
     

UNIVERSAL REGULATORS FOR OPTIMAL TRACKING IN
DISCRETE-TIME SYSTEMS AFFECTED BY HARMONIC

DISTURBANCES*

ANDERS LINDQUIST† AND VLADIMIR A. YAKUBOVICH‡

Abstract. We consider the problem of controlling a discrete-time linear system by
output feedback so as to have a second output zt track an observed reference signal
rt. First, as a preliminary, we consider the problem of asymptotic tracking. i.e., to
design a regulator such that |zt − rt| → 0. This problem has been studied intensely
in the literature, mainly in the continuous-time case. It is known that only under
very special conditions does there exist a linear regulator which achieves this design
goal and which is universal in the sense that it works for all reference signals and
does not depend on them. On the other hand, if rt is a harmonic signal with known
frequencies but with unknown amplitudes and phases, there exist such regulators
under mild conditions, provided the dimension of rt is no larger than the number of
controls. This is true even if the plant itself is corrupted by an unobserved additive
harmonic disturbance wt of the same type as rt, if the dimension of wt is no larger
than the number of outputs available for feedback control.

However, if the first dimensionality condition is not satisfied, asymptotic track-
ing is not possible, but a steady state tracking error remains. Therefore we turn to
another approach to the tracking problem, which also allows for damping of other
system and control variables, and this is our main result. The measure of perfor-
mance is given by a natural quadratic cost function. The object is to design an
optimal regulator which is universal in the sense that it does not depend on the
unknown amplitudes and phases of rt and wt and is optimal for all choices of rt and
wt. We prove that an optimal universal regulator exists in a wide class of stabilizing
and possibly nonlinear regulators under natural technical conditions and that this
regulator is in fact linear, provided that the second dimensionality condition above
is satisfied. On the other hand, if it is not satisfied, the existence of an optimal uni-
versal regulator is not a generic property, so as a rule no optimal universal regulator
exists.

We provide complete solutions of all the problems described above.

1. Introduction

Consider a discrete-time linear control system

xt+1 = Axt + But + Ewt (1.1a)

yt = Cxt (1.1b)

zt = Hxt + Jut (1.1c)
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with a state xt ∈ Rn, two vector outputs yt ∈ Rm and zt ∈ Rµ, and two vector inputs,
namely a control ut ∈ Rk and an unobserved disturbance wt ∈ R� which we shall take
to be harmonic with known frequencies but unknown amplitudes and phases. More
precisely,

wt =
N∑
j=1

w(j)eiθjt (1.2)

where the frequencies

− π < θ1 < θ2 < · · · < θN ≤ π (1.3)

are known, but the complex vector amplitudes w(1), w(2), . . . , w(N), in which the phases
have been absorbed, are either completely unknown or zero. Consequently, some
frequencies (1.3) may not be represented in wt and have been included for notational
purposes to be explained shortly.

In this paper we consider the problem to control the system (1.1) by feedback
from the output yt so as to have the output zt track an observed µ-dimensional real
reference signal

rt =
N∑
j=1

r(j)eiθjt, (1.4)

which is harmonic with the known frequencies (1.3) but with complex vector ampli-
tudes r(1), r(2), . . . , r(N) which are either completely unknown or zero so that certain
frequencies (1.3) may not occur in rt. The feedback configuration of this problem is
described in the following flow diagram.
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Figure 1.1: Feedback configuration

Many important engineering problems could be modeled in this way. Some exam-
ples are connected to industrial machines and helicopters [9, 10, 11, 12, 2, 28, 27],
control of aircraft in the presence of wind shear [19, 23, 31], and control of the roll
motion of a ship [14].

For notational convenience we use a common set of frequencies (1.3) for wt and
rt, forcing us to set certain complex vector amplitudes equal to zero. To formalize
this we introduce the index sets Iw, Ir ⊂ {1, 2, . . . , N} of j for which w(j) and r(j)

respectively are nonzero and arbitrary. Then

wt =
∑
j∈Iw

w(j)eiθjt and rt =
∑
j∈Ir

r(j)eiθjt. (1.5)
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Without loss of generality we assume that

Iw ∪ Ir = {1, 2, . . . , N}.
Accordingly, we define the class W of disturbances and the class R of reference signals
consisting of all signals wt and rt respectively obtained by letting {w(j)}j∈Iw and
{r(j)}j∈Ir vary arbitrarily subject to the constraint that the signals (1.5) are real.

We assume that A,B,C,E,H, J are constant real matrices of appropriate dimen-
sions such that (A,B) is stabilizable and (C,A) is detectable. Without loss of gener-
ality we may also assume that

rank C = m and rank E = �. (1.6)

In fact, if the first condition is not satisfied, some components of yt could be elim-
inated. Moreover, if E has linearly dependent columns, these could be combined
without restriction. Clearly, (1.6) implies that m ≤ n and � ≤ n.

Now, a possible criterion of performance for the tracking problem described above
is given by

Φ0 = lim sup
T→∞

1

T

T∑
t=0

{|zt − rt|2}, (1.7)

but, to allow for damping of internal system variables and the energy of control, we
shall also consider a more general criterion of the type

Φ = lim sup
T→∞

1

T

T∑
t=0

{Λ0(xt, ut) + |zt − rt|2}, (1.8)

where Λ0(x, u) is a real quadratic form

Λ0(x, u) =

(
x
u

)∗ (
Q0 S0

S∗
0 R0

) (
x
u

)
(1.9)

with properties to be specified in Section 5. (To insure that the infimum of Φ is not
−∞, we must of course introduce some condition on the quadratic form (1.9).) We
note that the second functional (1.8) becomes a measure not only of the tracking
accuracy but also of the forced oscillations in the closed-loop system. For the classes
of admissible regulators to be defined next, these cost functions do not depend on
initial conditions.

The object is to find, for suitable p, q ∈ Z, a regulator

ut = ϕt(yt, yt−1, . . . , yt−q, rt, rt−1, . . . , rt−p), (1.10)

which is

(i) stabilizing in the sense that any process (xt, ut) satisfying the closed-loop sys-
tem equations (1.1), (1.10) also satisfies the weak stability condition

1√
t
|xt| → 0 as t → ∞; (1.11)

(ii) optimal in the sense that the cost function (1.8) is minimized; and
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(iii) universal in the sense that it simultaneously solves the complete family of
optimization problems corresponding to different values of the complex vec-
tor amplitudes {w(j)}j∈Iw and {r(j)}j∈Ir and thus does not depend on these
amplitudes.

Such a regulator will be referred to as an optimal universal regulator (OUR), and
the class of regulators (1.10) satisfying conditions (i) and (ii) will be denoted N. The
stability condition (1.11) may at first sight seem somewhat unnatural, but, as we shall
see in Section 6, it is the natural mathematical condition defining the largest class N
for which statements of necessity and sufficiency can be made.

Removing the last term of (1.8) related to tracking we obtain some special cases
of this problem which were studied in [21] and in [22] for the cases of complete and
incomplete state information respectively.

In this paper we show that, under suitable technical conditions and provided � ≤ m,
the problem stated above has a solution in N, and this solution happens to be a linear
stabilizing regulator of type

M(σ)ut = N(σ)yt + L(σ)rt, (1.12)

where σ is the backward shift σyt = yt+1 and M(λ), N(λ) and L(λ) are real matrix
polynomials, of dimensions k × k, k × m and k × µ respectively, with the property
that detM(λ) �≡ 0 and M−1N and M−1L are proper rational functions so that the
regulator is nonanticipatory in the sense that ut does not depend on future values
of yt and rt, in harmony with (1.10). We shall denote by L the subclass of such
linear regulators. Existence of an OUR in the subclass L itself can be established
under somewhat milder technical conditions. The dimensionality condition � ≤ m
is important. As in [22], it can be shown that if it fails then the existence of an
optimal universal regulator becomes a nongeneric property. It means that no optimal
universal regulator exists from a practical point of view if � > m.

The cost function (1.7) would of course be minimized if we could control (1.1a) so
that

|zt − rt| → 0 as t → ∞. (1.13)

In fact, it would be zero. Therefore, asymptotic tracking appears as a special case
in our analysis. This problem has been studied intensely in the literature at least
in the continuous-time case; see, e.g., [1, 4, 5, 6, 7, 8, 13, 16] and references therein.
The connection to this earlier work, developed in continuous time, is made evident by
noting that the disturbance and reference signals (1.5) can be modeled as the output
of a critically stable system

st+1 = Fst[
wt

rt

]
= Gst

with F having all its eigenvalues on the unit circle.
Therefore, we begin by developing our optimization procedure in this well-known

setting of asymptotic tracking, thereby obtaining alternative formulations in the
discrete-time case. Using a very short and simple proof, we are able to give a complete
solution to the problem of finding all universal tracking regulators, i.e., all regulators
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which achieve asymptotic tracking (1.13) for all values of the complex vector ampli-
tudes {w(j)}j∈Iw and {r(j)}j∈Ir , and which do not not depend on these amplitudes.
This will be done in Section 4. As a preliminary for this, and to set up notations,
in Section 3 we first consider an undisturbed system (wt ≡ 0), and we characterize
all regulators (1.12) achieving the design objective (1.13) for all reference signals rt,
not only harmonic ones, and all initial conditions; we shall refer to this property as
T-universal. The solution of this problem is certainly known, but we include it for
conceptual reasons.

However, if µ > k, i.e., the dimension of rt is larger than the number of outputs
available for feedback, no universal tracking regulator exists, so a nonzero tracking
error remains. To damp this error we turn to our main problem, namely to charac-
terize all optimal universal regulators, as defined above. Also, we may want to use
a criterion (1.8) even if asymptotic tracing is possible, if it is desirable to damp the
control energy and/or some particular internal system variables. This is the topic of
Section 5, where optimality in the linear class L is studied. In Section 6 we show that
these linear universal regulators are optimal also in the wider class of nonlinear reg-
ulators satisfying (1.11), provided slightly stronger technical conditions are satisfied.
The complete solution is given. We note that a similar but different optimization
problem, over a finite horizon, is considered in [26].

Obviously there is no a priori guarantee that a regulator which minimizes (1.8)
will also satisfy other design specifications, and hence we look for complete solutions
with many free parameters which then can be tuned by loop shaping. In fact, all our
results are based on a parameterization derived in Section 2, which is akin to that of
Youla and Kučera and which generalizes some parameterizations previously presented
in [21, 22].

Finally, in Section 7, we give some simple numerical examples.

2. Linear stabilizing and realizable regulators

In order to design universal regulators we need a parameterization of all linear regu-
lators

M(σ)ut = N(σ)yt + L(σ)rt (2.1)

which stabilize the control system (1.1) and which are realizable in a sense to be
defined shortly. As before, σ is the backward shift σyt = yt+1, and M(λ), N(λ) and
L(λ) are real matrix polynomials of dimensions k × k, k × m and k × µ respectively.

Let us consider a bit closer the meaning of (2.1) being stabilizing. To this end,
note that the transfer functions Ψx, Ψu, Ψy from Ewt to xt, ut and yt respectively in
the closed-loop system (1.1), (2.1) satisfy

(λIn − A)Ψx = BΨu + In (2.2a)

M(λ)Ψu = N(λ)Ψy (2.2b)

Ψy = CΨx (2.2c)

so, in particular,

Ξ(λ)

[
Ψx

Ψu

]
=

[
In
0

]
, (2.3)
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where Ξ(λ) is the (n + k) × (n + k) matrix polynomial

Ξ(λ) =

[
λIn − A −B
−N(λ)C M(λ)

]
. (2.4)

Similarly, the transfer functions Ψ̂x, Ψ̂u from rt to xt and ut respectively are given by

Ξ(λ)

[
Ψ̂x

Ψ̂u

]
=

[
0

L(λ)

]
, (2.5)

which together with (2.3) yields

Ψ :=

[
Ψx Ψ̂x

Ψu Ψ̂u

]
= Ξ(λ)−1

[
In 0
0 L(λ)

]
. (2.6)

We shall say that the regulator (2.1) is stabilizing if the matrix polynomial Ξ(λ) is
stable i.e., det Ξ(λ) �= 0 for |λ| ≥ 1.

Next we consider the condition that the regulator be realizable. Clearly (2.1) must
be nonanticipatory in the sense that ut does not depend on future values of yt and rt.
To insure this, we must assume that

M(λ)−1N(λ) and M(λ)−1L(λ) are proper, (2.7)

requiring in particular that detM(λ) �≡ 0.
Let us investigate what properties Ψ must have for (2.7) to be satisfied. To this

end, let us introduce the rational transfer functions

Wy(λ) = C(λIn − A)−1B, Wz(λ) = H(λIn − A)−1B + J (2.8)

from the control signal ut to the outputs yt and zt respectively. Then it is easy to see
that

Ψu = (M − NWy)
−1NC(λIn − A)−1, Ψ̂u = (M − NWy)

−1L (2.9)

and that

Ψx = (λIn − A)−1(BΨu + In), Ψ̂x = (λIn − A)−1BΨ̂u. (2.10)

Writing (2.9) in the alternative form

Ψu = (In − M−1NWy)
−1M−1NC(λIn − A)−1, Ψ̂u = (In − M−1NWy)

−1M−1L,

we see that (2.7) implies that Ψu is strictly proper and Ψ̂u is proper. In fact, M−1NWy

is strictly proper, making In−M−1NWy as well as its inverse proper. Then, it follows

from (2.10) that Ψx and Ψ̂x are strictly proper also. Consequently,

Ψ(∞) =

[
0 0

0 Ψ̂u(∞)

]
where Ψ̂u(∞) is finite (2.11)

so that xt and ut depend on ws for s < t only and on rs for s ≤ t only. We shall
say that the regulator (2.1) is realizable if condition (2.11) is satisfied. In the end of
this section we shall demonstrate that any stabilizing and realizable regulator satisfies
(2.7) so that the nonanticipatory property is implied (Corollary 2.3).

We say that two regulators

M1(σ)ut = N1(σ)yt + L1(σ)rt and M2(σ)ut = N2(σ)yt + L2(σ)rt
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are equivalent if there are stable k × k matrix polynomials Θ1 and Θ2 such that

[M2, N2, L2] = Θ2Θ
−1
1 [M1, N1, L1]. (2.12)

Hence we allow the systems matrices M,N,L to have stable common factors, as
coprimeness is not required. Clearly, as can be seen from (2.9) and (2.10), Ψx, Ψu,

Ψ̂x and Ψ̂u are invariant under this equivalence, and so are the regulator transfer
functions (2.7).

From now on, we assume that A is a stable matrix, i.e., det(λIn − A) �= 0 for all
|λ| ≥ 1. Since (A,B) is stabilizable and (C,A) is detectable, this is no restriction. In
fact, it is well-known that the system (1.1) can be replaced by a similar system having
a stable A-matrix but, in general, a larger dimension. (See any standard text, such
as [1, 18].) Only under special conditions [15], including the case of complete state
observation, is it possible to do this by constant feedback, but the system can always
be stabilized by a dynamic observer. Then, extending the state space by including
this observer, a system with stable A-matrix is obtained. For these reasons we shall
from now on, without loss of generality, assume that A in (1.1) is a stable matrix.

The following theorem, generalizing a similar result in [22], provides a parameter-
ization akin to the well-known Youla-Kučera parameterization. (We note that, if A
is not stable, also the latter parameterization requires an observer-based prestabiliza-
tion, increasing the dimension of the regulator; see, e.g., [32, p. 226].)

Theorem 2.1. Let A be a stable matrix with χ(λ) := det(λIn − A) being its charac-
teristic polynomial, and let G(λ) and Vy(λ) be the matrix polynomials

G(λ) = χ(λ)(λIn − A)−1, Vy(λ) = CG(λ)B. (2.13)

Moreover, let ρ(λ) be an arbitrary stable scalar polynomial and let R(λ) and L(λ) be
arbitrary matrix polynomials, of dimensions k × m and k × µ respectively, such that

deg(RCG) < deg ρ, deg L ≤ deg ρ. (2.14)

Then the regulator

M(σ)ut = N(σ)yt + L(σ)rt (2.15)

with

M(λ) = ρ(λ)Ik + R(λ)Vy(λ), N(λ) = χ(λ)R(λ), (2.16)

is stabilizing and realizable, and for this regulator

Ψu(λ) =
R(λ)

ρ(λ)
CG(λ), Ψ̂u(λ) =

L(λ)

ρ(λ)
(2.17)

and

det Ξ(λ) = χ(λ) [ρ(λ)]k (2.18)

where Ξ is given by (2.4). Conversely, any stabilizing and realizable regulator (2.15)
is equivalent to one constructed in this way.
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Before turning to the proof of this parameterization, let us briefly explain the nature
of relation (2.18). Although χ(λ) is a factor in det Ξ(λ) for the regulator defined via
(2.16), this is in general not the case for an arbitrary regulator belonging the same
equivalence class. In fact, while the closed-loop transfer function Ψ and the regulator
transfer functions M−1N and M−1L are invariant under the equivalence (2.12), Ξ is
not. Taking the Schur complement, it immediately follows from (2.4) that

det Ξ(λ) = det(λIn − A) det[M(λ) − N(λ)Wy(λ)], (2.19)

where Wy is given by (2.8). Since, in general, the second factor is not a polynomial, χ
is of course not a factor in det Ξ in general. Nevertheless, it will turn out to be useful
to represent each equivalence class by a regulator that has this property.

Proof of Theorem 2.1. In view of (2.16), we have

M(λ) − N(λ)Wy(λ) = ρ(λ)Ik, (2.20)

and consequently (2.17) follows from (2.9) and (2.18) follows from (2.19). By construc-
tion, therefore, Ξ(λ) is a stable matrix polynomial, establishing that the regulator is

stabilizing. Moreover, in view of (2.14), Ψu is strictly proper and Ψ̂u is proper, i.e.,

Ψu(∞) = 0 and Ψ̂u(∞) is finite. It then follows from (2.10) that Ψx and Ψ̂x are
strictly proper, and hence the regulator is realizable.

To prove the converse statement, suppose that [M0, N0, L0] is an arbitrary stabiliz-
ing and realizable regulator. Then (2.19) may be written

det Ξ(λ) = χ(λ)1−k detP (λ),

where P (λ) is the k × k matrix polynomial

P := χM0 − N0Vy = χ(M0 − N0Wy), (2.21)

which is stable and full rank, since detP = χk−1 det Ξ is stable and nontrivial. It
follows from (2.9) that

PΨu = N0CG, P Ψ̂u = χL0, (2.22)

where Ψu and Ψ̂u are the closed-loop transfer functions corresponding to the regulator
[M0, N0, L0]. Therefore, setting

ρ := detP, R := PaN0 = ρP−1N0 and L := χPaL0 = χρP−1L0,

where Pa := P−1 detP is the adjoint matrix polynomial of P , (2.22) shows that Ψu

and Ψ̂u are given by (2.17). Since [M0, N0, L0] is a realizable regulator, it follows from
(2.11) that the the degree conditions (2.14) hold. Consequently, defining M and N
via (2.16), it follows from the first part of the theorem that [M,N,L] is a stabilizing

and and realizable regulator with the same closed-loop transfer functions Ψu and Ψ̂u

as [M0, N0, L0]. It remains to show that [M,N,L] and [M0, N0, L0] are equivalent. To
this end, note that

N = χR = χρP−1N0.

Also it follows from (2.21) that

χρP−1M0 = ρIn + ρP−1N0Vy = ρIn + RVy = M.
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Consequently,
[M,N,L] = χρP−1[M0, N0, L0],

i.e., [M,N,L] and [M0, N0, L0] are equivalent as required.

If C = In so that yt = xt, the representation of stabilizing regulators can be
simplified considerably, since ρ and R can be chosen so that cancellations occur.
Since this formulation has a different form and, moreover, will be used later, we state
it as a corollary. Note that, in view of the converse statement, this corollary is strictly
speaking not a special case of Theorem 2.1. It is in fact a generalization of Lemma
4.3 in [21], but the proof here is new.

Corollary 2.2. Let A be a stable matrix, and suppose that C = In. Let ρ(λ) be an
arbitrary real scalar stable polynomial, and let R(λ) and L(λ) be arbitrary real matrix
polynomials, of dimensions k × n and k × µ respectively, such that

deg R < deg ρ deg L ≤ deg ρ. (2.23)

Then the regulator

M(σ)ut = N(σ)xt + L(σ)rt (2.24)

with

M(λ) = ρ(λ)Ik + R(λ)B, N(λ) = R(λ)(λIn − A) (2.25)

is stabilizing and realizable, and, for this regulator,

Ψu(λ) =
R(λ)

ρ(λ)
, Ψ̂u(λ) =

L(λ)

ρ(λ)
, (2.26)

and det Ξ satisfies (2.18). Conversely, any stabilizing and realizable regulator (2.24)
is equivalent to one constructed in this way.

Proof. Let the polynomials ρ and R be chosen as in the statement of the corollary,
and take ρ0(λ) := ρ(λ)χ(λ) and R0(λ) := R(λ)(λIn − A) to be the corresponding
polynomials in Theorem 2.1. Then, since C = In and (λIn − A)G(λ) = χ(λ)In, the
degree conditions (2.14) are satisfied for ρ0 and R0. Moreover, the corresponding
regulator polynomials matrices (2.16), which we denote M0 and N0, become M0 =
χM and N0 = χN , where M and N are given by (2.25). Then, setting L0 = χL,
the regulator [M0, N0, L0] is stabilizing and and realizable by Theorem 2.1. Thanks
to cancellation, therefore, [M,N,L] is a stabilizing and realizable regulator for the
problem of Corollary 2.2, as claimed.

Conversely, by Theorem 2.1, any stabilizing and realizable regulator (2.24) is equiv-
alent to some regulator [M,N,L] of the type described in Theorem 2.1, where we set
C = In everywhere. It remains to show that [M,N,L] is also a regulator of the

type described in the corollary. To this end, define R̂ := RG. This implies that
χR = R̂(λIn − A), and hence the equations of Theorem 2.1 become those of the

corollary with R replaced by R̂. Hence [M,N,L] is also a regulator in the sense of
the corollary.

In the beginning of this section we demonstrated that the realizability condition
(2.11) is a consequence of nonanticipatory condition (2.7). Next we show that the
converse is also true, provided C has full rank as assumed in (1.6).



     

10 A. LINDQUIST AND V. A. YAKUBOVICH

Corollary 2.3. Suppose that rank C = m. Then, for any stabilizing regulator (2.15),
the realizability condition (2.11) and the nonanticipatory condition (2.7) are equiva-
lent.

Proof. The proof is immediate in the special case C = In. In fact, for a regulator
(2.24) with M and N given by (2.25), condition (2.7) is a direct consequence of the
degree condition (2.23). For any other stabilizing regulator (2.24), it follows from the
definition of equivalence.

The general case follows from the fact that (2.15) is a subclass of (2.24). In fact,
writing (2.15) as

M(σ)ut = N(σ)Cxt + L(σ)rt,

it follows from what has already been proved that M−1NC is proper. Since C has full
rank, this implies that M−1N is proper. That M−1L is proper follows directly.

3. T-universal regulators

As a preliminary for the analysis in Sections 4 and 5, in this section we consider the
problem of controlling the undisturbed system

xt+1 = Axt + But (3.1a)

yt = Cxt (3.1b)

zt = Hxt + Jut (3.1c)

by feedback from the output yt so that it tracks a given reference signal rt in the sense
that

|zt − rt| → 0 as t → ∞. (3.2)

As explained in Section 2 it is no restriction to assume that A is stable if it is assumed
that (A,B) is stabilizable and (C,A) is detectable. The solution of this problem is
simple and certainly known, but we include it for completeness and for conceptual
reasons.

More precisely, we want to find a stabilizing and realizable regulator of the form

M(σ)ut = N(σ)yt + L(σ)rt (3.3)

which is universal for the asymptotic tracking problem in the sense that (3.2) holds
for all solutions of (3.1), (3.3) and all reference signals rt. More specifically we shall
refer to this property as T-universal.

Clearly, for (3.3) to be stabilizing and realizable, the matrix polynomials M(λ),
N(λ) and L(λ) must satisfy the specifications of Theorem 2.1. It remains to inves-
tigate under what conditions the tracking criterion (3.2) is satisfied and under what
conditions this regulator is T-universal.

We begin by deriving a necessary condition for T-universality. Consider a reference
signal of the type

rt = Re{r̃eiθt}, (3.4)

where r̃ ∈ Cµ and θ ∈ R are fixed but arbitrary. Then the closed-loop system (3.1),
(3.3) has solutions

xt = Re{x̃eiθt}, yt = Re{ỹeiθt}, zt = Re{z̃eiθt}, ut = Re{ũeiθt} (3.5)
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with

x̃ = Wx(λ)ũ, ỹ = Wy(λ)ũ, z̃ = Wz(λ)ũ, (3.6)

where λ = eiθ, Wx(λ) = (λIn−A)−1B, and Wy and Wz are defined by (2.8). Moreover,

ũ = Ψ̂u(λ)r̃. (3.7)

But the tracking condition (3.2) requires that

|zt − rt| = |Re{(z̃ − r̃)eiθt}| → 0 as t → ∞,

and, since θ is arbitrary, this implies that z̃ = r̃. Therefore, it follows from (3.5) and
(3.7) that

Wz(e
iθ)Ψ̂u(e

iθ)r̃ = r̃. (3.8)

Now, in order that the regulator (3.3) be T-universal, (3.8) must hold for all rt, that
is, for all r̃ and θ. Consequently, we must have

Wz(λ)Ψ̂u(λ) = Iµ (3.9)

on the unit circle and, by analytic continuation, in the rest of the complex plane.

Lemma 3.1. A stabilizing and realizable regulator (3.3) is T-universal if and only if
the identity (3.9) holds.

Proof. We have already proved that (3.9) is a necessary condition for (3.3) to be T-
universal, so it remains to prove that it is also sufficient. To this end, first assume
that there are positive numbers M,ρ0 such that |rt| ≤ Mρt

0 for all t. Then rt has a
Z-transform

r̃(λ) =
∞∑
t=0

rtλ
−t

which converges for |λ| > ρ0. It follows from (3.6) and (3.7) that Wz(λ)Ψ̂u(λ) is
the transfer function from rt to zt, and hence (3.1),(3.3) has a solution zt with a Z-

transform Wz(λ)Ψ̂u(λ)r̃(λ). But, if (3.9) holds, then z̃ = r̃ and hence |zt− rt| = 0 for
all t. Because of stability any other solution zt tends asymptotically to this solution,
and therefore (3.2) holds. If rt increases so fast that it does not have a Z-transform,
set rNt := rt for t = 0, 1, . . . , N and rNt := 0 for t > N , and let zNt be the corresponding
z-solution. Then it is easy to see that zNt = zt for t = 0, 1, . . . , N . Since N is arbitrary,
the conclusion follows.

As a corollary we see that Ψ̂u(∞) must be full rank, or else (3.9) will be violated.
This implies that there are no delays between rt and ut. Indeed, the condition (3.9)
for T-universality imposes some rather stringent conditions on the system (3.1). In

particular, since Wz is µ×k and Ψ̂u is k×µ, (3.9) implies that k ≥ µ, and J = Wz(∞)
must have full rank.

Theorem 3.2. Suppose that A is stable. Then there exists a T-universal regulator
for the tracking problem if and only if there is a proper rational k×µ matrix function
X(λ) with no poles in the region |λ| ≥ 1 which satisfies the equation

Wz(λ)X(λ) = Iµ, (3.10)
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which, in particular, implies that k := dimut ≥ µ := dim rt. In this case, let ρ be a
stable scalar polynomial such that

L(λ) = ρ(λ)X(λ) (3.11)

is a matrix polynomial, and let R(λ) be a k×m matrix polynomial satisfying the first
degree constraint (2.14). Then, the regulator (2.15), with M and N given by (2.16), is
a T-universal regulator for the tracking problem, and any other T-universal regulator
is equivalent to one obtained in this way.

Proof. First, suppose that there exists a T-universal regulator of the form (3.3). Then,
according to Lemma 3.1, there exists a solution X(λ) to (3.10) with the prescribed

properties, namely Ψ̂u(λ). In fact, in view of (2.9), (2.19) and the fact that Ξ(λ) is

stable, it follows that Ψ̂u(λ) has no poles in the region |λ| ≥ 1. Moreover, since the

regulator is realizable, Ψ̂u(λ) is proper.
Next, suppose that (3.10) has a solution X(λ) which is proper with no poles in the

region |λ| ≥ 1, and let ρ, R and L be defined as in the theorem. (Note that in order
to satisfy the first of degree conditions (2.14) we may need to choose ρ and L which
are not coprime.) Then, by Theorem 2.1, the regulator (2.15) with M,N given by
(2.16) is stabilizing and realizable and

Ψ̂u(λ) =
L(λ)

ρ(λ)
, (3.12)

i.e., in view of (3.11), Ψ̂u = X. Consequently, it follows from (3.10) and Lemma 3.1
that the regulator is T-universal.

It remains to prove the last statement of the theorem. To this end, suppose that
the regulator

M0(σ)ut = N0(σ)yt + L0(σ)rt (3.13)

is T-universal. Then, in particular, it is stabilizing and realizable, and thus, by
Theorem 2.1, there are some ρ, R and L with the properties specified in Theorem 2.1
such that the regulator (2.15) with M,N given by (2.16) is equivalent to (3.13). Now,

Ψ̂u is invariant under this equivalence. Therefore, since (3.9) holds for the regulator
(3.13) by Lemma 3.1, (3.9) also holds for (2.15). However, by Theorem 2.1, (3.12)

holds, and hence there is an X, namely Ψ̂u, satisfying (3.10) and (3.11).

In general, a solution to (3.10) cannot be expected to be unique, but if k = µ, only
one solution is possible, namely

X(λ) = W−1
z (λ),

and this would require that W−1
z (λ) is a stable, proper rational function, implying

that Wz must be minimum phase with no zeros at infinity. In particular, J := Wz(∞)
must be nonsingular.

Corollary 3.3. Suppose that A is stable and the transfer function Wz is square, i.e.,
k := dimut = µ := dim rt. Then there is a T-universal regulator for the tracking
problem if and only if W−1

z is proper with no poles in the region |λ| ≥ 1. In this case,
let ρ(λ) be a stable scalar polynomial such that ρ(λ)W−1

z (λ) is a matrix polynomial
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and R(λ) is a k×m matrix polynomial satisfying the degree requirement (2.14). Then,
if M and N are defined by (2.16) and L by

L(λ) = ρ(λ)W−1
z (λ) (3.14)

the regulator (2.15) is a T-universal regulator, and any other T-universal regulator is
equivalent to one obtained in this way.

A T-universal regulator exists only under rather special conditions. However, if
we restrict our attention to harmonic reference signals (1.4), these conditions can be
considerably relaxed, and we may also allow for external harmonic disturbances. This
is the topic of the next section.

4. Universal tracking regulators in harmonically disturbed systems

We now return to the situation described in Section 1, where the control system takes
the form (1.1) with a harmonic disturbance (1.2), and where there is a harmonic
reference signal (1.4). Although we may allow the index set Iw to be empty, for
tracking we must take Ir �= ∅.

The first question to be answered is when it is possible to find a regulator (1.12) in
L such that

|zt − rt| → 0 as t → ∞, (4.1)

which is universal in the sense that (4.1) holds for all values of {w(j)}j∈Iw and {r(j)}j∈Ir
and does not depend on these vector amplitudes. We shall refer to such a regulator
as a universal tracking regulator. For convenience, in the sequel we use the notation

λj := eiθj j = 1, 2, . . . , N. (4.2)

Theorem 4.1. Suppose that the matrix A is stable, and let G(λ) and Vy(λ) be the
matrix polynomials defined by (2.13). Moreover, let Wz(λ) be the µ×k matrix function
defined by (2.8) and F (λ) the m × � matrix polynomial

F (λ) := CG(λ)E = χ(λ)C(λIn − A)−1E. (4.3)

Then, for a universal tracking regulator to exist in L, it is necessary that the rank
condition

rank Wz(λj) = µ := dim rt for all j ∈ Ir (4.4)

holds, and it is sufficient that both rank conditions (4.4) and

rank F (λj) = � := dimwt for all j ∈ Iw (4.5)

hold. In particular, (4.4) requires that µ ≤ k := dimut, and (4.5) that � ≤ m :=
dim yt. More precisely, let ρ(λ) be an arbitrary stable scalar real polynomial, and let
R(λ) and L(λ) be matrix polynomials, of dimensions k × m and k × µ respectively,
satisfying the degree requirements (2.14) and the interpolation conditions

Wz(λj)R(λj)F (λj) = −ρ(λj)H(λjIn − A)−1E for j ∈ Iw (4.6a)

Wz(λj)L(λj) = ρ(λj)Iµ for j ∈ Ir. (4.6b)
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Then, if M and N are given by (2.16), the regulator (2.15) is a universal tracking reg-
ulator, and any other universal tracking regulator (2.15) is equivalent to one obtained
in this way.

Proof. Whenever a linear stabilizing regulator is applied to the system (1.1), the
process (xt, ut) tends exponentially to the harmonic steady-state solution

xt =
N∑
j=1

x(j)eiθjt, ut =
N∑
j=1

u(j)eiθjt, (4.7)

where

x(j) = Ψx(λj)Ew(j) + Ψ̂x(λj)r
(j) (4.8a)

u(j) = Ψu(λj)Ew(j) + Ψ̂u(λj)r
(j) (4.8b)

Ψx, Ψu, Ψ̂x and Ψ̂u being the closed-loop transfer functions defined in Section 2. In
fact, for any regulator in L, Ξ(λ), defined by (2.4), is a stable matrix polynomial. In
the same way, in view of (1.1c), zt tends exponentially to

zt =
N∑
j=1

z(j)eiθjt, z(j) = Wz(λj)u
(j) + H(λjIn − A)−1Ew(j). (4.9)

Now, the basic idea is that the tracking condition (4.1) is achieved precisely when
the cost function (1.7) is zero. It is easy to see that

Φ0 =
N∑
j=1

|z(j) − r(j)|2. (4.10)

To see this, observe that, if ft and gt are two harmonic vector sequences

ft =
N∑
j=1

f (j)eiθjt and gt =
N∑
j=1

g(j)eiθjt,

with {θj} distinct as in (1.3), and Q is an arbitrary matrix of appropriate dimensions,
then

lim sup
T→∞

1

T

T∑
t=1

f ∗
t Qgt = lim

T→∞

1

T

T∑
t=1

f ∗
t Qgt =

N∑
j=1

f (j)∗Qg(j). (4.11)

Moreover, in view of (4.8b) and (4.9),

z(j) − r(j) = [Wz(λj)Ψu(λj)E + H(λjIn − A)−1E]w(j) + [Wz(λj)Ψ̂u(λj) − Iµ]r
(j),

and consequently (4.10) equals zero for all values of {w(j)}j∈Iw and {r(j)}j∈Ir if and
only if

Wz(λj)Ψu(λj)E = −H(λjIn − A)−1E for j ∈ Iw (4.12a)

Wz(λj)Ψ̂u(λj) = Iµ for j ∈ Ir. (4.12b)

Theorem 2.1 states that the regulator (2.15) is stabilizing if M and N are defined by
(2.16) for some stable scalar real polynomial ρ(λ) and some real matrix polynomials
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R(λ) and L(λ) satisfying (2.14) and that any other stabilizing and realizable regulator
(2.15) is equivalent to one obtained in this way. Moreover,

Ψu(λ) =
R(λ)

ρ(λ)
CG(λ), Ψ̂u(λ) =

L(λ)

ρ(λ)
, (4.13)

which inserted into (4.12), yields precisely (4.6).
If the rank conditions (4.5) and (4.4) hold, the interpolation conditions (4.6) have

a solution, and the general solution is

R(λj) = Wz(λj)
∗[Wz(λj)Wz(λj)

∗]−1[−ρ(λj)H(λjIn − A)−1E]

× [F (λj)
∗F (λj]

−1F (λj)
∗ + R̃j for j ∈ Iw

L(λj) = ρ(λj)Wz(λj)
∗[Wz(λj)Wz(λj)

∗]−1 + L̃j for j ∈ Ir,

where, for j = 1, 2, . . . , N , R̃j and L̃j are arbitrary matrices such that Wz(λj)
∗R̃jF (λj) =

0 and Wz(λj)
∗L̃j = 0. Here the degree of the stable polynomial ρ is chosen sufficiently

high to satisfy the degree constraints (2.14). On the other hand, the rank condition
(4.4) is also necessary for the existence of a universal tracking regulator. In fact, since
ρ(λ) is stable, (4.12b) cannot hold if rank Wz(λj) < µ for some j = 1, 2, . . . , N .

Remark 4.2. The two rank conditions (4.5) and (4.4) in Theorem 4.1, which of
course can be stated in terms of zeros of certain transfer functions, have different
status. If (4.4) is violated, the interpolation condition (4.6b) cannot hold, so there
could be no universal tracking regulator. On the other hand, if (4.4) holds but (4.5)
does not, interpolation condition (4.6a) could still be valid, as the rank of the right
member could be less than �. However, this is a nongeneric situation, and hence
cannot be expected to occur in practice. In fact, if � > m and F (λj)F (λj)

∗ > 0, the
following equation must hold:

H(λjIn − A)−1E{I� − F (λj)
∗[F (λj)F (λj)

∗]−1F (λj)} = 0,

which will occur only on a lower-dimensional algebraic set in the parameter space.

Theorem 4.1 provides a complete solution of a problem studied in various degrees
of generality in [4, 5, 6, 7, 8, 13, 16] and of course consistent with the solutions
given there, although given in a different form and in continuous time. If wt ≡ 0,
rank condition (4.5) becomes void and only (4.4), a considerably weaker version of
condition (3.10) in Section 3, remains. Hence, for universal tracking regulators to
exist the condition µ ≤ k is necessary, and if there are external disturbances wt, in
practice, we must also have � ≤ m. Consequently, as also noted in [4, 7, 8, 13, 16],
asymptotic tracking is only possible under certain specific conditions.

Remark 4.3. (Internal Model Principle.) The situation most often studied in the
literature is when zt ≡ yt, i.e., H = C, J = 0 and µ = m, and when the regulator
(2.15) takes the form

ut = M(σ)−1N(σ)(yt − rt),

obtained by setting L(λ) = −N(λ). We assume that the rank conditions (4.4) and
(4.5) are satisfied so that � ≤ m ≤ k. For robustness it is desirable to include a model
of the disturbance dynamics in the regulator. This is the internal model principle.
Following [3], we replace the matrix fraction representation M−1N by the (reachable)
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matrix fraction representation PD−1 so that ND = MP . The harmonic dynamics
is then included in the regulator dynamics by setting D(λ) = φ(λ)D0(λ), where
φ(λ) := ΠN

j=0(λ − λj) and D0(λ) is a stable matrix polynomial. Then, by (2.16),

0 = N(λj)D(λj) = M(λj)P (λj) = [ρ(λj)Ik + R(λj)Vy(λj)]P (λj), j = 1, 2, . . . , N,

which, in view of the fact that Vy = χWz, yields

R(λj) = − ρ(λj)

χ(λj)
P (λj)[Wz(λj)P (λj)]

−1, j = 1, 2, . . . , N,

where we have assumed that WzP has no zeros in the points λ1, . . . , λN . (Otherwise
we include a simple feedback loop to move the zeros.) These R(λj) clearly satisfy the
interpolation conditions (4.6). In fact, since H = C, J = 0 and L(λ) = −N(λ), by
(2.16), these can be written

Wz(λj)R(λj)F (λj) = − ρ(λj)

χ(λj)
F (λj) for j ∈ Iw

Wz(λj)R(λj) = − ρ(λj)

χ(λj)
Iµ for j ∈ Ir.

Consequently we see that the internal-model-principle regulators form a subclass of
the ones considered above.

The rank condition (4.5) becomes void if rank C = n, which is equivalent to the
case with complete state information, i.e., the case when yt ≡ xt. Then the formulas
for the regulator also simplify considerably.

Theorem 4.4. Suppose that C = In so that yt ≡ xt. Moreover, suppose that A is
stable and that condition (1.6) holds. Then, there exists a universal tracking regulator
(2.24) in L if and only if the rank condition (4.4) holds. In fact, let ρ(λ) be a stable
scalar real polynomial, and let R(λ) and L(λ) be matrix polynomials satisfying the
degree constraints (2.23) and the interpolation conditions

Wz(λj)R(λj)E = −ρ(λj)H(λjIn − A)−1E for j ∈ Iw (4.14a)

Wz(λj)L(λj) = ρ(λj)Iµ for j ∈ Ir. (4.14b)

Then, if M and N are given by (2.25), the regulator (2.24) is a universal tracking
regulator, any other universal tracking regulator (2.24) is equivalent to one obtained
in this way.

Proof. The proof follows the same lines as that of Theorem 4.1, except that (2.26)
from Corollary 2.2 is used in lieu of (4.13). Since rank E = � ≤ n, (E∗E)−1 exists
and (4.14a) can be solved.

When µ > k, there are no universal tracking regulators, and in order to damp the
steady state tracking error we shall therefore next turn to an optimization procedure.
This is the topic of the next section.
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5. Linear-quadratic optimization for tracking and damping

We now return to the optimization problem stated in the introduction. In this section
we consider only linear regulators. Later, in Section 6, we demonstrate that under
slightly stronger technical conditions the optimal universal regulators presented here
are actually optimal in the much larger class N, which includes nonlinear regulators.

Let us recall that the problem under consideration is to control the disturbed system
(1.1) by feedback from the output yt so as to minimize the cost function

Φ = lim sup
T→∞

1

T

T∑
t=0

{Λ0(xt, ut) + |zt − rt|2}, (5.1)

where Λ0(x, u) is the quadratic form defined by (1.9). Hence we may not only want
to damp the tracking error, but also some internal systems variables. As before, both
the disturbance wt and the reference signal rt are harmonic and given by (1.5), where
only the frequencies are known. The optimization is performed over the class L of
stabilizing and realizable linear regulators (1.12). The problem under consideration is
(i) to find the conditions under which there are optimal regulators which are universal
in the sense that they are optimal for all choices of the amplitudes of (1.5) and
independent of these and (ii) to characterize the class of all such universal optimal
regulators.

To address this problem, let us first take a closer look at the cost function (5.1). A
straight-forward reformulation taking (1.1c) into consideration yields

Φ = lim sup
T→∞

1

T

T∑
t=0

{Λ(xt, ut) − r∗tHxt − x∗
tH

∗rt − r∗t Jut − u∗
tJ

∗rt + rt
∗rt} (5.2)

where Λ(x, u) is the real quadratic form

Λ(x, u) =

(
x
u

)∗ (
Q S
S∗ R

) (
x
u

)
(5.3)

with the real matrices Q, S and R given by

Q = Q0 + H∗H, S = S0 + H∗J, R = R0 + J∗J. (5.4)

The quadratic form (5.3) need not be nonnegative definite but must of course satisfy
some condition insuring that inf Φ �= −∞. As we shall see, a sufficient condition for
this is the strong frequency domain condition, i.e., that there is a δ > 0 such that

Λ(x̃, ũ) ≥ δ(|x̃|2 + |ũ|2) (5.5)

for all x̃ ∈ Cn, ũ ∈ Ck satisfying

λx̃ = Ax̃ + Bũ (5.6)

for all λ ∈ C such that |λ| = 1. It can be shown [21] that if this condition fails in
a strong way, i.e. there are x̃, ũ and λ, |λ| = 1, such that Λ(x̃, ũ) < 0, then there
is an external disturbance wt such that inf Φ = −∞. In this section, however, we
shall only need the weak frequency domain condition that (5.5) and (5.6) hold for
λ = λ1, λ2, . . . , λN , defined as in (4.2).
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Both of these conditions are invariant under the action of the feedback group

(A,B) → (TAT−1 + TBK, TB),

where T is a nonsingular matrix and K is an arbitrary matrix of appropriate dimen-
sions. Moreover, since A has no eigenvalues on the unit circle, the inverse

Aλ := (λIn − A)−1 (5.7)

exists for all λ on the unit circle, and hence x̃ = AλBũ so that Λ(x̃, ũ) = ũ∗Π(λ)ũ,
where Π(λ) is the Hermitian k × k matrix function

Π(λ) =

[
AλB
Ik

]∗ [
Q S
S∗ R

] [
AλB
Ik

]
(5.8)

In this notation the strong frequency domain condition may be written

Π(λ) > 0 for all λ on the unit circle (5.9)

and the weak one as

Π(λj) > 0 for j = 1, 2, . . . , N . (5.10)

We now state the main result of this section. It will be strengthened in Section 6,
where we show that, under mild technical conditions, the optimal universal regulator
in L is also optimal in the wider class N.

Theorem 5.1. Let G(λ), Vy(λ) and F (λ) be the matrix polynomials defined by (2.13)
and (4.3). Suppose that the matrix A is stable and that the weak frequency domain
condition (5.10) holds, and suppose that

rank F (λj) = � for all j ∈ Iw, (5.11)

i.e., in particular that m := dim yt ≥ � := dimwt. Then, there exists an optimal
regulator in L which is universal in the sense that it is optimal for all values of
{w(j)}j∈Iw and {r(j)}j∈Ir and does not depend on these vector amplitudes.

More precisely, let ρ(λ) be an arbitrary stable scalar real polynomial, and let R(λ)
and L(λ) be matrix polynomials, of dimensions k×m and k×µ respectively, satisfying
the degree requirements (2.14) and the interpolation conditions

R(λj)F (λj) = ρ(λj)U(λj) for j ∈ Iw (5.12a)

L(λj) = ρ(λj)Û(λj) for j ∈ Ir (5.12b)

with U and Û given by

U(λ) = −Π(λ)−1[QAλB + S]∗AλE, Û(λ) = Π(λ)−1Wz(λ)∗, (5.13)

where Wz(λ) := HAλB + J . Then the regulator (2.15) is an universal regulator,
which is optimal in L, provided M and N are given by (2.16), and any other universal
regulator (2.15), which is optimal in L, is equivalent to one obtained in this way.



     

UNIVERSAL REGULATORS FOR OPTIMAL TRACKING 19

Since, by assumption, F (λj)
∗F (λj) is nonsingular for j ∈ Iw, (5.12a) has the solu-

tion

R(λj) = ρ(λj)U(λj)[F (λj)
∗F (λj)]

−1F (λj)
∗ + R̃j, R̃jF (λj) = 0 (5.14)

for j ∈ Iw, and these are precisely all solutions of (5.12a). Clearly, there are al-
ways matrix polynomials R(λ) and L(λ) satisfying (5.14), (5.12b) and the degree
constraints (2.14), provided the degree of the stable scalar polynomial ρ(λ) is chosen
sufficiently large.

Remark 5.2. If m < �, there exist optimal regulators, but, as explained in Re-
mark 4.2, universality is not a generic property, and therefore, for all practical pur-
poses, there are no optimal universal regulators if m < �.

Remark 5.3. Before proceeding to the proof of Theorem 5.1, let us make certain
that it is consistent with the results of Section 4. To this end, let us consider a cost
function (1.7), i.e., suppose that Λ0 = 0. Then

Π(λ) = Wz(λ)∗Wz(λ),

where the µ × k matrix function Wz is given by (2.8). If µ < k, the weak frequency
domain condition cannot hold, so Theorem 5.1 does not apply. Instead, Theorem 4.1
should be used. If µ = k, the weak frequency domain condition is a consequence of
condition (4.4), and it is easy to check that the optimal cost will be zero, as required
by Theorem 4.1. Moreover, interpolation conditions (5.12) and (4.6) are identical.
Finally, if µ > k, no universal tracking regulator is exists by Theorem 4.1, and the
optimal cost will be nonzero in general.

Remark 5.4. (Generalized Internal Model Principle.) As in Remark 4.3, let us con-
sider the case when zt ≡ yt, so that H = C, J = 0, µ = m and Vy = χWz, and
L(λ) = −N(λ) in the regulator (2.15). For simplicity, also assume that Ir = Iw. If
Λ0 = 0 and m = µ ≥ k and m ≥ �, the interpolation conditions (5.12) can be written

R(λj)F (λj) = − ρ(λj)

χ(λj)
[Wz(λj)

∗Wz(λj)]
−1Wz(λj)

∗F (λj)

R(λj) = − ρ(λj)

χ(λj)
[Wz(λj)

∗Wz(λj)]
−1Wz(λj)

∗

for j = 1, 2, . . . , N , as can be seen from (2.16), (5.13) and the fact that Q = C∗C,
S = 0 and R = 0. All of these interpolation conditions are satisfied if the second set
is, and in this case (2.16) implies that

M(λj) = 0 j = 1, 2, . . . , N,

which could be interpreted as a generalized internal model principle for the the opti-
mization problem.

The basic idea behind the proof of Theorem 5.1 is, as for Theorem 4.1, that,
whenever a linear stabilizing regulator is applied to the system (1.1), the process
(xt, ut) tends exponentially to the harmonic steady-state solution (4.7). Therefore,
the cost function (5.1) depends only on the harmonic component (4.7) of (xt, ut). In
fact, we have the following lemma. The proof follows from a simple completion-of-
squares argument and is deferred to Appendix A.
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Lemma 5.5. Let (xt, ut) be any solution to the closed loop system (1.1), (1.12), where
(1.12) is a stabilizing and realizable regulator, and suppose that the weak frequency
domain condition (5.10) holds. Then the cost function (5.1) exists as a usual limit,
and it takes the value

Φ =
N∑
j=0

{(u(j) − u
(j)
opt)

∗Π(λj)(u
(j) − u

(j)
opt)} + Φmin, (5.15)

where, for j = 1, 2, . . . , N ,

u
(j)
opt = U(λj)w

(j) + Û(λj)r
(j) (5.16)

with U and Û given by (5.13) and Φmin by

Φmin =
N∑
j=1

Φ
(j)
min, Φ

(j)
min = qj − u

(j)
opt

∗Π(λj)u
(j)
opt, (5.17)

where

qj = [Aλj
Ew(j)]∗(Q − H∗H)[Aλj

Ew(j)]

+ [HAλj
Ew(j) − r(j)]∗[HAλj

Ew(j) − r(j)]. (5.18)

In the expression (5.15) for the cost function Φ, only u(1), u(2), . . . , u(N) depend on
the regulator to be chosen. They are defined by (4.8b), i.e.,

u(j) = Ψu(λj)Ew(j) + Ψ̂u(λj)r
(j). (5.19)

Recall that we consider the class W of external disturbances with arbitrary w(j) for
j ∈ Iw and w(j) = 0 for j ∈ Īw = {1, 2, . . . , N}\Iw and the class R of reference signals
with r(j) for j ∈ Ir and r(j) = 0 for j ∈ Īr = {1, 2, . . . , N} \ Ir.

Consequently, if we could find a stabilizing and realizable regulator (1.12) such that
u(1), u(2), . . . , u(N) satisfy the optimality conditions

u(j) = u
(j)
opt, j = 1, 2, . . . , N, (5.20)

which, in view of (5.19), is the same as

U(λj)w
(j) + Û(λj)ŵ

(j) = Ψu(λj)Ew(j) + Ψ̂u(λj)r
(j), (5.21)

then this regulator would be optimal. If, in addition, this regulator does not depend
on the amplitudes w(1), w(2), . . . , w(N) and r(1), r(2), . . . , r(N) and the conditions (5.21)
hold for all {w(j)}Iw and {r(j)}Ir , i.e., all disturbances in W and all reference signals
in R, then this optimal regulator is also universal. This condition holds if and only
if

Ψu(λj)E = U(λj) for j ∈ Iw (5.22a)

Ψ̂u(λj) = Û(λj) for j ∈ Ir. (5.22b)
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Proof of Theorem 5.1. Theorem 2.1 states that the regulator (2.15) is stabilizing if M
and N are defined by (2.16) for some stable scalar real polynomial ρ(λ) and some real
matrix polynomial R(λ) satisfying (2.14) and that any other stabilizing and realizable
regulator (2.15) is equivalent to one obtained in this way. Moreover,

Ψu(λ) =
R(λ)

ρ(λ)
CG(λ), Ψ̂u(λ) =

L(λ)

ρ(λ)
. (5.23)

We have demonstrated above that (5.22) is a necessary condition for the regulator
(2.15) to be an optimal universal regulator, and inserting (5.23) into (5.22) yield
precisely (5.12). Clearly, as we have already discussed, there are always matrix poly-
nomials R(λ) and L(λ) satisfying these conditions and the degree constraints (2.14)
provided the degree of the stable scalar polynomial ρ(λ) is chosen sufficiently large,
and provided condition (5.11) is satisfied.

It remains to prove the converse statement. For any optimal universal regulator
[M̂, N̂ , L̂], the value Φ of the cost function (5.1) equals Φmin, defined by (5.17). It
follows from (5.15) and the fact that Π(λj) > 0, for j = 1, 2, . . . , N , that (5.20) holds
for all {w(j)}j∈Iw , and {r(j)}j∈Ir . Therefore (5.22) follows from (5.21). By Theorem

2.1, the regulator [M̂, N̂ , L̂] is equivalent to (2.15) with M,N given by (2.16) for some
ρ,R, L satisfying the requirements of Theorem 5.1. This regulator is also optimal since
equivalent regulators have the same cost Φ. It is also universal because [M,N,L] does
not depend on {w(j)}j∈Iw and {r(j)}j∈Ir .
Corollary 5.6. The optimal value of the cost function (5.1) in the class L is Φmin,
defined by (5.17) and (5.16).

Note that, although an optimal universal regulator will not depend on {w(j)}j∈Iw
and {r(j)}j∈Ir , the cost function (5.17) will.

In the special case of complete state information, i.e., yt ≡ xt, condition (5.11) is
always satisfied. In view of Corollary 2.2, Theorem 5.1 can be considerably simplified
in this case, so we state it separately. The proof is the same as for Theorem 5.1,
except that we now use the equations of Corollary 2.2.

Theorem 5.7. Suppose that C = In so that yt ≡ xt. Moreover, suppose that A is
stable and that condition (1.6) holds. Then, if the weak frequency domain condition
(5.10) holds, there exists a universal regulator (2.24), which is optimal in L. In fact,
let ρ(λ) be a stable scalar real polynomial, and let R(λ) and L(λ) be matrix polynomials
satisfying the degree constraints (2.23) and the interpolation conditions

R(λj)E = ρ(λj)U(λj) for j ∈ Iw (5.24a)

L(λj) = ρ(λj)Û(λj) for j ∈ Ir, (5.24b)

where U and Û are defined as in (5.13). Then, if M and N are given by (2.25), the
regulator (2.24) is a universal regulator, which is optimal in L. Conversely, any other
universal regulator (2.24), which is optimal in L, is equivalent to one obtained in this
way. Finally, the optimal value of the cost function (5.1) is given by (5.17).

Since, by assumption, E∗E is a nonsingular matrix of dimension �× �, (5.24a) has
the solution

R(λj) = ρ(λj)U(λj)(E
∗E)−1E∗ + R̃j, R̃jE = 0 (5.25)
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for j ∈ Iw. There are always matrix polynomials R(λ) and L(λ) satisfying (5.25),
(5.24b) and the degree constraints (2.23) provided the degree of the stable scalar
polynomial ρ(λ) is chosen sufficiently large.

6. Optimality in the class of nonlinear regulators

In this section we show that the universal optimal linear regulators described in
Theorems 5.1 and 5.7 are actually optimal in a wide class of nonlinear regulators. We
now define this class.

Given the control system (1.1), consider the class N of nonlinear regulators

ut = ϕt(yt, yt−1, . . . , yt−q, rt, rt−1, . . . , rt−p), (6.1)

which are stabilizing in the sense that any solution (xt, ut) of the closed loop system
consisting of (1.1) and (6.1) satisfies the condition

1√
t
|xt| → 0 as t → ∞. (6.2)

This stability condition is quite weak but will suffice for our purposes. Of course, a
weaker condition has the advantage of allowing for a larger class of controls.

We consider the same problem as in Section 5, except that we now optimize over all
regulators in N. Clearly, N ⊃ L. The only price we have to pay for this generalization
is that the weak frequency domain condition needs to be replaced by the strong one.

Theorem 6.1. Let A be stable, and suppose that the rank condition (5.11) holds.
Then, if the strong frequency domain condition (5.9) holds, the linear optimal univer-
sal regulators of Theorem 5.1 are optimal in the class N.

It turns out that Theorem 6.1 is a simple consequence of the corresponding result for
complete state information. In fact, the class of stabilizing and realizable regulators

M(σ)ut = N(σ)yt + L(σ)rt with yt = Cxt

is a subclass of the class of stabilizing and realizable regulators

M(σ)ut = N(σ)xt + L(σ)rt

in that only a special structure of N is required. But, as seen in Section 5, an optimal
universal regulator in the former class is optimal also in the latter, since the same
optimal value Φmin is achieved (Corollary 5.6 and Theorem 5.7). (The only difference
between the cases of complete and incomplete state information is that a higher degree
regulator may be required in the latter case to achieve the optimum.) Consequently,
if we can prove the following theorem, we have also proved Theorem 6.1.

Theorem 6.2. Let A be stable, and suppose that C = In and that rank E = �. Then,
if the strong frequency domain condition (5.9) holds, the linear optimal universal
regulators of Theorem 5.7 are optimal in the class N.

In order to prove this theorem we consider an optimization problem which unlike
that in Section 5 does not require that a linear regulator has been applied. More
precisely, let us first consider the problem of finding a process {(xt, ut)}t∈Z+ which
minimizes the cost function (1.8), subject to the constraints (6.2) and

xt+1 = Axt + But + vt, x0 = a, (6.3)
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where now {rt}t∈Z+ and {vt}t∈Z+ are arbitrary bounded and complex-valued vector
sequences.

It is well-known (see, e.g., [29, 25, 24, 20, 21]) that, if the strong frequency domain
condition (5.9) holds and (A,B) is stabilizable, then the algebraic Riccati equation

P = A∗PA − (A∗PB + S)(B∗PB + R)−1(A∗PB + S)∗ + Q, (6.4)

has a unique symmetric solution P which renders the feedback matrix

Γ = A + BK where K = −(B∗PB + R)−1(A∗PB + S)∗ (6.5)

stable in the sense that all eigenvalues of Γ lie strictly inside the unit circle. We shall
refer to this solution as the stabilizing solution of (6.4). For this solution we also have
that

R̂ = B∗PB + R (6.6)

is positive definite.1

Then we have the following result, which should be compared to Theorem 2.3 in
[21], and the proof of which we defer to Appendix B.

Lemma 6.3. Let (A,B) be stabilizable and suppose that the strong frequency domain
condition (5.9) holds so that (6.4) has a stabilizing solution P . Moreover, let

πt = −R̂−1(B∗pt+1 + B∗Pvt − J∗rt), (6.7)

where

pt =
∞∑
k=t

(Γ∗)k−t+1Pvk −
∞∑
k=t

(Γ∗)k−t(H + JK)∗rk. (6.8)

Then the problem to minimize the cost function (1.8) subject to constraints (6.2) and
(6.3) is solved by a process (xt, ut) such that

ut = Kxt + πt + εt, (6.9)

where K is given by (6.5) and {εt}t∈Z+ is any vector sequence such that

lim sup
T→∞

1

T

T∑
t=0

|εt|2 = 0. (6.10)

The optimal value of the cost function is

Φmin = lim sup
T→∞

1

T
(−qT+1) , (6.11)

where

qt+1 = qt − v∗
t Pvt − p∗t+1vt − v∗

t pt+1 + π∗
t R̂πt + r∗t rt, q0 = 0. (6.12)

If the limit limT→∞
1
T
qT+1 exists, any optimal process (xt, ut) is produced in this way.

1Note that there is a misprint on page 788 in [21]: In Theorem 2.1, replace ‘statements hold’ for
‘statements are equivalent’.
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Note that the control (6.9) cannot in general be used in practice, since it depends
on future values of vk and rk. Even in the harmonic case when this dependence can be
resolved, this control law has serious disadvantages [21, Section III]. It is developed
here as an instrument of proof.

Next, let us return to our original problem and take vt := Ewt and rt to be har-
monic, given by (1.5). Then a simple calculation, using (6.7) and (6.8), yields the
representation

πt =
N∑
j=1

π(j)eiθjt with π(j) = Πjw
(j) + Π̂jr

(j), (6.13)

where

Πj = −R̂−1B∗(I − λjΓ
∗)−1PE,

Π̂j = −R̂−1[J∗ + λjB
∗(I − λjΓ

∗)−1(H + JK)∗].

We are now in a position to prove Theorem 6.1.

Proof of Theorem 6.1. Clearly, for any regulators in N, (6.11) is a lower bound for
the cost Φ. Therefore, if we can demonstrate that there is a regulator in L which
achieves the same value (6.11) of the cost Φ, this regulator must be optimal also in
N, and so must all regulators which are optimal in L.

To this end, let us introduce a new control ût so that

ut = Kxt + ût, (6.14)

transforming the system (1.1a) to

xt+1 = Γxt + Bût + Ewt. (6.15)

We want to find a stabilizing and realizable regulator

M(σ)ût = N(σ)xt + L(σ)rt (6.16)

so that the closed loop system (6.14), (6.15), (6.16) has a solution (xt, ut) satisfying
(6.9) for some εt with the property (6.10). Then, by Lemma 6.3, the regulator (6.14),
(6.16), i.e.,

M(σ)ut = [N(σ) + M(σ)K]xt + L(σ)rt, (6.17)

is optimal in N. Therefore, the optimal linear regulators of Theorem 2.1 must be
optimal also in N.

Since (6.16) is stabilizing, the solution (xt, ût) of the closed-loop system (6.15),
(6.16) tends exponentially to a harmonic solution

x0
t =

N∑
j=1

x(j)eiθjt, û0
t =

N∑
j=1

û(j)eiθjt,

which of course yields the same value to Φ as (xt, ut). Now, if we can choose M,N,L
so that

û(j) = π(j) for j = 1, 2, . . . , N, (6.18)
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and hence û0
t ≡ πt, then εt := ût−πt has the the property (6.10), and (6.14) becomes

(6.9) as required.
To show that there are M,N,L such that (6.18) holds, we first apply Corollary

2.2 to the system (6.15), where Γ takes the place of A and ût that of ut. In fact, by
Corollary 2.2, there is a stable scalar polynomial ρ and matrix polynomials R,L such
that deg R < deg ρ and deg L ≤ deg ρ so that M,N are given by

M(λ) = ρ(λ)Ik + R(λ)B and N(λ) = R(λ)(λIn − Γ)

and

Ψû(λ) =
R(λ)

ρ(λ)
, Ψ̂û(λ) =

L(λ)

ρ(λ)
.

But ût tends exponentially to the harmonic solution û0
t . Since therefore

û0
t =

N∑
j=1

[
R(λj)

ρ(λj)
Ew(j) +

L(λj)

ρ(λj)
r(j)

]
eiθjt

and πt is given by (6.13), the optimality condition (6.18) will be satisfied for all
{w(j)}j∈Iw and {r(j)}j∈Ir if

R(λj)E = ρ(λj)Πj, j ∈ Iw
L(λj) = ρ(λj)Π̂j, j ∈ Ir

Since E is full rank, in view of the discussion in Section 5 ρ,R, L can be chosen to
satisfy these interpolation conditions.

7. Some simple numerical examples

To illustrate the results of this paper, let us consider the system{
yt+2 + ayt+1 + byt = ut + wt

zt = yt+1 + cut

(7.1)

where ut is the control, yt and zt are outputs, and the characteristic polynomial

χ(λ) = λ2 + aλ + b

is stable with b �= 0. Defining the state

xt =

[
yt+1

yt

]
,

the plant equations (7.1) can be written in the state space form (1.1), where

A =

[
−a −b
1 0

]
, B =

[
1
0

]
, E =

[
1
0

]
,

so that χ is the characteristic polynomial of A, and

C =
[
0 1

]
, H =

[
1 0

]
, J = c.

The matrix polynomials (2.13) are

G(λ) =

[
λ −b
1 λ + a

]
and Vy(λ) = 1.
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Let us first take wt ≡ 0 and consider the problem to find a T-universal regulator

M(σ)ut = N(σ)yt + L(σ)rt (7.2)

so that zt tends asymptotically to rt. By Corollary 3.3, a T-universal regulator exists
if and only if

c �= 0 and ψ stable, (7.3)

where

ψ(λ) := cλ2 + (ac + 1)λ + bc.

In fact, Wz(λ) = ψ(λ)/χ(λ). In this case, (7.2) is a T-universal regulator if and only
if

M = ρ0ψ + R, N = χR, L = ρ0χ (7.4)

for some polynomials ρ0 and R such that ρ0 is stable and deg R < deg ρ0 + 1 or is
equivalent to one obtained in this way. This corresponds to the choice ρ = ρ0ψ. Of
course asymptotic tracking is achieved for all choices of reference signal rt.

If, instead, we consider a reference signal

rt = α1 cos(θ1t + ϕ1) + α2 cos(θ2t + ϕ2), (7.5)

where the frequencies θ1, θ2 are given, but the amplitudes α1, α2 and the phases ϕ1, ϕ2

are unknown, the class of regulators (7.2) which achieve asymptotic tracking is much
larger, and condition (7.3) need not be satisfied but can be exchanged for

ψ(eiθj) �= 0 for j = 1, 2. (7.6)

In fact, by Theorem 4.1, in this case we may choose any stabilizing regulator

[ρ(σ) + R(σ)]ut = χ(σ)R(σ)yt + L(σ)rt, (7.7)

provided ρ is stable and the degree constraint (2.14) and the interpolation conditions

L(eiθj) = ρ(eiθj)χ(eiθj)/ψ(eiθj) for j = 1, 2

are satisfied. The same regulator is obtained by applying Theorem 5.1, now observing
that (7.6) is the weak frequency domain condition; see Remark 5.3. This allows for
more tuning parameters to satisfy other design specifications. Of course, if condition
(7.3) is fulfilled, the T-universal regulator can still be used.

As a numerical example, suppose that a = 0.4, b = 0.7 and c = 1, and let θ1 = 1.0
and θ2 = 0.5. Then condition (7.3) is satisfied, so a T-universal regulator exists. Such
a regulator is obtained by, for example, setting ρ0 = 1 and R = 0 in (7.4). If α1 = 2
and α2 = 1 and the initial conditions are y0 = y1 = 1, this yields the error depicted
in Figure 6.1. The dashed line in the same figure is the tracking error obtained by
setting ut ≡ 0.

Next, let us take c = 0.75, while a and b remain the same. Then ψ becomes unstable,
so a T-universal regulator fails to exist. Although condition (7.3) fails, we could still
obtain asymptotic tracking by using a universal tracking regulator, constructed as in
Theorem 4.1, provided condition (7.6) holds, and we shall present a simulation for
this case in the end of the section.
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Figure 6.1

We now add an harmonic disturbance

wt = α3 cos(θ3t + ϕ3) + α4 cos(θ4t + ϕ4) (7.8)

in the system (7.1), where θ3, θ4 are given, but α3, α4 and ϕ3, ϕ4 are unknown. Suppose
we want determine a optimal universal regulator for the cost function

Φ = lim sup
T→∞

1

T

T∑
t=0

{|zt − rt|2 + βu2
t}, β ≥ 0. (7.9)

Since the matrices Q, S and R in (5.4) become

Q =

[
1 0
0 0

]
, S =

[
c
0

]
, R = β + c2,

a simple calculation yields

Π(λ) =

∣∣∣∣ψ(λ)

χ(λ)

∣∣∣∣
2

+ β

for (5.8), and therefore the strong frequency domain condition (5.9) is always satisfied
if β > 0, so any optimal universal regulator (7.2) is optimal in the larger class N of
possibly nonlinear regulators described in Section 6. If β = 0, the strong frequency
domain condition will fail if and only if the polynomial ψ has a root on the unit circle,
while the weak frequency condition (5.10) will still hold provided we avoid choosing
any of the frequencies in (7.5) and (7.8) so that eiθ1 , eiθ2 , eiθ3 or eiθ4 is such a root.

Next, let us consider the interpolation condition (5.12). Clearly, F (λ) defined by
(4.3), is identically one, and a straight-forward calculation yields

U(λ) = − 1 + cλχ(λ−1)

|ψ(λ)|2 + β|χ(λ)|2 , Û(λ) =
ψ(λ−1)χ(λ)

|ψ(λ)|2 + β|χ(λ)|2

for any λ on the unit circle. In order to construct an optimal universal regulator we
need to choose a stable polynomial

ρ(λ) = λ5 + ρ1λ
4 + ρ2λ

3 + ρ3λ
2 + ρ4λ + ρ5,
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of degree at least five. The parameters ρ1, ρ2, ρ3, ρ4, ρ5 as well as β will be available
for tuning in order to improve the overall design. Then, defining the real numbers
u1, v1, u2, v2, u3, v3, u4, v4 via

ρ(eiθj)U(eiθj) = uj + ivj for j = 1, 2

ρ(eiθj)Û(eiθj) = uj + ivj for j = 3, 4,

it is easily seen that the polynomials

R(λ) = R1λ
3 + R2λ

2 + R3λ + R4

L(λ) = L1λ
3 + L2λ

2 + L3λ + L4

will satisfy the interpolation conditions (5.12a) if and only if its coefficients satisfy
the linear system of equations


cos 3θ1 cos 2θ1 cos θ1 1
sin 3θ1 sin 2θ1 sin θ1 0
cos 3θ2 cos 2θ2 cos θ2 1
sin 3θ2 sin 2θ2 sin θ2 0






R1 L1

R2 L2

R3 L3

R4 L4


 =



u1 u3

v1 v3

u2 u4

v2 v4


 .

Consequently, by Theorem 5.1, (7.7) is an optimal universal regulator if R(λ) and
L(λ) are determined in this way.

For an example, take as before a = 0.4, b = 0.7, and c = 0.75. Moreover, we
choose a disturbance (7.8) with frequencies θ3 = 0.5 and θ4 = 0.3, while the harmonic
reference signal (7.5) has the same frequencies θ1 = 1.0, θ2 = 0.5 as in the first
simulation. In Figure 6.2 we illustrate the tracking error of the optimal universal
regulator corresponding to a polynomial ρ with roots 0.3 ± 0.3i, 0.3 ± 0.2i, 0.5 and
β = 0.75. The amplitudes in (7.5) and (7.8) have been taken to be α1 = 2, α2 = α3 = 1
and α4 = 4, and the initial conditions are y0 = y1 = 1. As before, the dashed line
is the tracking error obtained by setting ut ≡ 0. Remember that, since β �= 0,
the control energy is also damped, so there is a certain trade off here. We remark
that it is important to tune the free parameters to obtain good properties of the
regulator. In particular, the transients, which do not affect the cost function, can
change dramatically with different choices of free parameters.
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Now, setting c = 0 and α3 = α4 = β = 0 instead, while keeping all the other
parameters the same, we obtain the errors in Figure 6.3. As seen, the error goes
asymptotically to zero, despite the fact that condition (7.3) is not fulfilled so that
a T-universal regulator does not exist. In fact, by Theorem 4.1, this is a universal
tracking regulator, which exists since ψ(λ) = λ �= 0 on the unit circle. In order to
speed up the convergence, the roots of ρ have been reset at 0.7 ± 0.1i, 0.3 ± 0.2i and
0.8. Since now we do not have the disturbance frequencies θ3 = 0.5 and θ4 = 0.3, we
could choose another R(λ) to possibly get a universal tracking regulator with a better
transient.
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Figure 6.3

8. Conclusions

In this paper we have given complete characterizations of regulators which satisfy
certain tracking specifications and which are universal in the sense that they are
independent of disturbances and tracking signals and apply regardless of the values
of these.

As a preliminary, we considered a problem of asymptotic tracking of an arbitrary
signal rt, and we characterized all regulators which are universal with respect to the
choice of rt. We showed that such universal regulators exist only under very special
conditions. These condition can be considerably relaxed if the reference signal is
exchanged for a harmonic signal with known frequencies but unknown amplitudes
and phases, and we want the regulator to be universal in the sense that it achieves
asymptotic tracking for all choices of amplitudes and phases. Then, if the dimension
µ of the reference signal is no larger than the dimension k of the control, such a
regulator exist under mild conditions. This is in harmony with other results in the
literature [4, 5, 6, 7, 8, 13, 16], where, however, the continuous-time case is considered.
We provided complete solutions of these problems in discrete time, and our proof is
considerably simpler.

If the system is also corrupted by a harmonic disturbance wt, asymptotic tracking
may still be possible provided the dimension � of the disturbance is no larger than the
dimension m of the output available for feedback. However, if a certain rank condition
fails, which in particular is the case if µ > k, asymptotic tracking is not possible, but
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a steady state error will remain. Therefore, we considered next an optimal control
problem to damp the steady-state tracking error, also giving the option to damp
internal system variables. We characterized the class of all optimal regulators which
are universal in the sense that they are optimal for all choices of the amplitudes of rt
and wt. Such regulators were shown to exist if the weak frequency domain condition
holds and � ≤ m. On the other hand, if m < �, there are always algebraic conditions
on the system parameters, implying that universality is not a generic property in this
case.

We have also shown that all optimal universal regulators can be chosen as linear
even if the optimization is over a very large class of nonlinear regulators, provided the
strong frequency domain condition holds. We have given complete characterizations of
all linear optimal universal regulators in terms of parameterizations containing many
free parameters. This allows for a considerable amount of design freedom, which
can be used to satisfy other design specifications via loop shaping. Indeed, we stress
that our solutions are optimal in the sense stated in this paper only, and that other
desirable design specifications may not be satisfied for an arbitrary universal optimal
regulator.

Appendix A. Proof of Lemma 5.5

Since xt and ut tend exponentially to the harmonic components (4.7), only these
contribute to the cost function (5.3), and consequently the usual limit (rather than

just limsup) does exist in (5.2), and it is given by Φ =
∑N

j=1 Φ(j) where

Φ(j) = Λ(x(j), u(j)) − r(j)∗(Hx(j) + Ju(j)) − (Hx(j) + Ju(j))∗r(j) + r(j)∗r(j) (A.1)

for j = 1, 2, . . . , N . In fact, this follows from the argument leading to (4.11). Now, in
view of the constraint (1.1a),

x(j) = Aλj
(Bu(j) + Ew(j)), (A.2)

and therefore (A.1) takes the form

Φ(j) = u(j)∗Π(λj)u
(j) + p∗ju

(j) + u(j)∗pj + qj, (A.3)

where Π(λj) > 0 if the weak frequency domain condition (5.10) is fulfilled. Here qj is
given by (5.18), and

pj = [QAλj
B + S]∗Aλj

Ew(j) − [HAλB + J ]∗r(j). (A.4)

Therefore, assuming that the weak frequency domain condition (5.10) holds so that
Π(λj) > 0 for j = 1, 2, . . . , N , we may complete squares in (A.3) to obtain

Φ(j) = (u(j) − u
(j)
opt)

∗Π(λj)(u
(j) − u

(j)
opt) + Φ

(j)
min, (A.5)

where

u
(j)
opt = −Π(λj)

−1pj, Φ
(j)
min = qj − pj

∗Π(λj)
−1pj. (A.6)

From this the equations of the lemma follow readily.
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Appendix B. Proof of Lemma 6.3

The proof is similar, mutatis mutandis, to the one given in [21, Section II]. Recall
from (5.2) that the cost function can be written

Φ = lim sup
T→∞

1

T

T∑
t=0

Ω(xt, ut, t), (B.1)

where

Ω(x, u, t) = Λ(x, u) − r∗tHx − x∗H∗rt − r∗t Ju − u∗J∗rt + rt
∗rt (B.2)

with Λ(x, u) being the quadratic form (5.3). Next, introduce the Lyapunov function

V (x, t) = x∗Px + pt
∗x + x∗pt + qt, (B.3)

where P is the unique stabilizing solution of (6.4), {pt}t∈Z+ is given by (6.8) and
{qt}t∈Z+ satisfies (6.12). Then, along the trajectory of (6.3),

V (xt+1, t + 1) − V (xt, t) + Ω(xt, ut, t) = (ut − Kxt − πt)
∗R̂(ut − Kxt − πt)(B.4)

where πt is given by (6.7).
In fact, inserting (6.3) and completing squares in the left member of (B.4) yields

the right member of (B.4) plus a number of terms which are either quadratic in xt,
linear in xt, or constant with respect to xt. The quadratic terms cancel due to the fact
that P satisfies the algebraic Riccati equation (6.4), and the constant terms cancel
due to (6.12). Finally the linear terms cancel provided

pt = Γ∗pt+1 + Γ∗Pvt − (H + JK)∗rt,

which has the unique bounded solution (6.8), since Γ is a stable matrix.
Now, set Vt := V (xt, t) and Ωt := Ω(xt, ut, t), where (xt, ut) is an admissible process,

and sum (B.4) from t = 0 to t = T to obtain

1

T
(VT+1 − V0) +

1

T

T∑
t=0

Ωt =
1

T

T∑
t=0

(ut − Kxt − πt)
∗R̂(ut − Kxt − πt).

By virtue of condition (6.2) and the boundedness of pt,

1

T
(VT+1 − V0) =

1

T
qT+1 + o(1),

where of course the last term tends to zero as T → ∞. Consequently, for any
admissible (xt, ut), the cost function (B.1) becomes

Φ = lim sup
T→∞

{ 1

T

T∑
t=0

(ut − Kxt − πt)
∗R̂(ut − Kxt − πt) −

1

T
qT+1}, (B.5)

and therefore, since R̂ > 0,

Φ ≥ lim sup
T→∞

1

T
(−qT+1) (B.6)

for any admissible control. Clearly, equality would be achieved if we could take (xt, ut)
to satisfy (6.9) since εt does not contribute to Φ by virtue of (6.10). Hence it remains
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to prove that such a process satisfies the stability condition (6.2). To this end, insert
(6.9) in (6.3) to obtain

xt+1 = Γxt + B(πt + εt) + vt. (B.7)

Since {πt}t∈Z+ and {vt}t∈Z+ are bounded, {εt}t∈Z+ satisfies (6.10) and Γ is a stability
matrix, {xt}t∈Z+ satisfies the weak stability condition (6.2). The last statement follows
immediately from (B.5) and (B.6).
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