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There may be alternative solutions to the problem.

1.

(a)

The given flow is = (212,13, T14, T23, T24,T34) = (6,0,0,4,0,1), so x12,x23
and x94 are the basic variables corresponding to a spanning tree in the graph.
Put the node potential y4 at node 4 to be 0.

Then y3 — y4 = c34 = 1 gives y3 = 1.

Then yo — y3 = co3 = 3 gives yg = 4.

Then y; — yo = c12 = 5 gives y; = 9.

The reduced costs are now ri3 =ci3—y1 +ys=—4,ria =cia —y1 +y4 = —6
and ro4 = coq4 — Y2 + y4 = —1. Since the reduced cost r14 is most negative the
flow in z14 should be increased. Increasing the flow in x14 to ¢ a cycle in the
graph is created and we must compensate to get x34 =1 — ¢, x93 =4 — ¢ and
r12 = 6 —t. So t can become at most 1 and then x34 becomes zero and exits
the basis.

In the new flow z = (a:lg,aclg,a;14,x23,x24,x34) = (5,0, 1,3,0,0), SO T12, T14
and x93 are the basic variables corresponding to a spanning tree in the graph.
Put the node potential y4 at node 4 to be 0.

Then y; — yq4 = c14 = 3 gives y; = 3.

Then y; — yo = c120 = 5 gives yg = —2.

Then yo — y3 = co3 = 3 gives y3 = —5.

The reduced costs are now 113 =ci3 —y1 +ys = —4,r4 =C14 —Yy1+ys =5
and 734 = coq4 — Y2 + y4 = 6. Since the reduced cost rq3 is negative the flow in
x13 should be increased. Increasing the flow in z13 to ¢ a cycle in the graph is
created and we must compensate to get x93 =3 —t, x10 =5 —t and x13 = t.
So t can become at most 3 and then zs3 becomes zero and exits the basis.

In the new flow x = (3712,xlg,w14,x23,x24,x34) = (2,3, 1,0,0,0), SO0 12, T13
and x14 are the basic variables corresponding to a spanning tree in the graph.
Put the node potential y4 at node 4 to be 0.

Then y; — yq4 = c14 = 3 gives y; = 3.

Then y; — yo = c120 = 5 gives yg = —2.

Then y; — y3 = c13 = 4 gives y3 = —1.

The reduced costs are now rog = co3 — Y2 +y3 =4, rog = 24 — Y2 +y4 = 4 and
T34 =C34 — Y3+ ys=2.

Since the reduced costs are positive the flow is optimal.

If A is the adjacency matrix, then Ax = b and = > 0 are the contraint.

Let d be a vector in the nullspace of A and assum that x is the current flow.

For any value of € it holds then that A(x + ed) = Az + €eAd = Ax = b, so the
first constraint is satisfied for any choice of e. The second constraint x +ed > 0
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will be satisfied for any small enough positive value of € if the elements in d
that corresponds to elements in = that are zero are non-negative.

Furthermore, d is a feasible descent direction if ¢’'d < 0, where ¢ is the cost
vector.

The vector d = (dy2, d13, d14, d23, dag, d3s) = (—1,0,41, —1,0, —1) defines a loop
in the network that wass used to change from the first basis to the second one.

The standard form is
T

min c' z
(Ps) st. Axr=b>
x>0
Define slack variables x4 and x5, then ¢ = —(2 3 3 0 0)7. The constraints are
defined by
11210 3
A‘[1 2 1 0 1]’ b_[B}

We start with x4 and x5 as basic variables. IL.e. basic and non-basic variable
indices are § = {1,2,3} and n = {4, 5}, so

10 11 2
Aﬁ:[o 1]’A”:[1 2 1}

and b= Aglb = [3 3]7 which gives the starting basic solution z = (0,0,0, 3, 3).
T

From the equations Agy = cg and el =l —yT A, we get

yz[g] rp=[-2 -3 =3].

Let z9 enter the basis. Which one should exit ?

From Agas = a4, we get that a4 = (1,2)”, and since z5 becomes zero first,
“smallest quotient”, x5 exits the basis.

Update basic and non-basic matrices; The basic and non-basic variable indices
are given by 8 = {2,4} och n = {1,3,5}, and

11 120
Aﬁ:[z O]’A”:[l 1 1}

The equations Agy = cg and el =l —yT A, gives

0 T
y = [ 1 ] r,=[—-05 —15 15 ].
Let z3 enter the basis. Which one should exit ?

From Agas = a3, we get that a3 = (0.5,1.5)7, b= Aglb = [1.5 1.5]T and since
x4 becomes zero first, “smallest quotient”, x4 exits the basis.
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Update basic and non-basic matrices; The basic and non-basic variable indices
are given by 8 = {2,3} och n = {1,4,5}, and

12 110
Aﬁ:[z 1]"4”:[1 0 1}

The equations Agy =cg and ¢ = ¢l —yT A, gives

yz[:”, rf=[0 1 1].

Since all reduced costs are non-negative, # = (0,1,1,0,0)7 is optimal.
The dual is

[ min 3y + 3y2
Y
st. y1+y2>2
(D) Y1+ 2y > 3
21 +y2 >3
y1 = 0,y2 > 0,y3 > 0. ]

A graphical description of the problem shows that there is not a unique solution,
all points on the line y; +y2 = 2 that are feasible are also optimal. y; =1,y =1
is one optimal solution.

All y are non-negative.

y1t+y2=22>2

y1+2y2=32>3

201 +y2=32>3

The primal problem has the optimal solution ; = 0,25 = 1,23 = 1.
T+ o+ 203 =3 < 3,

x4 229 + 1lxg =3 < 3.

All the x are non-negative.

Finally, the complementarity conditions
yi(z1+224+223—-3)=1-0=0,

y2(1‘1+21‘2+11‘3—3) =1-0=0.

x1(y14+y2—2)=0-0=0

xg(y1+2y2—3):1-020

$3(2y1—|—y2—3):1'0:0

are all satisfied, so the x and y are optimal to the respective problems.

For f to be convex on the whole R3 it is necessary that the matrix H is positive
semidefinite. Use LDLT-factorization:

1 00 100 1 21
H=|12 10 0 2 0 01 2
1 21 0 01 0 01

Since the diagonal elements in the D-matrix are positive, the matrix H is
positive definite and the function is convex on R3.
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(b)

Use Gauss-Jordan to determine a basis for the nullspace of A. With the
nullspace method a Z-matrix and Z given by

1 0 0
Z=10 1|, z=|1][,
-1 -1 0

yields v = [1, —1]T. Therefore, # = z + Zv = [1 0 0]7 is a global minimum
since the problem is convex.

For the Lagrange method, the following equation system must be solved

1)

That is:
1 2 1 1 -1
2 6 6 1 T 0
1 6 10 1 [ U ] -1 |
11 1 0 1
from which we see that & = —2 and Z as above.

The gradient and hessian are given by

8=
|
< =

Vf(x,y):[l—klog(%) —%—Fl/e . Vif(x) =

@w‘ Q2

1
y
The first order optimality conditions are satisfied when V f(z,y) = 0, i.e., when

xz/y=1/eand z > 0.1 and y > 0.1.

The second order optimality conditions depends on the definiteness of the Hes-
sian, here multiplying the first row with z/y and adding to the second we get

1 _1 1 _1
xT _ xX
1,1 { —{ y]
-yt zr/y yzz—yﬂﬁ/y] 0 0

so the Hessian is positive semidefinite but not positive definite. So the second
order necessary conditions are satisfied but not the neccesary conditions. So
we can not say that the points are not optimal (minimal), and we can not say
that they are optimal.

However, since the function is convex and the gradient is equal to zero we can

say that all the feasible points on the line determined above are minimizing the
function.
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(b)

We consider the Lagrange optimality conditions
V() + AVh(z) = | 1+log(2) —+1fe } +A[1 1] =0,

which is satisfied for A = 0 and x/y = 1/e. Using the constraint x +y = 1 gives

| — _€
r=1andy= 1.

(Since A = 0 we know that the optimal objective value of the problem would
not change if we change the constraint to x +y = 1+ 9. The objective function
is in fact zero for all values on the line z/y = 1/e.)

Use the definition of a convex set. Assume that (¢, ) and (s, y) both belong to
epi(fo). Then we want to show that for arbitrary A € (0,1)

(r,2) =AMt z) + (1= XN)(s,y) = (Mt + (1= N)s, Az + (1 — N)y)
belong to epi(fo), i.e., that fo(z) <r. Now
fo(z) = oAz + (1 =A)y) < Afo(z) + (1 =N foly) S A+ (1 —-A)s=r

follows from convexity of fy (first inequality) and that (¢,z) and (s,y) both
belong to epi(fy) (second inequality).

Assume that (¢, z) satisfies the KKT conditions for (Fy), i.e.
(1,0) +30(—1,Vfo) + > 50,V fi(w)) = 0
i=1
folx) =t <0, fi(z)<0,i=1,---,m.
Yo, Y1, 5 Ym = 0.
yo(fo(z) —t) =0, wifi(x)=0,i=1,---,m.

The first condition say that yo = 1 (yp > 0 ok) and
wVio+ Y yiVfi(z) =0
i=1

which shows that KKT 1 for (P) is satisfied.
The last one say that t = fy(z), since yo # 0. What remains is

fi(x) <0,i=1,---,m.
ylv"'vym20~

which shows that KKT 2-4 for (P) is satisfied.
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(c) The gradients are given by
Vi@)=[1 0 0], Vfi(x)=[ -1 222 2z3 ]|, Vfo(x)=[0 -1 —1].
The KKT conditions are

[1 0 0)]+wi[ -1 22 223 |+4[0 -1 —-1]=0.

x%+x§—x1§0, 1—29—23 <0.

y1 =20, y22>0.

yi(@3+ 23 —21) =0, ya(l —a9 —23) =0.

We see from KKT 1 that y; = 1, and then from KKT 4 x% + ajg = 1.
From KKT 1 we also get

20 = yo 213 = Yo

If 4o = 0, then x9 = 3 = 0 and then also 1 = 0. But then 1 — 290 — 23 =< 0.
So y2 >0, and then 1 —x9 —x3 =1—y2 =0, 80 y2 = 1 and 29 = 23 = 1/2 and
then x; = 1/4 4+ 1/4 = 1/2. This point then satisfies all KKT conditions.

Since the optimization problem is convex the point x; = x9 = x5 = 1/2 is the
global minimum.



