoidal disturbance with known frequencies but unknown ampli-
tudes and phases. The problem is to damp this forced oscillation in an optimal
fashion. We show that the natural solution from the point of view of optimal con-
trol is neither robust with respect to errors in the frequencies, and thus not optimal
in practice, nor independent of the unknown amplitudes and phases. The main
result of this paper concerns the existence and design of a realizable, robust optimal
regulator which is universal in the sense that it does not depend on the unknown
amplitudes and phases and is optimal for all choices of such parameters. The reg-
ulator allows for a considerable degree of design freedom to satisfy other design
specifications. Finally, it is shown that this regulator is optimal also for a wide class
of stochastic control problems.

1. Introduction

Consider the linear discrete-time system
Ti1 = Axy + Bug + Cwy, 29 =a (1.1)

where {z;} is an n-dimensional real state sequence, {u;} is a k-dimensional real control
sequence,

ay cos(wit + ¢1)

g cos(woat +
W = ’ ( .2 #2) (1.2)

a, cos(wyt + ¢,)
is an v-dimensional real sinusoidal disturbance with known frequencies
— T < W <wy < - <w, <7 (1.3)

but unknown amplitudes ay, s, ..., @, and phases @1, ps,...,¢,, and A, B,C are
given real matrices of appropriate dimensions so that (A, B) is a stabilizable pair and
C' has no trivial (i.e., zero) columns.
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One application area of interest which can be modeled by such equations is that
of flight control through wind shear, where the sinusoidal forcing terms arise from a
model for wind shear based on harmonic oscillations [24, 18]. Various criteria such
as set point control of the clime rate or minimization of other performance criteria
have been proposed in the literature [24, 18, 32]. Other applications include vibra-
tion damping for industrial machines, noise reduction in vehicles and transformers,
periodic disturbance reduction in disk drives, and the control of the roll motion of a
ship (see, e.g., [4, 8,9, 11, 12, 14, 27, 29, 30]).

Another possible criterion for these problems is to force some output signal y; = Lz,
to tend asymptotically to zero. Since the sinusoidal disturbance can be modeled as a
critically stable “exosystem”, a discrete-time version of the methods proposed in [6, 7]
could be used for this purpose. However, such solutions are not always available, as
some rather strict geometric conditions need to be satisfied.

In this paper we shall consider minimization of a quadratic performance measure
which reflects the ability of damping the steady-state solution of (1.1) produced by
the sinusoidal disturbance. More precisely, the control objective is to minimize the
cost functional

T
) 1
o :hmsupTZA(a:t,ut), (1.4)

T—o0 =0

where A(x,u) is the real quadratic form

= () (¢ 90

satisfying the frequency-domain condition (1.13) below and with @ and R symmetric,
ie. @ = Q" and R = R*. This cost function is appropriate for most of the applica-
tions mentioned above. However, in many problems of noise reduction or vibration
attenuation in vehicles, especially in helicopters, the harmonic disturbance needs to
enter the cost function in a quadratic manner in order to allow some system output
to track a harmonic reference signal of type (1.2); see, e.g., [23, 13]. This situation
is not covered by our present formulation but is considered in a sequel to this paper
[22].

The mathematical problem under consideration in this paper is to find among all
regulators

u = f(t,xy, 41, .., T0), (1.6)

which are stabilizing in the sense that they generate a state process x; satisfying the
admissibility condition

! 1

tirgo Vit
for each choice of disturbance (1.2), one that minimizes the cost functional . We
would like to find an optimal regulator with the following special properties. It is
realizable in the sense that it has a bounded finite memory

|ze| =0 (1.7)

~

w = f(Te, Ty—1, ., Tpry Up—1, ..., U—,) for some T (1.8)
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and does not depend on the unknown parameters oy, ag,...,a, and p1,2,..., 9.
More precisely the function f corresponding to the optimal controller should not
depend on the amplitudes and phases while of course the optimal process (zy, u;) and
the cost function ® certainly do depend on these parameters. In other words, we want
to find a regulator (1.8) which is universal in the sense that it solves the complete
family of optimization problems corresponding to different choices of ay, s, ..., ay
and @1, Y9, ..., ¢,. Moreover, the optimal regulator must be robust with respect to
the known frequencies wy,ws,...,w, in the following (nonstandard) sense: Since, in
practice, the regulator will be computed from estimates wy,ws,...,w, of the true
frequencies wy, ws, . .., w,, the cost functional & must be continuous in the estimation
errors wy —w, Ws —ws, . . . , w, —w, and tend to its true optimal value as the errors tend
to zero. Otherwise, the regulator will not be optimal in practice. This formulation can
be generalized to the situation of more general output feedback where some output
and not the complete state is available for observation [21, 22].

We shall demonstrate that this problem has a solution in the class of linear regu-
lators

D(o)uy = M(o)xy (1.9)

for which the overall closed-loop system consisting of (1.1) and (1.9) is stable. Here o
is the forward shift operator ox; = 2,1 and D(\) and M () are kx k and k X n matrix
polynomials such that the leading coefficient of D()\) is nonsingular and deg M <
deg D so that D(A\)"*M()) is a proper rational matrix function. Of course, for such
a regulator to be universal, the matrix polynomials D(\) and M (\) must not depend
on the unknown amplitudes and phases.

Since therefore the optimal solutions belong to a class of linear stabilizing regulators,
the admissibility condition (1.7) may seem unnecessarily weak. However, the point is
that we want to prove optimality in the largest possible class of regulators, including
nonlinear ones, and (1.7) turns out to be the natural stability condition for such a
class.

The regulator (1.9) may also be written in the form

(1.10)

2] = FZt + G.ft
Ut = HZt+J£Ct

where F', G, H and J can be determined from the matrix fraction representation

D) 'M\)=HW\ - F)'G+J (1.11)

by means of some realization procedure. However, the matrix polynomials D(\)
and M (A) need not be coprime, so for the sake of robustness it is practically more
convenient to use the form (1.9). Also, if we replace the system (1.1) by

a(o)y = b(o)uy + cuwy (1.12)

for appropriately defined matrix polynomials a(A) and b(\), then we can reduce it
o (1.1), but it also allows us consider many cases of systems (1.1) for which we can
observe only an output y; = Lx; where L is some matrix.
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The quadratic form (1.5) could be indefinite but must satisfy the frequency-domain
condition

A&, @) > 6()Z|* + |af?) (1.13)

for some § > 0 and for all # € C", @ € C*, X\ € C such that |\| = 1 and A\ = A%+ Bi.
This is a natural condition. In fact, it can be shown that if it fails in a strong way,
i.e. there are , u and A, |\| = 1, such that A(Z,a) < 0, then there is an external
disturbance w; such that inf ® = —oo (see Appendix A). In the optimal damping
problem the quadratic form A is usually of the type A.(x,u) = |c*z|* + |ul?. If
det(A — A) # 0 for all |[A\| = 1, then in this case the frequency condition (1.13)
obviously holds. Here we allow for more general forms A, even such that are indefinite.

The outline of the paper is as follows. In Section 2 we present some preliminary
optimality results for a general bounded external disturbance. In Section 3 we spe-
cialize this to harmonic disturbances, discuss some nonsolutions to the robust control
problem, and reformulate the problem to be solved. In Section 4 we give a general
characterization of the class of stabilizing regulators, which may be of interest in its
own right. This parameterization turns out be related to, but not quite equivalent to,
the Youla parameterization. Section 5 is devoted to the main result. Here we present
a solution of the control problem stated above, and in Section 6 we illustrate this
solution by a simple numerical example and some simulations. In Section 7 we show
that this solution is also optimal when the disturbance w; is generated by a certain
harmonic stochastic system. Of course, if w; is merely white noise or colored noise
with known rational spectral density, the solution is well-known; see, e.g., [2, 5]. Our
problem, however, actually corresponds to the case of colored noise but with unknown
spectral density.

2. Preliminary optimality results

We recall the classical problem in control theory to minimize

ZA(xt,ut) (2.1)

when
Tyy1 = Axy + Buy (2.2)
and
|z¢| € £, |us| € Ly. (2.3)
It is well-known that this problem has the optimal feedback solution
up = Kay, (2.4)
where the gain
K = —(B*PB+ R) Y (A*PB + S)* (2.5)

is expressed in terms of the stabilizing solution of the matrix equation

P=A*PA— (A*PB+ S)(B*PB+ R)"'(A*PB + S)* + Q, (2.6)
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i.e. the symmetric solution P which, if it exists, renders the feedback matrix
I'=A+ BK (2.7)

stable in the sense that all eigenvalues of T' lie strictly inside the unit circle. (See,
e.g., [16, 31, 25, 17] and articles in [3].) The matrix equation (2.6) is known as the
algebraic Riccati equation or, originally and more correctly, the Lur’e equation.

The existence of a solution of (2.6) is equivalent to the existence of a Lyapunov
function

V(z) =x"Px (2.8)
satisfying

~

V(Az 4+ Bu) — V(z) + A(z,u) = (u — Kx)*R(u — Kx) (2.9)

for some matrices K and R = R* > 0. This can be seen by merely forming the left
member of (2.9) and completing squares, whereby (2.9) is obtained if and only if P
satisfies (2.6). This procedure also shows that K must be given by (2.5) and that

R=B*PB+R. (2.10)

We recall the following theorem which relates the frequency-domain condition intro-
duced in Section 1 to the existence of an optimal solution to the problem to minimize
(2.1) subject to (2.2) and (2.3) as well as to the existence of a stabilizing solution of
(2.6). Different versions of this theorem can be found in [16, 31, 26, 25, 17], but the
first result of this type was established by Kalman and Szego [15] for the case m = 1.
The case of infinite-dimensional systems were treated in [1, 19]. Using the results of
[1, 19] all the results of this paper could be extended to the case that x;, u; are vectors
in infinite dimensional Hilbert spaces.

Theorem 2.1. Let (A, B) be stabilizable. Then the following statements are equiva-
lent:

(i) there exist matrices P = P*, R = R* > 0 and K satisfying the identity (2.9)
and rendering the matriz (2.7) stable;
(i) for any initial condition a € R™ there exists an optimal process (x4, u;) mini-
mizing (2.1) subject to the constraints (2.2) and (2.3);
(iii) the frequency-domain condition (1.13) holds.

It is easy to see that (1.13) is an immediate consequence of (2.9) and the fact
that I is stable and R is positive definite. Let us suppose for simplicity that A is a
stable matrix. (The general case reduces to this one by the stabilizability of (A, B).)
The relation (2.9) for real x,u implies that the same relation holds for complex x, u
provided * denotes Hermitian conjugation. Taking Z, @ and A such that AT = AT+ Bu
and || =1, (2.9) becomes

Az, 1) = (i — KZ)*R(t — K%) >0
with equality if and only if &« = K7, i.e. if and only if (\] —I")Z = 0. But, since I' is a
stable matrix, this is equivalent to £ = 0 and hence @ = 0. Since A has no eigenvalues
on the unit circle, this establishes (1.13). The proof of the converse statement, namely
that the the frequency domain condition (1.13) implies (i), is much harder.
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We also remind the reader that the optimality of the control law (2.4) is immediate
from (i). In fact, for any admissible process, (2.3) implies that |z;|] — 0 as t — oo
and hence so does V' (z;). Therefore (2.9) yields

ZA(xt, u) = V(xo) + Z(ut — Ka,)*R(u; — Kzy),
=0 =0

Since I is stable, the regulator (2.4) yields an admissible process, which is obviously
optimal and uniquely defined by virtue of the fact that R > 0.

Next we add a bounded external disturbance {v;} to the system (2.2) to obtain
Tir1 = Axt -+ But -+ vy. (211)

Then we must change both the stability condition (2.3) and the cost functional. In
fact, we take

T
1
=1 — A 2.12
1;11%80ng; (¢, uy) (2.12)
to be the cost functional to be minimized, and we say that the process (x;,u;) is

admissible if it satisfies (2.11) and the stability condition (1.7), i.e.,

1
lim —|x| = 0. 2.13
Jim [z (213)

For simplicity, and with the obvious definition of the averaging operator M{-}, we
shall also write

& = M{A(z,, u)}. (2.14)

A completion-of-squares argument such as the one above will still work but requires
a more general Lyapunov function of the form

V(z,t) = 2" Px + 2p "z + ¢, (2.15)

where P is a stabilizing solution of (2.6). To this end we shall assume again that
(A, B) is stabilizable and that the frequency-domain condition (1.13) holds so that
such a stabilizing solution actually exists.

Lemma 2.2. Let P be a stabilizing solution of (2.6) and suppose that the sequences
{p+} and {q:} satisfy the recursions

pr = "pry1 + 1" Py, (2.16)
and
Q1 = @ — v Pv, — 2p v, + Tfﬁ’rt (2.17)
fort=0,1,2,..., where I and R are defined by (2.7) and (2.10) respectively, and
— —R_IB*(pH_l + Pu). (2.18)
Then the Lyapunov function (2.15) satisfies
Vg, t+1) = V(g t) + Axy,w) = (ug — Koy — ) R(uy — Kz — ) (2.19)
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along the trajectory of (2.11), where K is the gain (2.5).

Proof. Using (2.9) and completing squares a straight-forward calculation shows that
the left and right member of (2.19) differ by a term which is linear in x;, whose
coefficient is zero by (2.16), and a constant term, which is zero by virtue of (2.17). O

If det " # 0 we have

per1 = (I*) " 'py — Py (2.20)
so that (2.17) and (2.18) can be replaced by
Grs1 = Gt + U7 Pvy — 29T Y, + 7 Rrry (2.21)
respectively
r, = —R7IB*(T*)p,. (2.22)

However, since I' is stable, (2.20) is strictly unstable in the forward direction. More-
over, (2.16), or (2.20), has a unique bounded solution, namely

oo

pr=Y (I Py, (2.23)
k=t

It is easy to verify that (2.23) is true regardless of whether detI" # 0 or not, but if
det I" = 0 the bounded solution of (2.16) is not unique.

Theorem 2.3. Let (A, B) be stabilizable and suppose that the frequency-domain con-
dition (1.13) holds so that (2.6) has a stabilizing solution P. Moreover, let p; be the
bounded solution (2.23) of (2.16). Consider the problem to minimize the functional
(2.12) subject to conditions (2.11) and (2.13). Then the process (xt,u:) obtained by
taking the control

Uy = K.Z’t + 1+ € (224)

in (2.11) is optimal if K and ry are given by (2.5) and (2.22) respectively and {€} is
a sequence such that

M{|e&[*} = 0. (2.25)
The optimal value of the cost function is given by
Din = M{r? Rry — 2p7 v — v} Pu;}. (2.26)
More specifically, for any admissible (x4, u;), the value of the cost functional is

T
, 1 . 1
® = lim sup{f E (up — Kxy — re)"R(uy — Ky — 1) — =qrs1}- (2.27)

T—o00 =0 T

If the limat limp_, %qTH exists, any optimal process (x4, u;) is produced by a con-
troller (2.24) with € satisfying (2.25).
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Proof. Set V; := V(x4,t) and Ay := A(xy, ue), where (x4, u;) is an admissible process.
Then (2.19) yields

T T
1 1 A
Vg — Vo] + T;At = TZ(ut — K, —Tt>*R(Ut — Kz —Tt)-

t=0

1
d
Since |z} Pxy| = o(t) and |piz;| = o(v/t) by admissibility condition (2.13),
1

1
T Ve — Vo] = Tar+t o(1)

for any initial value go, and hence the cost functional (2.12) becomes (2.27). Since
R > 0, we obtain from (2.27) that

1
® > limsup (_quH) (2.28)

T—o0

for any admissible control. Now, taking the control (2.24), the controlled system
(2.11) becomes

I’t+1 = Fl’t + B(Tt + Et) + Vt, (229)

where, by construction, I' is a stability matrix and r, is bounded. Because ¢; satisfies
(2.25), it is simple to show that the admissibility condition (2.13) is fulfilled (see
Appendix B), and consequently (2.24) is an admissible control. Then we see from
(2.28) and the condition R > 0 that (2.24) is in fact optimal, and hence the minimum
value of @ is

1
®nin = limsup (——qTH> ) (2.30)
T—o00 T
Using (2.21), we now transform (2.30) to (2.26). Conversely, suppose that (z;,u;) is

optimal so that & = ®_;,. Then, since the limit limy_ %qTH exists,

@ = q)min + M{(Ut — Kl't — Tt)*ﬁ(ut — K[Et — Tt)}

implies that ¢, := u; — Kx; — r; satisfies M{ef]:?et} = 0. But R > 0 and hence (2.25)
follows. [

The control law described in this theorem is of course in general not satisfactory,
because u; depends through

r=—R7'B*Y (I")""Py, (2.31)
k=t
on future values of the disturbance v;. Hence it is in general not realizable. As we
shall see next, the objection disappears if v; is harmonic, but new difficulties will
appear.

Remark 2.4. All the results of this section remain valid when the disturbance v, is
allowed to be complex (while the other parameters remain real) provided that pjv,
and p;, v, are replaced by Re{p;v:} and Re{p; v} respectively. Then p, is complex
while ¢; remains real.



OPTIMAL DAMPING OF FORCED OSCILLATIONS 9

3. Optimal control when the external disturbance is harmonic

Let us now suppose that the external disturbance v; in (2.11) is harmonic or, more
precisely, that

Vy = th, (31)
where
/Blei91t
62€i92t
Wy = . ) ﬁl?ﬁ%"'aﬂm G(C7 (32)
5méi9mt
and
—m <O <by<---<O,<m. (3.3)

This allows us to write w; = D3 where
D = diag(e®, e, ... ) and B =col(B,B...,0m). (3.4)

This choice of v; is more general than that in Section 1, and by redefining the matrix
C' it covers the systems description there.!

However, if the limits exist in the corresponding cost functions (1.4) as will be the
case for the linear class (1.10), or (1.9), (see Theorem 4.4), the problem of Section
1 with a real disturbance, henceforth called the real optimization problem, can be
embedded in the complex optimization problem with harmonic disturbance (3.2) and
with the same (real) C' as in Section 1. With the obvious modifications, described in
Remark 2.4, Theorem 2.3 applies to this problem as well.

Proposition 3.1. Let m = v, and set 3; = ;e and 0; = w; for j = 1,2,...,m.
Then, if the process (xy,u) is optimal for the complex optimization problem, the
process (Re{x;}, Re{u,}) is optimal for the the real optimization problem, provided
the limits in the cost functions (1.4) exist in both problems.

Proof. Note that
Az, up) = A(Re{z:}, Re{w }) + A(Im{z, }, Im{w, })

and that (Re{z;}, Re{u;}) satisfies (1.1) with w; given by (1.2) and (Im{x;}, Im{w;})
the same equation with cosine exchanged for sine and with a = 0. Therefore, if the
corresponding limits in (1.4) exist, the complex optimization problem is decomposed
into two real optimization problems, one of which is precisely that of Section 1.
Clearly, the complex optimization problem is solved only if the two real ones are. [

'Let us denote C' and wy in (1.1) as C° and w) respectively. Then, if no w; equals 0 or ,
C = [C° C% and C'w) = Cwy in (3.1), and, in (3.2), m = 2v, B; = a;e™¥7, By; = saje™ i,
0;j =wjand 0,4; = —wj for j =1,2,...,v. fw, =0orwy =7, Br = Buyr and we may take
0 = 0,41, so the corresponding column in C° need be repeated in C. Note that C and Cw; are
real.
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Let us now consider the optimization problem. For simplicity and to illustrate a
point, let us, just for the moment, assume that det' # 0 and let us take ¢ = 0 in
Theorem 2.3. Then, by (2.22), r, = Ep; where E := —Z%_IB*(F*)_l, and therefore, in
view of (2.29) and (2.20), the optimal process z;, u; = Kx; + Ep, satisfies the system
of equations

xi1 =Ly + BEp, + Cwy
Dt+1 = (F*)_lpt — Pth (35)

Wiy1 = Dwy,

For an optimal process, p;, given by (2.23), and x; are bounded. Conversely, let z,
pt be a bounded solution of (3.5) and let u; = Kx; + Ep;. Using the first equation in
(3.5) and (2.7) we obtain

Tyl :A$t+BUt+th, Ut = K$t+Tt.

Therefore, by Theorem 2.3, x4, u; is an optimal process.

Now, consider the linear (2n + m)-dimensional system (3.5). Since I is stable and
therefore (I'*)~! is antistable, the state space is decomposed as the direct sum of three
invariant subspaces, the n-dimensional stable subspace M, the n-dimensional anti-
stable subspace M_, and m-dimensional center manifold M, being the subspaces
spanned by the generalized eigenvectors of the coefficient matrix of (3.5) correspond-
ing to the eigenvalues of modulus less than one, greater than one and one respectively.
The evolution of the entire linear system (3.5) is a superposition of three motions,
the one on M, which tend asymptotically to zero as t — oo, the one on M _ which
is unbounded, and the one on M which is harmonic.

We remark that almost all solutions of (3.5) are unbounded and hence do not
correspond to optimal processes. By Theorem 2.3, p;, as a unique bounded solution
of (2.16), is given by (2.23). Therefore, in view of (3.1) and (3.2), p; must be harmonic
in the optimal solution, i.e.

Py =Y p e, (3.6)
j=1
where
pV) = —T*(%T* — I,) ' PCe; (3.7)

with e; being the j:th columns of the identity matrix I,,,. Consequently, 7, given by
(2.18), must also be harmonic and is given by

=gl =3y, (3.8)
j=1
where
y(]) _ (B*PB + R)—IB*(eiGjl—\* _ ])_1PC€]‘, (39)

and therefore there is a matrix

Y= (W y?, ™), (3.10)
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which does not depend on the unknown [y, 3s, ..., B, such that
re=yp = Y. (3.11)
This implies that (3.5) may be replaced with

{$t+1 = FfEt + (BY ‘I— C)wt

, (3.12)
Wi = Dwy

the orbits of which are bounded and fill the (n+m)-dimensional subspace M, & M.
Note that equations (3.6)—(3.12) have been derived without resorting to the condition
det I # 0, so this condition is no longer needed. We have established that any solution
of (3.12) together with

Ut = K.fEt + Y’LUt (313)

yields an optimal process. The equations (3.12) coincide with the system equations
(2.11) with w; given by (3.1) if we use the control (3.13). So the regulator (3.13) gives
us an optimal process. But we can not use this regulator since the process w; is not
available through observations.

Next, consider two ideas of identification of the unknown w;. We will see that both
of them will fail. In the first we consider w; as part of the state and try to construct
an observer to estimate it from x;. Indeed, the standard reduced-order observer is
obtained by setting

2 = wy — Ly (3.14)

so that
zir1 = (D= LC)2 + (DL — LCL — LA)xy — LBuy.

Then the observer will have the same structure, namely
ZA’t_i_l = (D — LO)ZA:t —l— (DL — LOL — LA)xt — LBU,t

but with an initial condition which is an arbitrary estimate of zy = wg — Lz, say
%o = 0. Since Z; := z; — 2z; satisfies

2t+1 - (D - LO)Zt (315)

and (C, D) is an observable pair (provided C is full rank), the pole placement theorem
implies that L can be chosen so as to give D — LC' any desired spectrum; in particular
we can make it stable. Then, by Theorem 2.3, the control law (3.13) could be replaced
by
w = (K +YL)x +YZ%,

since ¢ := z; — 0 as t — oo. Unfortunately, however, the corresponding closed-loop
system will not be strictly stable since, as a simple calculation reveals, its character-
istic polynomial will contain the characteristic polynomial xp of D as a factor. In
fact, this will also be the case for a regulator based on a full-order observer. This is
of course a manifestation of the fact that (3.12) is not a stabilizable system.

A second unworkable idea is based on the observation that the unknown amplitudes
061, P2, - .., Bm can be determined exactly in a finite number of steps by choosing L in
(3.15) so that all eigenvalues of D — LC are all zero and hence Z; — 0 in at most m
steps so that z;,t = m,m + 1,..., can be determined exactly. Then, by (3.14), z; is
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completely known, and hence so is also Y as given by Theorem 2.3 and by (3.8). Tt
may therefore seem reasonable to try to use a control law

wy = Kay 410, (3.16)

where y? is known and precomputed instead of being obtained via feedback. How-
ever, such a regulator will not be robust with respect to errors in the frequencies
01,05, ...,0,,.

To see this, let us first remark that, if f;, and g, are harmonic sequences, i.e.

fr=3 9 and go= " g0et, (3.17)
=1 j=1
and W is an arbitrary matrix of appropriate dimensions, then
m m T
* j )% : 1 (0 —0;
M{fi Wt =% fO"Wg™ lim {73 %0, (3.18)
7=1 k=1 t=0
The limit in this expression does exist, and it is one if §; = 0, and zero otherwise.
Therefore, since the frequencies 64, 6-, ..., 0, are distinct,
M{ffWg} = fO Wy, (3.19)
j=1

(If the frequencies were not distinct, the expression becomes somewhat more compli-
cated but the idea would be the same.)

~ Now, returning to the question of robustness, let us suppose that the frequencies
01,05, ...,60, used in computing the control law (3.16) are not the same as those
driving the system, being estimates of 8,6, ...,6,,. Then the control really becomes

where 7Y is (3.8) computed with respect to the estimated frequencies 01,00, ... 0,
Clearly g — y? and thus 4; — u; as éj — 0, 7 =1,...,m, for any fixed ¢. Never-
theless, as we shall see, the regulator will not be robust. To see this, note that, by
(2.27) in Theorem 2.3, the cost of using the control (3.20) is

b = Py + M{ (1l — Ky — ) R(t — Ky — )},

i.e. the increase in the cost function is

AD = M{(5" - )" R} — v)}.
Now, assuming that all éj are different, we have

Byl =D Ve — e

0;7#9;

and, therefore, in view of (3.19),

AP — Z @(J‘)*[%g(j) + y(j)*f%y(j)).

0;79;
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Consequently, as éj — ¢ for 5 =1,2,...,m, and hence

ZA/(j) _ ﬁ{le*([ . eiéjr*)flcej _ y(j) — éle*<[ - eiejr*)flcej

we have
AP —2 ) "y Ry =: A, (3.21)
0;79;
so that an arbitrary small mistake in the estimation of frequencies 6y, 0,, ..., 80, pro-

duces a jump A®, in the cost function. Due to this discontinuity the control law
(3.16) is not optimal for practical purposes.

Let us now return to (3.12), the state space of which has the decomposition M &
M so that all orbits converge to the center manifold M of harmonic solutions. Since
the component in M — let us call it z;~ — tends asymptotically to zero,

M{|z [} =0,

0
and therefore only the harmonic component Z}to in My contributes to the cost
t
function. Consequently, in Theorem 2.3, u; has the form
u = Ka) + 5 + ¢ (3.22)

where still ¢ is any sequence satisfying (2.25). Here 2? and 3 are the harmonic
solutions

o = e and o = 3y (3.23)
j=1 J=1

where

() = (e ] — T () .
{x (€T —T)~"L By + Ce;) (3.24)

yV) = (B*PB + R)'B*("%T* — )71 PCe;
The expression for y? has already been derived above (see (3.8), (3.9)) and the one
for #¥ is then obtained from (3.12).

Next, consider the regulator (1.9), which we shall write in a slightly different form.
In fact, let us introduce the new control

Yy = uy — Ky, (3.25)
in terms of which (1.9) may be written
D(o)y; = N(o)xy, (3.26)
where N()) is the matrix polynomial
N(A\) =M\ — D)K. (3.27)
Moreover, the system (1.1) becomes
Ty = Ly + By, + Cwy, (3.28)

where I' := A — BK is stable, as pointed out in Section 2. We shall say that the
regulator (1.9), or, equivalently, the regulator defined by (3.26) and (3.25), is optimal
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if the solution (x¢,u;) of the closed-loop system (1.1), (3.26) is an optimal process
in our problem to minimize (1.4) subject to (2.11), (3.1) and (3.2), for any initial
conditions.

Theorem 3.2. Let (29,1Y) be the harmonic optimal process defined by (3.23), (3.24),
and let wy be given by (3.2). Then the requlator (1.9) is optimal for the problem
to control the system (1.1) so as to minimize (1.4) if the closed-loop system (3.26),
(3.28) is asymptotically stable and has a harmonic solution (z?,vy) which coincides

with (3.23).

Proof. Because of stability any solution of (3.26), (3.28) has the property that vy, =
yY +¢€;, where ¢, — 0 exponentially as ¢t — oo. Therefore, recalling that y? = ry, (3.25)
implies that u; = Ky +7;+¢; where M{|e;|*} = 0. Also, z;, which tends exponentially
to x¥, satisfies the admissibility condition (1.7). Consequently, by Theorem 2.3, the
process x;, u; is optimal for the problem to control the system (1.1) so as to minimize
(1.4), i.e. the regulator (1.9) is optimal for the problem to control the system (1.1). O

We are now in a position to formulate the general principles that need to be followed
in designing an optimal, robust and universal regulator for the control problem in
Section 1. The goal is to construct an optimal regulator (3.26) in which the matrix
polynomials D(A) and N(\) are chosen so that

(i) the closed-loop system (3.26), (3.28) is asymptotically stable,

(ii) the closed-loop system (3.26), (3.28) has the same harmonic solutions z°,y° as
(3.23), (3.24) for any complex amplitudes (31, 5a, . . ., B,

(iii) the matrix polynomials D(\) and N () in the regulator (3.26) do not depend
on 31, B2, ..., Bm,

(iv) the regulator (3.26) is robust in the sense that if it is determined from esti-
mates 61,605, . ..,0,, of the frequencies 61,65, . .., 0,,, then the value @(é, 0) of
the cost functional must be continuous in él, ég, e ,ém so that, in particular,
®(0,0) — ®(0,0) as § — 0. (This is a somewhat nonstandard use of the
concept "robust”.)

By Theorem 3.2, conditions (i) and (ii) imply that the regulator (3.26) will be
optimal. It will be shown in Section 5 that (iv) is a consequence of (i) and (ii).

4. The general representation of a stabilizing regulator

We have now reduced the problem of Section 1 to that of designing a regulator (3.26),
independent of (1, Bs, ..., Bm, rendering the closed-loop system (3.26), (3.28) asymp-
totically stable and having a harmonic solution (z¥,4?) coinciding with the harmonic
solution of system (1.1) obtained by applying the nonrobust and unrealizable regula-
tor of Section 2. This section will be devoted to the stability condition (i).

More precisely, in this section we shall parameterize the class

D(o)y: = N(0)x (4.1)

of stabilizing linear regulators, where o is the forward shift operator ox; = x;; and
D(\), N(X) are real kx k and k xn matrix polynomials such that the leading coefficient
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of D()) is nonsingular and deg N < deg D so that D(A\)"'N(\) is a proper rational
matrix function. Consequently,

{$t+1 =Tz + By + v (4.2)

D(U)yt = N(J)xt

is the closed-loop system under consideration. We recall that I is a stable matrix and
that z, € C",y, € C*.

Therefore, from now on, we shall take (4.2) with I" stable as the starting point of
the analysis of this section. Let W, (\) and W, (\) be the transfer functions from the
input v; to the outputs x; and y; respectively of this new system. They are defined
by

(AL, —D)s(}) JN) + I,
{N(W%Q)ZD(NJQ) 7 (4.3)
and consequently
() = (A = D)7 (BE () + ). (4.4

Condition (i) at the end of Section 3 is precisely the condition that (4.2) is stable.
To say that (4.2) is stable is to say that

(M, -T) -B

=V=1"Nw " by

(4.5)

is a stable matrix polynomial, i.e. that det=(\) # 0 for |A| > 1. Now recall the
following definition.

Definition 4.1. The regulator (4.1) is said to be stabilizing for the system
Tir1 = F(Et -+ Byt -+ vy (46)
if the closed-loop system (4.2) is stable and ¥, (c0) = ¥, (c0) = 0.

The last requirement insures causality in the sense that z;,y; in (4.2) will depend
on vj, j < t, only. We also introduce

Definition 4.2. The regulators D;(o)y, = Ni(o)x; and Dso(o)y; = No(o)zy of the
type (4.1) are called equivalent if there exist matrix polynomials Dy, Ny such that

Dy =MDy, Ny=DMDNy, Dy= MyDy, Ny= MyNy
for some stable matrix polynomials M, M.

It is clear that systems (4.2) with equivalent regulators have the same transfer
functions ¥,, ¥,. Moreover, if one regulator is stabilizing, then so is the other. The
following lemma, which is also of independent interest, completely characterizes those
regulators (4.1) which satisfy condition (i).
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Lemma 4.3. Let I' in (4.2) be a stable matriz. Let p(\) be an arbitrary real scalar
stable polynomial, and let R(\) be an arbitrary real k x n matriz polynomial such that
deg R(\) < degp(\). Then the regulator (4.1) with

D(X\) = R(A)B + p(\) Iy
{Nm = ROYA,~T) 0
is stabilizing for the system (4.6), and, for this requlator,
R\ Z(\) =
ey SO det Z(\) = (=1) p(\)* det (A —T), (4.8)

where = is given by (4.5). The class of requlators (4.1), (4.7) contains all stabilizing
requlators in the sense that any other stabilizing requlator is equivalent to one in this
class.

We note that, since the coefficients in (1.1) are real, so are the polynomials p and R.
For the complex case we would need the polynomials to be complex. Lemma 4.3 may
be deduced from the Youla parameterization, but it is simpler to give an independent
proof.

Proof. Set Ty := M — T, §(\) := det 'y and Q()\) := 6§(\)['y'. From (4.5) and (4.7)
we obtain
det= = §det[NI',' B — D] = §det(—pl) = (—1)*8p",
which is a stable polynomial. Therefore (4.2) is stable. Now, in view of (4.4) and
(4.7),
NV, = NI, (BY, +1)= RBV, + R
and
DU, = RBV, + pU,,
and so NV, = DV, yields
R(A) = p(A) ¥y (A).

Thus we have established (4.8). Since deg R < deg p, ¥,(c0) = 0, and consequently,
by (4.4), ¥,(00) = 0. Therefore the regulator (4.1) is stabilizing.

Now, let D'(0)y; = N'(0)x; be an arbitrary stabilizing regulator, and let W/ , ¥ be
the transfer functions formed in analogy with W,, ¥,. Then we have ¥/ (c0) = 0 and
W’ (00) = 0, and det Z' is stable. Here

det 2 = det LF\; __5,} = det Ty det(N'T'B — D)
= 6det(S671) = 6k~ det S, (4.9)
where
S =N'QB- 6D (4.10)

is a matrix polynomial. From (4.9) we have det S = §*~1 det Z’, so S must be stable.
Let

S.=S5""detS (4.11)
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be the adjoint matrix polynomial. In accordance with (4.3) we have
{FA\II;(/\) = BU,(\) + I
N/ (AW (A) = D'(A) ¥, (A)
Consequently
D'V, = NT N (BV, + 1) = 6"'N'Q(BY, +I),
ie. SU, = —N'Q, and hence, in view of (4.11),

,S.N'Q
v, = ot S (4.12)
Now, let us take
R(A) = =Sc(AN'(NQ),  p(A) = det S(N), (4.13)

and let D and N be defined correspondingly by (4.7). Since W] (c0) = 0, we have
deg R < degp. Moreover p is stable. Therefore, as proved above, Dy, = Nux; is a
stabilizing regulator, and ¥, = R/p, so we must have ¥, = ¥ and consequently,
by (4.4), ¥, = W!'. Since deg R < deg p, we have det D(\) # 0, and (4.4) implies
det W, # 0. Consequently the second of relations (4.3) can be written D™'N =
¥, U, But we also have D''N’ = ¥, ¥, and so

N =DV, v '=DD'N. (4.14)
Let the k£ x k£ matrix polynomial M be the greatest left common divisor of D and N,
ie.

D = MD,, N = M Ny, (4.15)

where Dy and Ny are left coprime matrix polynomials. Since Dy, = Nz, is a stabilizing
regulator, M is stable, and, since det D # 0, det M # 0 and det Dy #Z 0. From (4.14)
we have N’ = D'Dy* Ny, so setting M’ := D'Dy', we obtain

D" = M'Dy, N' = M'N,. (4.16)
Since Dy and Ny are left coprime, there exist matrix polynomials II; and Il such that
Dolly + Noll, = 1.
(See, e.g., [10].) Therefore
M' = M'(DyIl; + Noll,) = D'TI; + N'TI,

is a matrix polynomial. Since D'y, = N'y; is a stabilizing regulator, M’ is stable.
From (4.15)—(4.16) we now see that the regulators D'y, = N'z; and Dy, = Nz, are
equivalent. [J

This lemma provides us with a complete answer to the question of how to satisfy
condition (i) at the end of Section 3: We can use a regulator of the type (4.1) with
D, N defined by (4.7) for some p and R, and, modulo equivalence, the regulators
of this type are all the stabilizing regulators. From (4.7) we see that the leading
coefficient of D(\) is nonsingular and that deg N < deg D, which implies that (4.1)
is a causal regulator, i.e. D(A)"*N()) is proper.
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That the limit in the cost function (1.4) does exist for any stabilizing regulator in
the class presented in this section, as required by Proposition 3.1, is a consequence of
the following theorem which is also of interest in its own right and will be needed in
Sections 5 and 7.

Theorem 4.4. Let u; = Kxy + y,. Then the limat

T—oo '

T
1
O = lim — > Az, u) (4.17)
t=0

exists for any process (x,u;) defined by a stabilizing requlator (4.1), and it takes the
form

d = 5708, (4.18)

where the m x m matriz 2 depends continuously on 61,65, ...,0,,, A, B,C,Q, R and
S and the parameters of the regulator polynomials D(X) and N(X). Moreover, the
admissibility condition (1.7) is satisfied.

Proof. Since the closed-loop system

Ty = Ly + By + Cwy
D(0)y; = N(o)z:

is stable, x; and y; tend asymptotically to the harmonic solutions

Bo=>Y Vg™ g =Y gvse", (4.19)
j=1 Jj=1
where
70) (%] —-T) —B 17 '[I
Lj(j) T | N(e®)  —D(ei) 0 CBjey, (4.20)
as t — oo, and, a fortiori, x; satisfies the admissibility condition (1.7). Now,
Ty " Tt
d=M W :
{ |:yt:| |:yt:| !
where the symmetric matrix
W — Q+SK+ K*'S*+ K*RK S+ K'R
N S*+ RK R

depends continuously on @), R, S and K. In view of the fact that z; — ; — 0 and

Yy — 9 — 0, this can be written
G

O =M{|."| W[} 4.21

o winp (4.21)

Consequently, (4.18) follows from (4.19), (4.20) and (3.19), and the analysis leading

to (3.19) shows that the limit in (4.17) exists, as claimed. Moreover, the stabilizing

solution P to the algebraic Riccati equation (2.6) depends continuously on A, B, @, S

and R, and hence so does K as defined by (2.5). Consequently, in view of (4.20), the
statement on continuity holds. [J
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5. The existence and design of the realizable, robust, optimal regulator

We now turn to the other requirements for the regulator which are enumerated at the
end of Section 3.

Condition (ii), which we consider first, implies that W, () and W, () satisfy certain
interpolation relations insuring that (4.2) has the harmonic solution (3.23)—(3.24). As
seen from (3.1) and (3.2), the harmonic solution of (4.2) with v; = Cw; is

o = Z F0Bett y, = Z g9 g,etit, (5.1)
j=1 J=1
where
70) — U, (%) Ce;, GV = W, (") Ce;. (5.2)

Here e; is the j:th unit axis vector of dimension m, i.e. the j:th column of the identity
matrix I,,.

The conditions z; = zY and y; = 3? required for optimality hold for all 3y, B, . . ., B
if and only if the following interpolation conditions are valid:

U, (e%)Cej =2V, W, (e)Ce; =y, j=1,2,....m. (5.3)

The relations for ¥, in (5.3) follow from the ones for ¥,. In fact, using (4.4) and the
expression for 1) in (3.23), we transform the interpolation relation (5.3) for () into

(B, (") + I)Ce; = ByY) + Ce;, (5.4)

which follows from the second set of equations (5.3). Therefore ¥, may be omitted
from the subsequent analysis. By replacing y) in (5.3) by the expression in (3.24),
the remaining interpolation conditions become

U, (e)Cej = (B*PB + R)™'B*(eT* — I)'PCe; j=1,2,....,m (5.5)
and are thus independent of 3y, Ba, ..., Bm.

Now, inserting ¥, () = %, as prescribed by Lemma 4.3, into the interpolation
conditions (5.5), we obtain
R(e")Ce; = p(e)O(e)PCej, j=1,2,...,m, (5.6)
where
O(\) = (B*PB+ R)™'B*(\I'" — 1), (5.7)

so R and p must be chosen to satisfy (5.6) and the conditions of Lemma 4.3. If
¢j := Cej # 0, the j:th interpolation condition (5.6) can be written

R(ew-") _ p(eie-j)@(eiej)PCj(C;Cj)_lc; —+ Rja (58)

where Rj is an arbitrary matrix such that chj = 0. It is clear that there exists a
solution R(A) of (5.6) for each p of sufficiently high degree.

Obviously the interpolation relations (5.6) do not contain the unknown complex
amplitudes (1, o, ..., Bm. Therefore R and p and, consequently D and N in (4.7),
will not depend on (i, (s, . .., B either, and hence condition (iii) is satisfied. Recall
that an optimal regulator with this property is called universal.
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To prove that condition (iv) holds, note that, by Theorem 4.4, the cost function &
depends continuously on the parameters of the regulator polynomials D(A) and N (),
which in turn depends continuously on the polynomials R(\) and p(A) via (4.7). The
regulator is determined by fixing a p(\) of sufficiently high degree and determining
R(\) from (5.8) with 6y,0s,...,0,, exchanged for 0,,0,,....0,,. Tt remains to prove
that this R(\) depends continuously on 01,0, ...,0,,. To this end, observe that (5.8)
is a (generally underdetermined) system of linear equations in the coefficients of R(\),
and therefore the question is reduced to deciding that the coefficient matrix of this
linear system has full rank, which is the case since it is a (block) Vandermonde matrix
corresponding to distinct points on the unit circle.

Thus we have established a general formula for the required universal optimal reg-
ulator. In fact, Lemma 4.3 gives us the complete class of stabilizing regulators (satis-
fying condition (i)), and the interpolation conditions (5.6) are equivalent to condition
(ii).

We summarize our results in the following theorem. Before that, however, let
us recall the problem formulation for the complex problem: Given the system (2.11)
with the external disturbance given by (3.1) and (3.2), find a realizable regulator (1.6)
satisfying condition (1.7) such that the regulator does not depend on the unknown
complex amplitudes [y, Bs, ..., B, and the cost functional (1.4) is minimized for all

BlvﬁQa"wﬁm-

Theorem 5.1. Let p(\) be an arbitrary real scalar monic stable polynomial, and let
R(\) be a real matriz polynomial satisfying the interpolation conditions (5.6) and
having degree less than that of p(X). Moreover, let D(X\) and N(X) be given by (4.7)
respectively. Then the requlator

D(o)us = [N(0) + D(0) K], (5.9)

1s optimal for the problem posed in Section 3 and it renders the complete closed-loop
system asymptotically stable, and therefore (1.7) holds. It is also robust in the sense
of condition (iv) at the end of Section 3, and it is universal in the sense that it
does not depend on the unknown complex amplitudes By, B2, . .., Bm. Finally, modulo
equivalence, all universal optimal requlators are formed in this way.

Now, in view of Proposition 3.1 and Theorem 4.4, this regulator is also an optimal
robust and universal regulator for the original real problem posed in Section 1. Also,
modulo equivalence, all universal optimal regulators are formed in this way.

By taking (F,G, H, L) to be a (minimal or nonminimal) realization of D(A)"1N (),
i.e., a representation

H\ — F)'G+L=DM\)'N(\), (5.10)

we can write the regulator (5.9) in the form

{Zt+1 = FZt + Gl’t (5 11)

U = HZt+J$t

with J = K + L, K being the gain (2.5). We observe, however, that D(\) and N())
need not be coprime and that any left common factors are canceled in determining a
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minimal realization (F, G, H, J — K) of D™'N. Therefore, for the sake of robustness,
a nonminimal realization may be preferable.

Remark 5.2. Theorem 5.1 states that the regulator (5.11) is optimal in any wider
class of regulators which is in harmony with condition (1.7). In particular, no nonlin-
ear or nonrealizable regulator will yield a smaller value of the cost functional (1.4).
The same, of course, holds for the real problem of Section 1. (To see that there is a
linear optimal regulator, use the formulation in the footnote on page 9 to avoid the
question of existence of limits.)

Remark 5.3. Note that, since R and p are real, the interpolation condition R(e® Jej =
p(€“)O(e'%) Pe; is equivalent to R(e =% )c; = p(e~%)O(e~%i) Pc;.

Let us next consider the question of determining p(\) and R(\). Clearly, there is
a considerable degree of design freedom here. If 2

det C*C # 0 (5.12)

and consequently m < n, we can always choose p(\) to be of degree two and take
R(\) of the form

where Ry, Ry are real matrices. To prove this, insert (5.13) into the interpolation
conditions (5.6), yielding the system of equations

ajcosf; +b; = Re{p(e”)O(e'%)PCe,} (5.14)
a; sin 6; = Im{p(e™)O (&%) PCe,} '
in the real k-vectors aq,as, ..., Gy, b1, b, ..., b, defined by
a; = R()C@j, bj = RIC’ej, ] = 1,2,...,m, (515)

where, as before, e; is the j:th column vector in the identity matrix /,,. The solution
of (5.14) is unique provided no 6; is a multiple of 7. Otherwise, the second equation
is trivial so the first alone determines the (nonunique) solution. Given a;,b;,j =
1,2,...,m, the matrices Ry and R; can be obtained from (5.15). To this end, form
the £ x m matrix polynomial

S()\) = [al,ag,...,am])\+[bl,bg,...,bm] (516)
of degree one. Then, if condition (5.12) holds, R(\) can be solved from
R(ANC = S(\). (5.17)

In fact, if det C*C' # 0,
R(\) =S\ (C*C) 1o (5.18)

is a (in general nonunique) solution of (5.17). On the other hand, if det C*C' = 0, the
degrees of p(A) and R(\) may need to be increased.
In the case m > n, the degree of p will in general increase with m.

2The observation in Remark 5.3 may allow us to remove some redundant columns in C.
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6. A simple numerical example

Consider the problem to design a universal optimal regulator for the scalar plant

Yyl +ayi—1 = w + fi (6.1)

with the external disturbance
fi = ag + aq cos(wit + ¢1) + ay cos(wat + ¢2), (6.2)

where, as before, the frequencies w; and wy are known, while the amplitudes «aq, o,
as and the phases 1, o are unknown. Hence this disturbance includes a bias as well
as harmonic oscillations. The problem is to find an admissible regulator (1.8) which
is stabilizing in the sense that =1y, — 0 as t — oo and universal in the sense that it
does not depend on «g, a1, as and 1, o, and which minimizes the cost functional

T
: 1 2 | 2
® = lim sup T tEO (y; +uy) (6.3)

T—o0

for any values of ag, a1, as, 1 and ,. Introducing the state

2y = {yﬂ , (6.4)

the plant equations (6.1) can be written in the state form

L1 = Al’t -+ But + th, (65)
where
0 —a 1
Al sef] oo
and
lagefitpzef’ia&t /8_26i9_2t
_Qle—i¢1 e—iwlt /6_161'9,115
1 1111 2 .
“- {o 000 0]’ o ao = | B (6.7)
laleupl ezwlt ﬁl 6291t
3 a2ei<ﬂ2 eiWZt /62 eiegt

if we reformulate the problem according to the footnote on page 9, or
111 o foe
C = [O 0 0] . wy = |aqeret| = | Betht (6.8)
a26i4p2 eiwgt ﬁ2 ei@gt

if, as we shall do here, we inbed our problem in the complex optimization problem as
described in Proposition 3.1. Moreover,

ofl e e
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are the parameters in the cost function (1.4). It is easy to see that the corresponding
algebraic Riccati equation (2.6) has the unique stabilizing solution

P 0
P {51 - 1} | (6.10)
where
a? a4
P11 = ?‘i‘ Z+17 (6.11)
and the gain (2.5) is given by
apii
K=1[0 |, - 6.12
[ } 1+pn ( )

In fact,
B*PB+ R=1+p;; >0,

and the corresponding feedback matrix (2.7),
0 —v a
[1 0 } 7T + Pt (6.13)

has all its eigenvalues strictly inside the unit circle. If @ > 0, there will be a pair
+i,/7 of imaginary eigenvalues, and if @ < 0 a pair £4/|7| of real ones.
Let us now choose some (real) polynomial

p(A) = X%+ pI X+ paX® + A% + pad + ps,

which in the present example must be of degree five, having all its roots strictly inside
the unit circle. The parameters p1, p2, ps3, psa, p5 Will be available for tuning in order to
improve the overall design. Next, we want to determine a real 1 x 2 matrix polynomial
R(\) of degree at most four which satisfies the interpolation conditions (5.8) in which

0

we choose éj = 0 for each j. Since ¢; = {1} for each j and, as a simple calculation

shows, (5.7) is given by
_ 1 -
14 pig +aN?

we need to find an R(A) which satisfies the interpolation conditions

9(}) -,

i0;
R(e) = [rO) 0 G — _—puple®) 6.14
(6 ) [T. :| r 1+p11+a6219j ( )

Clearly such an R(A) must have the form

R(\) = [r(N) 0] r(e%) =rY  for all j. (6.15)
As explained in Remark 5.3, we only need to satisfy this interpolation condition for
j = 0,1,2; then the condition is automatically satisfied for j = —1,—2. We can

therefore use the format expressed by (6.8). Then, except for j = 0 which yield a
real condition, we obtain a real equation for both the real and the imaginary part.
Consequently, the coefficients of the real scalar polynomial

r(A) = 1A oA F s\ g\ 47y (6.16)
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must be the solution of the system of linear equations

1 1 1 1 1] [ny r©
cos40; cos30; cos20; cosby 1| |ro Rr)
sin4f; sin36; sin20; sinf; 0| |r3| = |Sr® (6.17)
cos 46y cos30y; cos20, cosby 1| |ry Rr2)
sin46, sin36, sin20, sinfy 0| |rs Sr(2)

where R denotes real part and & imaginary part.

We are now in a position to describe a class of optimal universal regulators. In
fact, from (4.7), we obtain

{D(A) =7(A) +p(}) (6.18)

NOY = W) ()]

so, in view of Theorem 5.1, (6.4) and (6.12), the optimal regulator corresponding to
p is given by

[p(o) +r(0)]ue = or(o)y: + [kp(0) + ar(o)] ye-1, (6.19)
i.e., the transfer function of the regulator from the output to the control is

N2r(N) + kp(N) + ar()\).

FO = =300 + o)

(6.20)

We stress again that we have one such universal optimal regulator for each admissible
choice of p.

As an alternative to solving (6.17), we may use Lagrange’s interpolation formula
to obtain

r) = 3 r9m0), (6.21)

j=—2
where
mi(\) = DA = ek, 6.22

ki

Here we must use the symmetric formulation (6.7) to obtain a real polynomial 7(\).
In Figure 6.1 we show a simulation for the situation that a = —0.8, §; = 0.3 and
0y = 1.0. To illustrate the amount of damping, we depict the output y; both for
the case that there is no control (u; = 0) and for the optimal universal regulator
corresponding to the polynomial p with roots —0.3, —0.4 £+ 0.2, —0.5 + 0.3.
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Figure 6.1

The choice of p must be made with some care, since it may drastically affect the
transient. In fact, the transient behavior does not affect the value of the cost function.

Next let us consider what happens if the true frequencies of the system are not quite
the ones used in computing the regulator but there is an estimation error. Figure 6.2
shows the outputs obtained if the regulator of Figure 6.1, based on the freqences
0, = 0.3 and 0y = 1.0, is applied to a system with true frequences #; = 0.5 and
0y = 1.5.

Figure 6.2

As we can see the regulator still behaves reasonably despite the large errors in the
frequency estimates.

7. The stochastic case

A natural question to ask is whether the regulator of Theorem 5.1 remains optimal
if the amplitudes 31, Ba, ..., B are allowed to be random variables or processes and
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the cost functional (1.4) to be minimized is replaced by

= lim E{%ZA(xt,ut)}, (7.1)

T—o00

where E{-} denotes mathematical expectation. As before, we assume that {zy; k < t}
is known at time ¢, so the regulator should be chosen in some suitable class of feedback
laws

u = f(t,xo,x1,...,2) (7.2)
with the property that a condition similar to (1.7) holds.
In the case that (1,3, ..., [, are random variables, it is not hard to convince

oneself that the answer to this question is affirmative. In fact, in the deterministic
case studied above, the same optimal regulator can be used for each fixed set of values
of 81, B2, ..., Bm. Therefore, summing over a probability measure will yield the same
optimal regulator as in the deterministic case.

As it turns out, and this is the topic of this section, more general external distur-
bances w; may be considered. In fact, we may consider a control system

l‘t+1 = A$t + But ‘I— th (73)
with w; being the solution of a “harmonic” linear stochastic system
w1 = Dwy + &1, wo = 0, (7.4)

where D and 3 are given by (3.4), 8 is a random vector with mean B = E{p},
{&0,&1, &, - .. } is a zero-mean, white-noise process with & := 3 — [, i.e.

E{gs&k} = ptésta E{gt} = 07 (75)

and {|p¢] }52, is an £; sequence, i.e.

Z |pt| < 0. (7.6)
=0

The noise model (7.4) does not damp past white noise exponentially, as does the
usual “colored noise” model for which D has all its eigenvalues strictly inside the unit
circle. Consequently, (7.6) is needed to decrease the influence of past white noise as
time goes on and is actually the natural condition insuring that the process {w;} has
bounded covariance. In fact,?,

m

m t
Wy = Z €ij€wjt + Z €j Z(fk)jewj(t_k), (77)
=1 k=0

J= Jj=1
where the condition (7.6) insures that

E{waw;} = D'GF (D7) + Y D' pu(D7) "
k=0

3We recall that e; is the j:th column vector in I,,,.
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is bounded for all ¢ € Z,. This should be compared with the deterministic case con-
sidered before, which is obtained by setting p, = 0. As we have full state information,
it is no restriction to assume that zg is deterministic.

We restrict our attention to the following class of admissible control laws. Let £
be the class of linear feedback laws (7.2) corresponding to regulators

D(o)u; = M(0)zy, (7.8)

as defined in Section 1, such that the closed-loop system consisting of (7.3) and (7.8)
is asymptotically stable.

We remark that adding a white noise term, which is independent of other system
noise, to the left member of (7.3) does not alter the problem. In fact, for any f € L,
the contribution of this white noise to the processes x; and u; produces an additive
contribution to A(z;, u;) which tends to zero as t — oo and hence does not affect the
cost .

Theorem 7.1. Consider the control system (7.3) with the external disturbance wy
being defined by (7.4), or, equivalently, by (7.7), where § satisfies (7.5) and (7.6).
Then the limit in (7.1) exists for all f € L. Moreover, sz corresponds to an optimal

requlator of Theorem 5.1, f € L, and f s also optimal, with respect to the cost
functional (7.1), for the problem to control (7.3) in the class L.

Proof. The white-noise process & can be represented in the form

& = Ly,

where L; is a matrix-valued function and 7 is a zero-mean, p-dimensional, normalized
white noise, i.e.

Then
p ot
wy=w+ Y > wilk, 0)(m)e, (7.10)
=1 k=0
where
wi(k,€) =Y v, viwe = (Li)jee” " (7.11)
j=1
and
Wy = Zejﬁ_ewjt. (7.12)
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Clearly, an admissible process z;, u; defined via a control law (7.8) with f € £ has a
representation of similar form, namely

p t—1

me=T+ Y > w(k, O)(m)e (7.13)

(=1 k=0

uy = iy + Zz_:ut(/@,z)(nk)g, (7.14)

(=1 k=0
where {Z;},{a;}, {z:(k,¢)} and {u;(k,?)} are deterministic vector sequences. More
precisely, since 7, = E{x;},
Tiy1 = ATy + Buy + Cwy, To = xo, (7.15)
and since x;(k, 0) = E{x¢(nx)e} for t > k+ 1,
Tp1(k, ) = Azy(k, 0) + Buy(k, 0) + Cwi(k, 0), xpi1(k,0) = Cwi(k,l) (7.16)

fort=k+1,k+2,....

In view of (7.11) and (7.12), these equations all have the same structure, namely
that of the deterministic case, and they differ only in the amplitudes of the harmonic
external disturbances, the quantities which do not affect the optimal regulator in the
deterministic case. Also, it is easy to check that

p t—1

E{A(zru)} = ATe, ) + > Y Ay(k, 0), u(k, 0))

(=1 k=0

=A@ 1)+ > Mk, ), u(k, 1)), (7.17)

(=1 k=0

if we agree to define z;(k, £) and u.(k, £) to be zero for k > t. Consequently,

E{= ZA Ty, up) } ZA Ty, Uy +ZZ Z A(z(k, 0), ue(k, 0) | .

= LD S (7 18)

We would like to be able to take the limit in this expression so that

o = @+ZZ‘D% (7.19)
(=1 k=0
where
_ 1 &
@ = lim — ;A(@,at) (7.20)
and
L T
Oy = 715{)10 T t_zk;rl A(xi(k, ), us(k, 0)). (7.21)

This, of course, needs to be justified. We proceed next to doing precisely this.
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Let us first address the question of existence of the limits (7.20) and (7.21). Due
to the linearity of the control laws in L,

at = f(tai‘(];a_:lv s 7i‘t>7
and
ur(k, 0) = f(t,zo(k, 0),x1(k,£), ..., x(k,0)).
whenever the control law f € L is applied to the stochastic problem. But then, by
Theorem 4.4, the limits exist, and z; and xz;(k, ¢) satisfy the admissibility condition
(1.7).

Secondly, Theorem 4.4 also implies that ®; = v;, 27k, where € varies with the
choice of f € L and vx = col (Vige, Yores - - - » Ymke) is defined as in (7.11). Conse-
quently, since yg = Lre, and Ly L = pi, |Pre| < K1|px| for some constant x; > 0,
and therefore, in view of (7.6),

Z Py < 00.
k=0

It remains to prove that

Tlgr;oi[ ZAztkzéutkfl Z@M (7.22)

k=0 t=k+1

But, in view of (3.18), there is a uniform bound

1 Z Az (K, 0), ue(k, 0))

t=k+1

< Kalpxl

for some ko > 0, and consequently (7.22) follows by a dominated convergence argu-
ment.

Consequently, we have now decomposed the problem into a countable number of
separate, uncoupled deterministic problems of the same structure as that of Theorem
5.1, namely Problem P to minimize (7.20) given the system (7.15) and Problems Py,
to minimize (7.21) given (7.16). These problems differ only in the values of the initial
state and the amplitudes (and phases) of the external disturbance. But, by Theorem
5.1, the optimal regulator does not depend on these quantities. Consequently, it
solves all these problems simultaneously, and therefore it yields the minimum of the
the functional (7.19).

Now, let f be the linear control law corresponding to an optimal regulator (5.11)

in the deterministic problem of Theorem 5.1. Clearly, f € L. Moreover, Problem P
has the optimal solution

Uy :f(taj(]wflwuajt)’ (723>

and, for each (k, ), Problem Py, has the solution
u(k, 0) = f(t,xo(k, 0), 21(k,0), ..., x(k,0)). (7.24)
In Problem Pig, vVire, Yore, - - - » Ymike Play the role of the unknown amplitudes. Now,

inserting (7.23) and (7.24) into (7.14) and applying (7.13) yields
Uy :f(t,xo,xl,...,xt), (7.25)
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by linearity. Consequently, (7.25) is optimal for the stochastic problem as claimed. [

We note that the decomposition (7.15), (7.16) and (7.19) is analogous to the one
used in [20], so a natural question is whether the admissible class of regulators could be
extended to include nonlinear control laws as in [20]. However, this leads to technical
difficulties related to the existence of the limits (7.20) and (7.21) and the validity of
(7.22).

8. Conclusions

In this paper we present a complete characterization of all regulators which (i) sta-
bilize a linear system with additive harmonic disturbances with known frequencies
but unknown amplitudes and phases, (ii) minimize an infinite-horizon quadratic cost
function and (iii) are universal in the sense that the regulators do not depend on
the unknown amplitudes and phases and are optimal for all choices of these. These
optimal universal requlators are linear, but we show that they are optimal in a wide
class of nonlinear regulators. Finally, we show that these regulators are also optimal
universal regulators (in a natural sense) for a corresponding stochastic problem.

We stress that our solutions are optimal in the sense stated in this paper only,
and that other desirable design specifications may not be satisfied for an arbitrary
universal optimal regulator. Therefore it is an important property of our procedure
that it allows for a considerable degree of design freedom. How this design freedom
is to be used may be the topic of a future paper.

As pointed out to us by one of the referees, related optimal control problems have
been studied in some recent papers [13, 28|, but with different problem formulations.

Appendix A. Necessity of the frequency-domain condition.

Let us prove the assertion on page 4: if the frequency-domain condition (1.13) fails
i a strong way, then there exists an external disturbance w; such that inf ® = —oo.
Since the frequency-domain condition (1.13) is invariant under feedback and the pair
(A, B) is stabilizable, we will assume without loss of generality that A is stable.

Suppose that the frequency-domain condition fails strongly for the values 2%, u®, \°
so that

A(z°,u%) < 0 (A.1)
for
Nz% = Az® + Bu®, N=¢c? feR. (A.2)
We need to find a sequence :c,gj ), ugj ) of admissible processes ‘(WhiCh is defined via a
sequence of regulators (1.9)) such that ®) — —oo, where ®V) are the corresponding
values of the functional (1.4).
Let us first consider the case when the admissible process is allowed to be complex.
Consider a process and perturbation of the type
0,6t

zy = 2% + Az, up=u . wy = wle, (A.3)
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where w” € C™ and Az; remain to be defined. Admissibility requires that the (1.1)
and (1.9) must hold, where (1.9) is a stabilizing regulator. By Lemma 4.3, we may
take

D(A) = RA)B + p(\ L, M(X) = RO, — A) (A4)

for some polynomials p(A) and R(\) with the properties prescribed by Lemma 4.3.
Using (1.1) we transform (1.9) into

plo)uy = R(o)Cwy, (A.5)

so the system (1.1), (1.9) is equivalent to (1.1), (A.5). Since C' # 0, we can choose
w? so that ¥ := Cw® # 0. Equation (A.5) is satisfied if

p(A)u’ = R(A\%)c. (A.6)
For example, we can take as R(\) the constant matrix
R(A) = p(A")u’[()"e"] ()" (A7)

In accordance with Lemma 4.3 we here take p(\) to be any stable scalar polynomial
of degree > 1. Then (1.9) is a stabilizing regulator. In view of (A.2) and (A.3), we
see that (1.1) is satisfied if

Az, = Az Ax® = (AT — A)7' Y, (A.8)

and therefore equations (A.3) and (A.8) with ¢ = Cw® # 0 define an admissible
process. Note that 2% u° in (A.1) and (A.2) may be replaced by A\z° M’ for an
arbitrary XA € C. Next, we construct a sequence of admissible processes by replacing
2% 4% in (A.3) by ) = N2 ul) = A\ju® where |)\;| — oo, yielding the admissible
processes

x,gj) = N2l 4+ Agy, ugj) = \ule® 5 =1,2,3.... (A.9)
By formula (A.7) we have
Rj(A) = Aip(AM)u[(") e H () (A.10)

where we have taken a p(\) which does not depend on j. (Therefore, to our sequence
of admissible processes (A.9), there corresponds a sequence of stabilizing regulators
(1.9) with D and M defined by (A.4) and R(\) = R;.)

Consider now the corresponding sequence of cost functionals ®. By (1.4) and (1.5),
we have

' N + Az0\ " S\ [Nz + Ax?
‘P“):(H‘uo ) (3* R) ( P )=|Aj|2A<x0,u0>+0<|Aj|>.
j J (A.11)

Therefore @) — —oo as |\;| — oo. This concludes the proof of the complex case.
Next, consider the real case. We now have the system (1.1) with w; defined by (1.2),
or, more generally, the system consisting of (2.11), (3.1) and (3.2) with v; = C'w; real.
The matrices A, B, C are real, as are the coefficients of the form A(z,u) and of the
polynomials D and M in (1.9). The admissible process must also be real, so the
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process (A.3) can no longer be used. Let us therefore rename C' and w; in (1.1), (1.2)
as C? and w!, as in the footnote on page 9. Then (1.1) becomes

Tir1 = A.ft + But + COUJ?, Top = a (A12)

with w) = Rewy, wy = col (B1e™t, ..., B,e™¥!) and 3; = a;e?i. Certainly the system
(A.12) has the previously considered form (2.11) provided we put v; = Cw; = Cow?,

(1)
C=[C%C" w =1 uj’él) ,m=2vand 0; =wj, 0;,, =w;,, forj=1,2,...,v. We
Wy

have shown that the complex processes
Ty = (2° + Az)e™,  d@, = ule™ (A.13)
defined by (A.3) and (A.8) with ¢ = C%" satisfy the complex system
Tip1 = Ay + By + CO0?, 4, = w'e™. (A.14)
Therefore the real process
= ReZy, wuw; = Retwy (A.15)

satisfies (A.12). Now consider the stabilizing regulator (1.9) for the plant (A.14)
which as we have seen may be rewritten as (A.5), which in our present notation reads

p(o)i, = R(a)Ca?. (A.16)
Choosing real polynomials p and R here, the process (A.15) satisfies the equation
plo)u; = R(a)C'w?. (A.17)

implying that (A.15) will be the admissible process. Therefore we have to find a
real stable scalar polynomial p(\) and a real matrix polynomial R()), deg R < deg p,
satisfying (A.16), which is equivalent to

p(A\)u’ = R(A\")Cuw”. (A.18)

Without loss of generality let us assume that sinf # 0. (If needed, we can perturb
the value of 6 a little in (A.1) and (A.2).) Let w® be real, &® = C%° # 0 and
R(\) = Ry + Ry A with real matrix coefficients Ry, Ry. Moreover, let p(\) be any
stable polynomial, degp > 2, and set p(A\°)u’ = o' + iu”, where u',u” are real.
Equation (A.18) gives

u' = (Ro+ Ricos0)c”, u’ = (R;sind)c.
To satisfy these equations we can take, for example,
Ry = Siieu”[(co)*co]_l(co)*, Ro = (u/ — Ry cos ) [(°)*c") (%) .
Then the process (A.15) is admissible. Next, we find the value of the functional (1.4)

for this process. To this end, set z = [ﬂ € C"* and let z, = {it} = 2e" be
t
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0
an admissible process, where z = * :OAx} = a + ib, a,b real. Then, for any real
Hermitian form A(z), we have
A(z) = A(Rez) + A(Im z), (A.19)

and Re z; = acos(0t) — bsin(0t). A simple calculation yields

T

S ARez) = 5[A@) + A®) +O(7).

t=1

1
T

and therefore, using (A.18), we have

¢ = lim — ; A(Rez) = =[Ala) + A(b)] = ZA(2)
0
Consider again the sequence of admissible processes %), u,V) with 2 = )\j x)\ .ZOAZ} ,
Y
where \; — oco. The corresponding values of ® are ®; = $AZA(2%,u®) + O();). Since
A(z°% u®) < 0, we obtain ®; — —co as A\; — 00, and hence inf ® = —o0, as claimed.
Appendix B. Admissibility of the control (2.24).
Lemma B.1. Consider the solution x; of
T4+1 ::]i1%'+’j% (Ig.l)

with xo = 0, where the matriz I is stable in the sense that there is a K > 0 and a
v > 0 such that |Tt| < Ke™" fort > 0. Then, for anyt > 0,

t—1

K e
2 [* < Y eI (B.2)

1—e
s=0

Proof. Since x; = >\ T*~1f,, we have |z;] < K> \_j e 7¢==D|f,| and, conse-
quently;,

t—1 t—1
|2/ < K2 @2 £ | £l
s1=0 s2=0
1 t—1 t—1
<= K26—7(2t—s1—sz—2)(|f51 |2 + |f52 |2)
281:082:0

Therefore, since Y/ e77¢=s=1 < ——, we obtain (B.2). [

Corollary B.2. Under the conditions of Lemma B.1 we have

2
|xt| = 1—e

SIS (B.3)
s=0
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Now, in (2.29), f; = B(r; + €;) + v;, and hence

[fel? < AIB|(Irel® + ee]?) + 2[v [

But r; and v; are bounded, and consequently, by Lemma B.1, there are constants K;
and K such that |z,]> < K; + Ky >.'_{ |es|? when x5 = 0. Therefore M{|e,|?} = 0
implies that %!%!2 — 0 as t — oo. Since I' is stable, this is obviously true for any
initial condition xg.
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