Robust Control with Classical Methods—
QFT

Per-Olof Gutman

« Review of the classical Bode-Nichols control problem

¢ QFT inthe basic Single Input Single Output (SISO) case

¢ Uncertainty and Fundamental Design Limitations

« QFT for non-minimum phase and computer controlled systems

« QFT for cascaded systems, and for a class of non-linear plants

* QFT for Multi-Input Multi-Output (MIMO) plants

« A comparison between QFT and other robust and adaptive control
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Therobust control problem

e In QFT, in general a Canonic two degree-of-freedom structure
isassumed.

« Therobust control problem is defined asthe problem to find
a feedback compensator G(s) and, where appropriate, a prefilter
F(s) , such that the closed loop specifications are satisfied for all
plant cases.
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Therobust control problem, cont’d

¢ (3(s) isused to Stanilize the plant, attenuate
disturbances, and reduce the closed loop
uncertainty relative to the plant uncertainty.

* F(s) isused to shape the closed loop
transmission from reference to output.
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Feedback
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» Open loop control, or feed-forward control
ispossible only if
- P(s) isstable; and
- the uncertainty of P(s) is acceptably small, and
- the un-measur able distur bances ar e acceptably small
in relation to the specifications.
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A scalar feedback example

p= ke{kmin’kmax}’ G[S]= g scala

e Definek . /K .. & plant uncertainty (= open loop uncertainty, here)

R P(9G(9) kg
Complementary sensitivity: =77
* P y y s 1+P(9G(s) 1+kg <

c _ kmin g c _ kmax g
Smi" _1+ kming _>1’ e _1+ kmaxg %1’ g%
e Define A= §ma></§min asthe closed loop uncertainty
y(s) 1 1

e Sensitivity: = - = oo
- sl d,(s) 1+ P(s)G(s) 1+kg_)0’ 9=
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A scalar feedback example, cont’d

o For givenk; /k .. larger g
givessmaller Sand smaller A

o For given g, smaller k., /k .
givessmaller A

Closed loop spécs Feedback gain

/ \
\ Trade-off )

N /

Plant \mcertain{y

In QFT, the Trade-off is done at each frequency
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Theprefilter
A prefilter shapesthe closed |oop transmission
_¥(s) _ P(s)G(s)F(s)
T9=119 = 1rP(sG(9

independently of sensitivity and uncertainty reduction at
each frequency.

kgf
T lrkgt

Intheexample, F(s)=f caneg. bechosens.t. T(s) 1

for all plant cases. Y
% F(s) }.?e_{ e LL@L{ P
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Cost of feedback

. In reality, high feedback gain causesinstability
. Noise amplification at the plant input,
us)___ Gl9)

n(s)  1+P(s)G(s)

may become unacceptable.
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The essence of QFT

e Conventional design:
solve the smultaneous feedback control problem for all plant cases

e INQFT:
the problem istransformed to a
- conventional feedback design problem for one nominal plant only,
- with frequency dependent constraints on the nominal open loop,

Loom () = Prom (S)G(s)

e |nthe complex plane, the constraints are called Horowitz-Sidi bounds.
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The Horowitz-Sidi bounds

Nichols Chart

are computed such that if
the nominal open loop

Loon (8) = Pron (S)G(s)

o

satisfiesthem, then the
closed loop satisfiesthe

12 gpecifications with respect
20 to uncertainty reduction,
m |S,./S.| , and disturbance
40 attenuation for all plant
cases.

£

Mag [dB]
o

-350 -300 -250 -200 =140 =100 =50 a
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QFT in six steps

1. Determinetheset of plant transfer 4. Display the nominal open loop
functions {R(9)}. Assign one L..(9=P, (G(s)
arbitrary transfer function, Py, (S) om rem

in aNichols chart, and design G(s)
by classical loop shaping such

that Loon(S) satisfiesthe Hor owitz
Sidi bounds at {@,}. Use the Nyquist
criterion to check stability for all
plant cases.

asthenominal.

2. Determinethe closed loop
specificationsin the frequency
domain. Specifications given in the
timedomain aretranslated.

3. Computethe Horowitz-Sidi bounds 5. Closetheloop, and loop shape F(s)
for awisely selected set of such that the closed loop transfer

frequencies, {®} rad/s. function P(s)G(s)F(s)/(1+ P(s)G(s))
fallswithin its specifications.

6. Simulatein thefrequency and
timedomains
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Findtions Ficuion Descry

Specilcations

Israel Institute of Technology

Iﬁ TECHNION RS somiime it

Qsyn —the
Toolbox
for Robust
Control
Systems
Design for
use with
Matlab
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Plant uncertainty

. Determinetheset of plant transfer
functions {P.()}. Assign one
arbitrary transfer function, Py, (S)
asthenominal. Compute the value
sets {P(je)} for the frequencies @}

48]

Example (Parametric uncertainty):
s+a
As=k

.l+2§/ q+s/q’
ke[2glac[ldce[0106/meldd

Phase [degree]

10 10t
freq fadisec)

e Display P(s) in Qsyn: cases(’ex2_1la’,’all’,[1,1);

st+a
5

m k=2 a=3 ¢=06, w, =4

® Choose arbitrary nominal: P, (s) =k
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Plant uncertainty in the Nichols chart

Magnituds 48]

40 80 60 EEC) 100 -50 0 EY

ETE
Phase [degreef'?

ctpl(’‘ex2 la’);

cases(’'ex2_la’,’all’, []1,0);
showtpl (‘ex2 la’);

+— :

wtpl - [0.2 0.5 12 5 10 20 50];  stemplate frequencies [rad/s]
b w nom = logspace(-1,2); snominal frequencies [rad/s]
s :
oD for information only %

% polynomial structure,
SR
— C
© n % rff structure
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Plant uncertainty

Multiplicative un-
structured uncertainty|

Im

Definition:  P(S)€ { P (3)}
vauesat: V()= [P (jo)}

Parameteric uncertainty:
P(9e{P(sq)}, qeQcR®

Re

Prom(io)

Parametric uncertainty in Real Factored Form:
ke [T (1+ /0 ) [T(s+ b, TT(2+ 268/, +5%/@f)[1(5° + 20,5+ @)
]

7 1 0 (1+M(9)

STIE Sl a1 25/, + 5 e[S + 2501500

w i

P(s)=
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Value set computation

Thegrid method mapsagrid e Warning: The value set computed by
in the parameter spaceinto the equidistant grid method contains
the complex plane: 4096 points, and does not cover the
whole value set.
Qsyn contains better Random and
i Recursive Grid methods.

1 Edge Grid methodswork when the
Edge Theorem holds.
New Interval Analysis method

—
¥
.

Prudence required
e When computing value sets
e When value sets not simply connected
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Value set computation, cont’d

® Value set computation isnon-trivial

f \’X\=*%7
'x-027] +00001

max(f(x))=10000

The Matlab command

fplot ('1./((x-0.27).%2...
+0.0001) ', [-1 1],'-0");

givesa maximim = 9615.4!
i.e. not within the stated tolerance of
0.2%.

e Known Lipschitz constant =
sufficiently dense grid for
prescribed accuracy.

9000
2000
7000
5000
5000
4000
3000
2000
1000
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Value set computation, cont’d

¢ For functionsthat can be decomposed into
functions whose max and min can be analytically
computed over any interval, Interval Analysis
methods work without explicitly computing the
Lipschitz constant (Nataraj et al, JDM C 2003)

» Value sets of transfer functionsin Real Factored
form are computed within a given tolerance by
concatenation of elementary value sets (Gutman
etal, |IEEE T-AC, 1994)
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Specifications

2. Determinethe closed loop 5
specificationsin the frequency
domain. Specifications given in the
timedomain aretranslated tothe | os
frequency domain.

Example (Reference step response

specification): o
M <10% SN
t,(5%) <15seconds s

rsrs(’ex2_la’,[],[1.2 0.2],10,1.5,

Time domein spec

15 sec 2 25 3

0° radfs 10" 10

[1, logspace(-1,2),2.85,3.1);
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Tranglation of output response specification

o Specification: I(t) < y(t) < u(t) eThen the”tranglation” is, in

o Model the closed loop as, eg., case of a servo specification,
F(jo)G(jo)P(jo)
1+ G(jo)P(jo)

with where

c(s):{ 05 } (co5)eQ a()< <b(o)

2 2
" +2000S + Wy

| C ol a@)=minlc(jo),
Q:Jl(;,wo)/(t)ﬂdw—o'llguw : | |

2 2
|s"+20,5+0; s

b(w) :mgx‘C(jw)|
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Specifications, cont’d

o The servo specification

F(jo)G(jo)P(j)
1+G(jo)P(jo)

a(0)< <b®)

= aremaining uncertainty
specification for the
complementary sensitivity
S(8) = P(9IG(E)/(1+ PYG(S),
the tolerance specification:

ma{é{ jw* / mirﬁ jo|<b(o)/ao)

® Sensitivity specification

‘S{ja)kMH L[ja)]
o Other specifications:

E.g. plant input distur bance

response specification

y(9)/duy(s)

< x[a))
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Horowitz-Sidi bounds

3. For awisely selected set of frequencies, {@} rad/s, computethe Horowitz-Sidi
bounds from the plant value sets and from the frequency domain specifications]

e Tolerance bounds
Thetolerance specification

5| max[Rio)s(ia)/0+Ria)e(io))] )

— = <

Sl minfR(ia)e(ja)/1+R(ia)c(im)) ~ da)
issatisfied, for each frequency @, ,
by G(j@,) € feasible set. Itsborder
Bg(a@) isthe Horowitz-Sidi bound i
for G(ja). Then the Horowitz-Sidi I
bound for L,(@) is C

B0 =Bl Pt i1
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Horowitz-Sidi bounds, cont’d

e Tolerance bounds
Richols Cherl

e Sensitivity bounds

1
ISwuliea} = max 7“9(1@)6(1%)‘ <x(a,)
Rishols Chort
L et S LCE A SRR

wlo
g aby
g ! che
1 Lz T “‘i
20 i20 g
& i,gn = aft

cbnd(’ex2_la’,’rsrs’);

showbnd (’ex2_1la’,gcf, [1,'rsrs’) ® o oaw @ om0 60 0 & 0
Phase [cegies)
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Horowitz-Sidi bounds, cont’d

o Other bounds e Dominant bounds

- Plant input disturbance rejection

bound Nichols Cherl
- Noise attenuation bound | Eaa S~
- Delay margin bound

e Computations
- Analytical, for some bounds
- Grid the G(j @, )-plane

Mag [dB]

Phase [degree]
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Feedback compensator design Feedback compensator design, cont’d
N N Nichols Cherl
4. Display the nominal open loop e . (1+2.0654+5/16) function [G]=Gb(s)
Loon(8) = P (9)G(S) L Y, Ea( B! als= dir59 G = (142%0.6%s/4+5.%*5/16) /..
. " . o5 3 (s.*(1+s8/3));
in aNichols chart, and design G(s) o s Nl ol
by classical loop shaping such . T Dm/\z—‘r ol o e ha=cdesign(’ex2_1la’,’Gb’) ;
that Lon(S) satisfiesthe Horowitz- | & B -
Sidi bounds at {®,}. Usethe Nyquist | ~ RS A ) )
criterion to check stability for all 5 2 o - ey, o g L9014 20694+ 516)
plant cases. /ﬂ g | P e s(1+9(1+ §/32)(1+ 5/26)
L R S TS RRRRELl SUCERIY Sl Sbs 0 g
® Example, cont'd I 2" - | function [G]=Gc (s)
s+a Prone fieorel “ num= 2.5% (1l+s/6) . *..
Pan(S) =K T a7 Al G(9=1 (1+2%0.6¥5/4+5.%5/16) ;
o 1+2€S/wn+52/w§ den= s.* (1+s).*..
function [G]=Ga(s) oo (1+s/32) .* (1+s/26) ;
k:2, u=3, g=0.6, a)n:4 ‘G: 1; G = num./den;
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Asymptotic closed loop stability
If
o the plantsarerational (with or without delay),
o have common high frequency gain sign,
o have smply connected value setsin the extended Nichols chart,

and
o the compensated nominal me(s)

satisfiesthe Nyquist stability theorem,
* L,.(s) satisfiesaHorowitz sensitivity bound,

then

# the Nyquist stability theorem is satisfied for each plant case.
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Asymptotic closed loop stability, cont’d

e The compensated open loop templates

: 20

o J¢/\,'<F“>J
Soop [/\ </J

= (=

7
al 1 ﬂ #
o]
£ . |
" Y.
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Prefilter design

5. Closetheloop, and loop shape F(s)
such that the closed loop transfer
function P()G(s)F (s)/(1+ P(s)G(s))
fallswithin its specifications.

fdesign('’cex2 la.tpl’);

. I y
. u
o) Gt T P I N
;’\21

o Closing the loop: compute :
value sets of the complementary | |
sensitivity function

tplfop(’cex2_1la’,’iosrs’,..
[1,’ex2_1a’,1,’Ge’);
showspc ('’ex2_la’,’'rsrs’,..
'freq’) ;

— P(s)G(s)
S =1 p (5609 -

nomihal
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Prefilter design, cont’d

R _ 1
i N " (1+2-0835/34+ 57/34?)

fdesign(’cex2_la.tpl’,’'Fa’);

nominal

envo spec

3 radis W e

Notice: the gain extent of S isless
or equal to the allowed closed loop
gain extent in the servo specification,
if Loom(j@)was designed to satisfy the
tolerance bounds.

norinel,

sero speciicaion

o radfs 0 o 10° radis
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Simulations Simulations, cont’d
6. Simulatein thefrequency and o Closed loop frequency functions o Step responses
time domains. rsrs fraquency domain specification from ex2_1a.spe
1
o Sensitivity E
fime domain spec
08
o
- 10°
= 105 Irad/sec]
ccases ( 'ex2_la',par, 'rsrs',..
P: 'Ge', 'Fa', ..
i o , , [ What went wrong?
0 = logspace (-1,2,120), 'mag'); 0 05 1 15 sec2 25 9
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- : When does QFT give a solution?
Improving the design QFT g
& When the specifications are not satisfied ... If the minimum phase plants P,(s) are such that
— include morefrequenciesin {@} . o
— take account of the approximate nature of the e they have common high frequency gain sign,
time domain-to-frequency domain “transation” . S|i_)m F;[s]:lﬁ/sdi, KE{K,R} qe{g,gﬂ,,,,ﬂ—ld} for all i
— avoid “clever” loop shaping.
then
o When thereissevere"“over-design”...
— re-design G(s) wch that L,,m(s) raildescloser to ) e any tolerance specification, and
t_he Horowitz-Sidi bpunds: lowering the band-width e any sensitivity specification > 0 dB
— if necessary, re-design F(s) isachievable with a strictly proper G;(s)
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Exercises

1. Solvethe example problem!
2. Solvethe example problem with
a) a plant input distur bancer g ection specification, in order
toavoid the present inverse design in which P, }(s) isa
factor of G(s), and/or
b) a delay, e9910s, introduced into the plant, in order to make
the plant NMP, and avoid infinite-bandwidth solulutions.
3. Solvetherobust control problem,

ko
P(s) =\—‘3c *k =10} ={o1}

with the specification |S|<6dB, and @,>0.07 rad/s.
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