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Exercises

1.

1.1

1.2

Linear programming

(20070601-nr.1a)

A company manufactures the three products: A,B and C.
The manufacturing process consists of the moments cutting and pressing.
Every product has to pass both moments.

The department of cutting, which can be used 8 hours per day has the follow-
ing capacity:

2000 units per hour of product A or

1600 units per hour of product B, or

1100 units per hour of product C.

The production can be switched from one product to another without prob-
lems.

The department of pressing, which can be used 8 hours per day has the fol-
lowing capacity:

1000 units per hour of product A, or

1500 units per hour of product B, or

2400 units per hour of product C.

The production can be switched from one product to another without prob-
lems.

The coverage contribution (income minus moving cost) per manufactured unit
of the product are:
12 SEK for A, 9 SEK for B and 8 SEK for C.

The company now wants to decide how many units of each product that (in
average) should be produced to make the total coverage contribution as large
as possible, without breaking the capacity constraints of the sections.

Your assignment is to formulate the company’s problem as a LP-problem. You
don’t have to calculate the optimal solution of this LP-problem.

(20070601-nr.2)

Consider the following LP-problem::

minimize —3x7 4+ 4xo — 2x3 + Dby
s.t. Ty + x9 — x3 — x4 < 8,
r1 — w2 + x3 — @y <4,
T > 0,
T2 > 0,
x3 > 0,
zqy > 0.



1.3

(a) Transform the problem to standard form using the two slack variables x5
and xg. Then solve the problem using the simplex method. Start with
the introduced slack variables as basic variables. .................. (4p)

(b) Assume that the objective function coefficient corresponding to z4 is
changed from 5 to 2. Use the simplex method on this modified problem.
It is allowed to start from the final solution from the (a)-task. Explain
what happens. ... ... (4p)

(c¢) Formulate the dual LP-problem corresponding to the problem on stan-
dard form (with 6 variables) from the (a)-task. Visualize the feasible
region to this dual problem in a figure with the dual variables y; and s
ON the AXIS. .ttt (2p)

(d) What does the corresponding figure look like for the dual LP-problem on
standard form from the (b)-task? Comment on the figure!

(20070307-nr.1a)

The Cidermans family business produce and sell four different types of cider:
Apple cider, Pear cider, Mixed Cider and Standard Cider.

Every hectoliter cider requires p working hours for the production and ¢ work-
ing hours for packaging. The economic profit of the cider for the Cidermans
is v SEK/hektoliter.

p, q and v has different values for the different types of cider according to the
following table:

p q v
Apple cider | 1.6 | 1.2 | 196
Pear cider | 1.8 | 1.2 | 210
Mixed Cider | 3.2 | 1.2 | 280
Standard Cider | 5.4 | 1.8 | 442

A normal week the company has 80 hours (two family members) to spend on
production and 40 hours (one family member) on packaging.

Further, they have decided that the Apple cider shall be at least 20% of the
produced volume and that the Pear cider shall be at most 30% of the total
volume produced cider.

The question is how much of each sort of cider that is to be produced so that
the profit of the Cidermans is maximized given the constraints above. The
cider is very popular and they can sell everything that they produce without
problems.

Your assignment is to formulate the Cidermans problem as a LP-problem.
However you do not have to compute the optimal solution.



1.4 (20070307-nr.2)

(a)

(b)

The following system consists of two linear equations and four linear
inequalities.

r1 + 2x0 4+ 3x3 + 4dzy = 10,
201 + 3x9 4+ 4dx3 + Sy = 12,
1 > 0
T2 > 0

T3 > 0

T4 Z 0.

To investigate systematically whether this system has a feasible solution
or not, you can form the following LP-problem with the two “artificial”
variables x5 and xzg.

minimize T5 + Te
st. x + 2x9 + 3x3 4+ 4dxy + x5 = 10,
201 + 3x9 4+ 4dx3 + by + zg = 12,
71 > 0,
€To 2 0,
T3 Z 07
T4 > 0,
Ts5 > 0,
zg > 0.

Your task is to first solve this LP-problem with the simplex method and
then answer the question whether there exist a solution to the original
problem above. Motivate your answer carefully! ................... (6p)

The following two LP-problems (which have their origin in a certain two-
person Zero-sum game) are each-others duals. This you do not have to
show. o
minimize 3
st. —x1+2x9+x32>0
3x1 —4xo+ 23>0
r1 + X9 =1
x1 >0, z9 >0, x3 free.

maximize  y3
st. —y1+3y2+y3 <0
291 —4dy2 +y3 <0
v+ Y2 =1
y1 >0, y2 >0, ys3 free.

The primal problem has been solved and the optimal solution

21 =0.6, T2 = 0.4, 23 = —0.2

has been obtained. Use this information to (with optional method) obtain
an optimal solution ¥ to the dual problem.



1.5 (20060603-nr.1)

Consider the following LP-problem on standard form:

minimize 4z + 3x9 + 223 + 3x4 + 4zs

st. 4r1 + 3x9 + 223 4+ 14 = b,
ro + 223 + 3x4 + 4z = 3,

1 > 0,

T2 > 0,

x3 > 0,

T4 > 0,

I5 > 0.

(a) Use the Simplex method to determine an optimal solution to the problem.
Start with z1 and x5 as basic variables. ................... ... ... (5p)

(b) The optimal solution is not unique. Determine another optimal basic
solution than the one you obtained in the (a)-task. ................ (2p)

(c) Formulate the corresponding dual problem and state an optimal solution
to it. Hlustrate also the dual problem graphically in a figure with y; and
y2 on the coordinate axis. .............. ... ... (3p)

1.6 (20060308-nr.1)
Consider the following linear optimization problem:
minimize x1 + 5T2 + 273
st. x4+ a0 > 2,
r1+2x3 > 2,
xo + 13 > 2,
x; >0, j=1,2,3.
(a) Use the simplex method to determine an optimal solution. You must

start from the basic solution 21 = x9 = x3 = 1 (which is feasible but not
optimal). ... . (7p)

(b) Formulate the corresponding dual LP-problem and state an optimal so-
lution to it. Verify in particular that the objective values are equal. (3p)

-1

1 10 1 1 1 -1
Optional help: 10 1 = 3" 1 -1
01 1 -1 1 1

1.7 (20060308-nr.4b)

Assume that aq,...,a,, are given vectors in IR? and that by, ...,b,, are given
positive numbers (i.e. b; > 0).
Let Q={x€ R3|a]x<b;, fori=1,...,m}.

3

The set € is a region (in IR?) whose
Pi:{x€R3|aiTx:bi}.

Now assume that you want to determine the center point and radius to the
biggest sphere that is contained in the set €.

‘walls” are formed by planes on the form

Formulate this as a LP-problem! .......... ... ... ... ... oL (6p)



1.8 (20051024-nr.1)

Consider the following LP-problem. (Observe that it is a maximization prob-

lem).
maximize q'x
s.t. Px <b,
x > 0,

IR (1 B T
where P—[l 1 _1],b—<1>andq—(1,l,2).

(a) Solve the problem with the simplex method. Start with the slack variables
in the basis. ... (7p)

(b) Determine two vectors xg € IR3 and d € IR? such that if you let x(t) =
xo+1t-d, with ¢t € IR, then it holds both that x(¢) is a feasible solution to
the problem for every ¢ > 0, and that q"x(t) — 400 s.t. t — +00. (1p)

(c) Formulate the corresponding dual LP-problem and determine with op-
tional method (e.g. graphically) if it has any feasible solutions. Comment.

(2p)
1.9 (20051024-nr.3)

In a certain city there is a subway-line with 12 stations. One year ago they
did a careful investigation about how many commuters that are going between
different pairs of stations. They computed 7;; = the average number of com-
muters per day that use the subway to go between station i to station j (i.e.
enters at station i and leaves at station j). This was done for every pair (i, j)
with i € {1,...,12}, j € {1,...,12} and i # j.

But now one year has passed since the investigation, and many have changed
residence and/or place where they work, and they are to update the the above
mentioned investigation about traveling in the subway. However, they don’t
want to do this investigation as extensive as one year ago, but only for every
i € {1,...,12} measure p; = the average number of commuters per day that
enters the subway at station 4, and for every j € {1,...,12} measure ¢; = the
average number of commuters per day that leaves the subway at station j.

Surely the result will be that the one year old numbers r;; are not consistent
with these measured p; and ¢;, and hence one should change the r;;:s to new
numbers x;; that are both consistent to the numbers p; and ¢;, and differ “as
little as possible” from the old numbers r;;.

Your task is to formulate the problem to determine such estimations x;; (of
the average number of commuters per day that goes from station ¢ to station
Jj) as an optimization problem on suitable form!

Note that there is no unambiguous solution to this exercise since it is not
self-evident what is meant by “as little as possible”.

To obtain full point you shall select a LP-formulation that catches the problem
in a reasonable way. A convex QP-formulation can also give a decent number
of points, as can also other reasonable formulations as convex optimization
Problems. ... ... (10p)



1.10 (20050331-nr.2)

1.11

It is well known that the following two LP-problems P and D are each-others
duals.

P: minimize c'x D: maximize by
s.t. Ax > b, s.t. ATy <c,
x > 0. y > 0.

In this exercise the connection between the optimal values of the problems is
illustrated (which sometimes can be +00 or —o0).

0 1
Suppose that A = [_1 0 ]

Solve graphically the above problems P and D, state their optimal values
and, if there are any, their optimal solutions.

(a) When b= (1, -1)T and e= (-2, 2)". ... (2p)
(b) When b= (1, -1)T and c¢=(2,2)". ..., (2p)
(c) When b= (-1, -1)T and c=(-2,2)". ... .. (2p)
(d) When b= (-1, 1)T and c=(2,2)T. ..., (2p)
(e) When b= (-1, —1)T and c= (2, -2)". ... ..., (2p)

To solve a problem graphically means in this case to draw the feasible region
and the curvature of the objective function, and from this make conclusions
about the optimal value of the problem and the, in case there is one, optimal
solution. Since both P and D are to be solved in each part of the exercise it
will in total be 10 figures (but each individual figure is fast to draw).

(20050307-nr.2)
Consider the following LP-problem which we denote P.

T

minimize z=c¢'xX
st. Ax=Db,
x>0,
110100
where A=| 2 2 2 10 2|, b=] 3 ,cT:(2 111 2 1).
2021 2 1

(a) Suppose that x1,x3 and x5 are chosen as basic variables. Determine
the corresponding basic solution, and show that this is a feasible basic
solution to P. .. . (2p)

(b) The basic solution above is not optimal (right?). Perform an iteration
with the simplex method and determine a new, (better) feasible basic
solution. Then verify that you found an optimal solution to the problem.

(6p)



(c) Formulate the dual problem D corresponding to P and denote an optimal
solution to D. Verify specifically that the optimal values of P and D are

equUAl. L (2p)

1.12 (20050307-nr.5)

Given are two sets of points P = {p1,...,px} and Q = {qi,...,q¢} in R™.
The k + ¢ points p; € IR" and q; € IR" are hence given, and we assume
that p; = 0.

Now you want to determine whether there is any vector a € IR"™ with non-
negative components (i.e. a > 0) such that the hyper-plane {x € R" | a'x =
1} separates the sets of points (so that all points in P are on one side of the
plane while all points in Q are on the other side of the plane).

(a) First assume that both points in P and in Q are permitted to lie on the
separating plane, i.e. we seek a plane that “weakly” separates P and Q.
Formulate the problem to determine a weakly separating plane on the
form above (i.e. a'x = 1 with a > 0) as a LP-problem on standard form.
State specifically a feasible starting basic solution to your LP-problem.
Also describe how you from the optimal solution to the LP-problem can
determine whether there is any weakly separating plane on the form
AbOVE. .. (5p)

(b) Now suppose that neither points in P nor points in Q are allowed to be
on the separating plane, i.e. we search a plane that ”‘strictly”’ separates
P and Q.
Formulate the problem to determine a strictly separating plane on the
form above (i.e. a'x = 1 with a > 0) as a LP-problem on standard form.
State specifically a feasible starting basic solution to your LP-problem.
Also describe how you from the optimal solution to the LP-problem can
determine whether there is any strictly separating plane on the form
ADOVE. .o (5p)

1.13 (20041016-nr.2)

The five following vectors in IR? are given:

1 0 -1 1 2
ai=|—-11],aa=]1], ag= 0], agz=1] 1 and b= 3

0 1 -1 1 6
You want to determine whether there are any non-negative scalars x; such

that
b = ajz1 + asr + azrz + aszy.
Therefore you form the following LP-problem in the seven variables

x = (x1, x2, T3, x4)T and v = (vy, v, vg)T:

minimize e'v
st. Ax+Iv=D
x>0 and v >0,

10



where A is a 3x4 matrix with the vectors above, a;, as columns,
I is a 3x3 unitary matrix and e’ = (1, 1, 1).

(a) Show that an optimal solution to the LP-problem above is given by

x=(2,50,0Tandv=(0,0 DT ........... (5p)
(b) Are there any scalars xj > 0 such that b = ajz1 + aswe + azzz +aswy ?
Motivate your answer carefully. ............... ... ... ... (2p)

(c) Is there any vector y € IR? such that b’y > 0 and a]Ty <0 for all 57
Determine in that case such a vector y. ..............c.ooi.. (3p)
(Help: Consider the dual problem to the LP-problem above.)

1.14 (20041504-nr.2)

You have downloaded a program from the net of unknown quality to solve
LP-problems of the form

minimize ¢'x
s.t. Ax =Db,
x>0

You test the program with the following data:

321332 14
A={2 4212 1|, b=|16], c"=(2 3,2 2, 3, 2).
1232 3 3 10

Then the program prints the following;:

“An optimal solution to the problem is x = (3, 2, 1, 0, 0, 0)T , and an
optimal

solution to the corresponding dual problem is y = (0.25, 0.50, 0.25)7".

(a) Verify that the result of the program is correct. ................... (6p)
(b) Assume that the constraints Ax = b above are changed to the constraints
Ax > b.
Determine an optimal solution to this new problem. ............... (2p)

(c) Now suppose that the constraints Ax = b above are changed to Ax < b.
Determine an optimal solution to this new problem. ............... (2p)

11



1.15 (20040310-nr.5)
Consider the following LP-problem with 101 variables:

minimize c¢Tx
st. Ax=Db,
x >0,
here A — | 100 99 98 o 51 50 49 - 2 10 b ( 100
W “| 0 1 2 -~ 49 50 51 --- 98 99 100 |* >\ 200
and ¢"=(50 49 48 .- 1 0 1 --- 48 49 50).

The j:th column in A is hence given by a; = (101—j, j—1)T, for j = 1,...,101,
while the j:th component in c is given by ¢; = | j—51| (absolute norm).

(a) Start with the variables z1 and 191 in the basis, and perform one itera-

tion with

the simplex method. Determine whether the new basic solution you ob-

tain

is an optimal solution to the problem or not. ...................... (4p)
(b) How many feasible basic solutions does this LP-problem have? ....(3p)
(c) How many of these basic solutions are optimal solutions? ......... (3p)

12



2.

2.1

2.2

Network problems

(20070601-nr.1b)

Here a so called balanced transportation problem, with four factories and four
costumers, is studied. I.e. a problem on the form

4 4
minimize E E CijTij

i=1j=1

4

s.t. inj =3, fori=1,...,4
J=1
4
Z:L’Z'j = dj, forjzl,...,4
i=1

x5 > 0, for all 4 and 7,

where

s; = given supply at factory i,

d; = given demand at customer j,

¢ij = given transportation cost per unit from the factory i to customer j,

x;; = number of units transported from factory 7 to customer j.

Assume that the supply at the factories and the demand at the customers is
given by

S1 = 40, SS9 = 30, S§3 = 20, S4 = 10, d1 = 10, dg = 20, d3 = 30, d4 = 40,
and the transportation costs are given by the table:

Cij customer 1 | customer 2 | customer 3 | customer 4
factory 1 116 125 136 149
factory 2 109 116 125 136
factory 3 104 109 116 125
factory 4 101 104 109 116

With the help of the “North West Corner”-rule the following feasible basic

solution is obtained:

Tij customer 1 | customer 2 | customer 3 | customer 4 | s;
factory 1 10 20 10 0 40
factory 2 0 0 20 10 30
factory 3 0 0 0 20 20
factory 4 0 0 0 10 10

d; 10 20 30 40

Decide whether this is an optimal solution to the problem or not.

(20070307-nr.1b)
Consider the LP-problem

minimize ¢'x
s.t. Ax =Db,
x > 0,

13



2.3

24

1 1 1 0 0 0 0 0 0 3
0o 0 0 1 1 1 0 0 0 5
o 0 0 0 0 0 1 1 1 7
where A=1 1 g g 1 o 0.1 0 ol P72
0-1 0 0 -1 0 0-1 0 —4
0 0-1 0 0—-1 0 0 —1 —9

andcT:(Q 3 4 3 3 4 3 2 4).

From the special form of the matrix A it follows that the problem in reality
is a minimum cost flow problem. Draw the corresponding network and verify
thereafter that * = (2,0,1,0,0,5,0,4,3)" is an optimal solution to the
Problemi. ... (5p)

(20060603-nr.5)

A company has agreed on supplying p1, p2 and p3 tonnes of a certain product
(to an important costumer) at the end of each of the following three months.
p1, p2 and psg are given constants.

Every month the company can manufacture at most a ton to the cost of ¢
SEK /tonne. By using overtime they can manufacture another at most b tonnes
per month to the cost of d SEK /tonne. a, b, ¢ and d are given constants with
a>bandd>c.

The quantities of the product that is manufactured of the product, but are
not needed for delivery the same month, can be stored for delivery another
month. The storage cost is £ SEK per tonne and month that you store. £ is a
given constant.

If the company does not supply the agreed quantity a certain month, they can
instead deliver the missing quantity at a later month, but no later than the
third and last month. The agreed fee for being late is f SEK per tonne and
month that you are late. f is a given constant.

In the beginning of month 1 the storage is empty, and you don’t want anything
in the storage after the three months. We can assume that pi1+p2+p3 < 3a+3b.

Formulate the company’s planning problem, in which the costs of the company
is to be minimized, as an optimization problem of adequate form.

A totally correct formulation gives 8 points.
A totally correct formulation as a minimum cost flow problem gives 10 points.

(20060308-nr.3)

Consider a balanced transportation problem with 4 suppliers and 4 customers:

4 4
minimize chijl'ij

i=1j=1

4
s.t. Zazij =3, fori=1,...,4
j=1

4
Zmij:dj fOI‘j:L...,4
=1

zij > 0, for all ¢ and j,

14



2.5

where s; = supply at supplier 7, d; = demand at customer j,

cij = the transportation cost per unit from supplier ¢ to customer j.

Suppose supply and demand are given by
S1 — 80, S9 — 60, S§3 — 40, S4 — 20,
dy =20, dy =40, d3 =60, dq = 80,

and that the transportation costs are given by the table:

cij | customer 1 | customer 2 | customer 3 | customer 4
supp 1 16 25 36 49
supp 2 9 16 25 36
supp 3 4 9 16 25
supp 4 1 4 9 16

(a) Determine a feasible basic solution with the “North West Corner”-rule.
(1p)

(b) Show that the solution you obtained in the (a)-task above turns out to be
an optimal solution. (If you do not know the “North West Corner”-rule
you may solve the problem starting from an optional basic solution.) (5p)

(c) Assume that both s4 and d; are changed from 20 to 40. Determine an
optimal solution to this new problem. Motivate your answer. ...... (2p)

(d) Restore s4 and d; to 20. Assume that coo is decreased from 16 to 16 — d92,
while the other ¢;; are unchanged. For which values on d9 is it valid that
the optimal solution from the (b)-task above is still optimal? ...... (2p)

(20051024-nr.2)

A given directed network has the node set N = {1,2,3,4,5,6} and edge set
B ={(1,2), (1,3), (2,3), (2,4), (3,4), (3,5), (4,5), (4,6), (5,6)} (directed
edges).

The network has two source nodes, node 1 with the supply 25 units and node 2
with the supply 10 units, and two sink nodes, node 5 with the demand 15 units
and node 6 with the demand 20 units. The nodes 3 and 4 are intermediate
nodes, with neither supply nor demand. The flow cost ¢;;, in kSEK per unit
flow, for respective edge (7, ) in the network are according to the following:
23 =1, coa =4, csa =4, c35 =4, ca5 =1, cg6 = 2,

c12 =3, c13 = 2,

Cs6 — 3.

(a) Determine a flow of minimal cost that fulfills the constraints on supply
and demand according to above. Start from the following (natural) fea-
sible basic solution:
x12 = 10, x13 = 15, x94 = 20, x35 = 15, x4 = 20, the other Ti; = 0.
(8p)

(b) Formulate the dual LP-problem corresponding to the minimum cost flow
problem above. Determine a solution to this dual problem and verify that
the optimal values are equal (for the dual and the primal). ........ (2p)

15



2.6 (20050331-nr.1)

A company has two factories, here called F1 and F2, and three big customers
here called K1, K2 and K3. All transports from plants to customers are
through any of the company’s reloading terminals, called T1 and T2.

Since factories, terminals and customers are spread out over the country, the
costs for the transports between different units are different.

The transportation costs from the factories to the terminals and from the
terminals to the customers, in the unit 100 SEK per tonne, are given by the
following table:

T1 | T2 K1 |K2| K3
F1| 7] 6 71 6 7 7
F21 4] 5 12 6 9 5

A specific week the demand by each of the three customers is 200 tonnes of the
company’s product. The company’s supply of the product the specific week is
300 tonnes in each of the two plants.

The head of the company’s transport division has proposed the following trans-
port plan, in the unit tonnes.

T1| T2 K1 | K2| K3
1 0] 300 71 0| 200 0
F2 1200 | 100 T2 | 200 0| 200

Your exercise, as a contracted optimization consultant, is to decide whether
the proposed plan is optimal from the transportation point of view. If that is
not the case, you should produce an optimal plan.

Note that you must use a general method that is useful also on bigger problems
Of HhiS Gy Pe. et (10p)

2.7 (20050307-nr.1)

(a) A network with capacities has the set of nodes N' = {1,2,3,4,5,6,7,8}
and the set of edges B = {(1,2), (1, 3), (1,4),(2,6), (3,5), (3,7), (4,6), (5,8), (6,8),(7,8)}.
Each of these 10 edges in B has the capacity k;; = 1.
Determine a maximum flow from node 1 to node 8 in this network! Use
the maximum flow algorithm and start from the zero flow (i.e. all z;; = 0).
Determine also a cut of minimum capacity that separates node 1 and 8.

Verify that the capacity of the minimum cut = the value of the maximum
How. (5p)

(b) This (b)-task is independent of the (a)-task above.

The owner of a street-stand is about to make a weekly schedule for his
seven part-time employed technology students. Every day of the week
two students shall work in the stand, and every student shall work two

16



times a week. To meet the wishes of the employees each of the employees
has stated which days they want to work. These are the wishes:

Student 1: Monday, Saturday, Sunday.

Student 2: Tuesday, Saturday, Sunday.

Student 3: Wednesday, Saturday, Sunday.

Student 4: Thursday, Saturday, Sunday.

Student 5: Friday, Saturday, Sunday.

Student 6: Monday, Tuesday, Wednesday, Thursday, Friday.

Student 7: Monday, Tuesday, Wednesday, Thursday, Friday.

The owner shall now intent to make a schedule where each student gets
to work two of the days he/she stated.

Your task is to formulate the scheduling problem of the owner as a maxi-
mum flow problem in a certain network. Explain and motivate carefully.
You do not need to compute the maximum flow, but you should describe
how you given the maximum flow determine whether there exists a sched-
ule that fulfills the wishes or not. ........ ... ... ... ... ... ... (5p)

2.8 (20041016-nr.1)

An airport operator will under a period of time maintain four airports with
fuel. The demand for fuel is estimated to the following:

Airport 1 2 3 4
Demand (tonnes) | 300 | 300 | 300 | 300

They have received offers from three different fuel distributing companies re-
garding the total transport capacity and prices for delivery to the respective
airports for the period:

Supplier 1 2 3
Capacity (tonnes) | 400 | 400 | 400

Airport

Sup. 1 (SEK/tonne)
Sup. 2 (SEK/tonne)
Sup. 3 (SEK/tonne)

U (W

ESIEN SIS

oo 3 U =
NN

They want to determine a plan for the purchases that minimizes the fuel costs
of the airport operator during the period.

(a) Formulate this as a linear programming problem.

State carefully what your variables stand for. ..................... (2 p)
(b) As you surely have noted the problem is a typical “transportation prob-

lem”.

Use therefore the transport algorithm to solve it. ................. (6 p)

(c) Formulate the corresponding dual LP-problem and state an optimal so-
lution to it.

(2 p)

17



2.9 (20040415-nr.1)

2.10

A company has four factories, in the cities A, B, C and D, and five big cus-
tomers, in the cities P, Q, R, S and T.

At a specific time the customers demand the following quantities of the com-
pany’s product: Customer in P 50 tonnes, Customer in Q 120 tonnes, Cus-
tomer in R 110 tonnes, Customer in S 70 tonnes and Customer in T 90 tonnes.

The company’s supply of the product at the time is 90 tonnes at the factory
in A, 100 tonnes at the factory in B, 60 tonnes at the factory in C and 190
tonnes at the factory in D.

The transportation costs from factories to customers, in 100 SEK/tonne, is
given by the following table:

P/Q[R[S]T
Al6|6|5[6]3
B|9| 8| 7|86
Cl8[8[5|7]5
D[8| 96|75

(a) Determine how much the company should transport from each factory
to each customer to make the total transportation cost minimized under
the constraints that the customers demand are satisfied and the supply
of the factories are not exceeded. Use the transport algorithm. ....(7p)

(b) The solution you obtained is not unique, right? Determine therefore also
another optimal solution. ............. ... ... ... (3p)

(20040310-nr.1)

The linear optimization problem stated below in the variables z;; and z;; can
be interpreted as a minimum cost problem with I source-nodes, K intermedi-
ate nodes, J sink-nodes, an edge from every source-node to every intermediate
node (corresponding to the variables x;;) and an edge from every intermediate
node to every sink-node (corresponding to the variables zj;).

All flow from the source-nodes (factories) to the sink-nodes (stores) must al-
ways go through intermediate nodes (trans-shipment terminals).

M)~

K K J
D Dikin + Y Y Q%
1 k=1

minimize

i k=1j=1

K
s.t. Z:clk = s;, fori=1,...,1

k=1
I J

—ZﬂiikJrszj:O, fork=1,....K
i=1 j=1
K

>y =—dj, for j=1,...,J
k=1

zik, 20, zk; 20, for all i, k, j



I J
Here s;, dj, pir, and gq; are given positive numbers such that Z 8 = Z dj.
i=1 j=1
Assume specifically that we have the following data given:
I=K=J=2, s1=30, s9=20, di=40, do=10, p11=>5, pia=2,
p21=3, p22=2, q1=29, q12=9, @1=17, g=~0.

(a) Show that the following solution is an optimal solution to the problem:
Tr11 = 0, T12 = 30, To1 = 20, X9 — 0, Z11 — 20, Z12 — 0, Z91 — 20, z299 = 10.
(7p)

(b) Formulate the dual LP-problem corresponding to the problem above
and state an optimal solution to this dual problem. Verify specifically
that the optimal values of the problems (primal and dual) are equal. (3p)
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3. Convexity

3.1 Let C' and D be two convex sets, a € IR and f : C — IR a convex function.
Show that the following sets are convex.

(a) aC = {azx|z € C}.

(b) CND.

(c) C+D={z+ylreC,yec D}
(d) {x € Clf(x) < a}.

(e) epif = {(z,n) € Cx R|f(x) < p}.

3.2 Let C, denote a convex set in IR™ for each « in the index set A. Show that
Naca Ca is a convex set.

3.3 Let f and g be convex functions on a convex set C, and let o be a positive
constant. Show that the following functions are convex on C.

(a) f+g
(b) af.
(c) max{f,g}.

3.4 Let f, be convex functions (defined on the same convex set C') for each « in
the index set A. Show that sup,c 4 fo is a convex function.

3.5 Let f: I — IR be a nondecreasing convex function on the interval I C IR, and
let g : C — I be a convex function on the convex set C' C IR™. Show that
f(g(x)) is a convex function on C.

3.6 Which of the following functions are convex?

(a) f(z) =In(e™ 4 e™2).

(b) f(z) =In(32iL, e™™)

(c) fx)= E .

(d) f(z) = 22/x9, for x5 > 0

(e) f(z) = —/@1xa, for x1, 22 > 0.
(f) f(z)=—II%~ 1331) , for z; > 0.

3.7 Show the inequality between the arithmetic and the geometric mean, i.e., show
that for 2; > 0, it holds that ([T} z;)V/" < 157 ;.

3.8 (a) Let x1,..., 2y € IR™ be given. Show that
m m
C = {x € IR"| There exist t; > 0 such that z = Ztixi,Zti =1}
i=1 i=1

is a convex set.

(b) Suppose that X is a convex subset of IR™ and that 1, ..., z, € X. Show
that >/ tiz; € X, if t; > 0and >/ t; = 1.
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3.9

3.10

(20060308-nr.5)

Let f be a one-variable function (f : JR — IR) which is twice continuously
differentiable on the entire IR and fulfills that f(z) > 0 for all =z € IR.

Let the one-variable function g be defined by g(x) = (f(z))?, for all z € IR.

Determine which of the following statements that are true (proof or counterex-
ample).
Note that it is given that f(z) > 0 for all z € IR.

(a) If f is convex on IR then g is convex on IR. ....................... (2p)
(b) If f is not convex on IR then g is not convex on IR. ............... (2p)
(c) If z is a local minimizer to f then & is a local minimizer to g. ..... (2p)

(d) If z is not a local minimizer to f then & is not a local minimizer to g.
(2p)

(e) Assume that in a given point z¢ € IR is holds that
(o) #0, f"(z0) >0, g’'(x0) # 0 and ¢"(zo) > 0.
Let 1 be the point you obtain if you perform one iteration with Newton’s
(one-variable)-method to minimize f(x) starting from the point z,
and let £; be the point you obtain if you perform one iteration with
Newton’s (one-variable)-method to minimize g(z) starting from x.
Show that |Z; —xo| < |z1 —@o|. «.ooii (2p)

Known theorems may be used without proof if they are properly formulated.

(20051024-nr.5)

Let f and g be two given real valued functions that are convexr on whole IR",
and consider the following convex optimization problem, which we denote PO,
in the variable vector x € IR™:

minimize f(x)
s.t. g(x) <0.

This exercise is about how you can determine an overestimation of the optimal
value to PO with help of linear programming.

Let xM, x® . x) be K given points in IR" and form the following LP-
problem, which we denote LP1, in the variables wq, ..., wk:

K
minimize Z w, f (x*))
k=1

K
s.t. Zwkg(x(k)) <0
k=1

K

Zwk:1

k=1

w >0, fork=1,... K.

Suppose that % is an optimal solution to PO and that W = (u1,...,wk)" is
an optimal basic solution to LP1 (obtained with the simplex method).
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K
(a) Show that Z e f(x®) > f(®), i.e. that the optimal value to LP1 is
k=1
an overestimation of the optimal value of PO. ..................... (7p)

(b) Assume that one of the four given points x(*) is an optimal solution to
P0O. Determine an optimal solution to LP1 and show that the optimal

solutions
to PO and LP1 now are identical. ....................... ... ..., (3p)
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4. Lagrange relaxations and duality

4.1 Solve the following problem, and motivate global optimality.

where a;j, 7 =1,...,n and b are constants.

4.2 Solve the following problem, and motivate global optimality.
n
max Z Inz;
j=1

n
s.t. Z a;T; < b,
j=1
z; >0, j=1,...,n,
where a;, j =1,...,n and b are positive constants.

4.3 Solve the following problem, and motivate global optimality.

n
min E ajxj

7j=1
n
bA
s.t. L < by,
j=1"
ZL‘j>0, i=1...,n,
where a;, 7 =1,...,n,and b;, j =0,...,n are positive constants.

4.4 Solve the following problem, and motivate global optimality.

z; >0, j=1,...,n,
where aj, j =1,...,n, and b;, 7 =0,...,n are positive constants.

4.5 Solve the following problem, and motivate global optimality.
n
min Z e“%i
j=1
n
s.t. Zaja:j >0,
j=1

where aj, j=1,...,n,¢j, j =1,...,n and b are positive constants.
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4.6

4.7

4.8

4.9

At an exam, a “new” method is used for answering multiple-choice questions.
The answer is given by denoting the probability of each answer to be correct.

The given probabilities have to sum up to 1 (and be nonnegative of course).

If choice k is correct and you have put the probability g you are given the
score In g (which is normally negative).

Suppose you are to answer such a multiple-choice question with N alternatives.
You judge that the probability is p, for alternative n to be correct. The
probabilities ¢, which you give as answers do not have to be identical to the

Pn.

(a) Formulate the problem to determine the probabilities g, so that the ex-
pected total score is maximized.

(b) Determine the optimal choice of g,,n =1,..., N.

Remark: You use subjective probabilities in the same way you would use
regular probabilities.

Consider the problem (P) defined as

min  z} + 27129 + 23 + 2§
st (z1—2)2+ (23— 2)% + (23 — 3)2 <6,
(P) T1X2X3 S 10,
z1 2 1,
x2 20,
x3 > 0.

Use Lagrangean relaxation to show that & = (1 1 1 )7 is a global minimizer
to (P).

Determine the dual problem to
n
min Z 7
s.t. Z a;T; = b.
i=1
Determine a suitable dual problem to
n
. a;
min —
lil Ti
P
( ) s.t. Zbiiﬂi—bg,
i=1
lzgnguh izla"'?”‘:
where a; >0, 0<l; <u; fori=1,...,n and by > 0.
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4.10 Determine a suitable dual problem to

n n
min Zszjlnxij
i=1j=1
n
s.t. T = Qg, izl,... n,
RS ’
n
inj:bj; jZl,...,')’L,
i=1
ri; 20, i=1,...,n,7=1,...,n,
where a; > 0fori=1,...,nand b; >0for j =1,...,n.

4.11 Consider the problem
n
min Z x?
j=1

n
s.t. Zajxj > b,
j=1

l‘jZO, j:1,...,n,

(P)

where a; > 0,7 =1,...,n and b > 0.

(a) Determine (D), the (Lagrange-) dual problem to (P) which is created
when the sum constraint is relaxed.

(b) Determine an optimal solution to (D). (It is not necessary to use a
systematic method.)
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5.

5.1

5.2

Quadratic programming

(20070601-nr.3)

This problem concerns a small electrical network with resistances on the links.
The network has the set of nodes N' = {1,2, 3,4} (i.e. in total 4 nodes) and the
set of links B = {(1,3), (1,4), (2,3), (2,4)}. (Hence there are no link between
the nodes 1 and 2 and no link between the nodes 3 and 4, but there is a link
between any other node pair.) Every link (¢, j) € B has a given resistance R;;
Ohm. Now suppose that the current 500 mA is fed into node 1 and 100 mA
into node 2, while 500 mA is taken out in node 3 and 100 mA is taken out in
node 4. The total (heat) effect in the network is then given by

2 2 2 2
R13:c13 + Ryazis + R23ﬂ323 + Rosx54,

where z;; = current in the link (4,7). (If ;5 > 0 the current in the link is
going from node 7 to node j, while if x;; < 0 the current in the link is going
from node j to node i.)

Nature decides the currents x;; in such a way that the above sum is minimized
under the constraints of balance of the currents in the first three nodes. The
current balance in the fourth node, —x14 — z94 = —100, follows from the cur-
rent balances in the other three nodes, as for all problems regarding balanced
networks or flows.

Your task is now to compute the currents in the links x;; by solving the opti-
mization problem above, which has a convex quadratic objective function and
linear equality constraints. Use a general method for this type of quadratic
optimization.

For simplicity you may assume that R;; = 1 for all links.

(20070307-nr.3)

In the entire exercise

1 2 3 10
f(x) = (21— 22)? + (22— x3)* + (23— 11)%, A= [3 2 1 ] and b= (14>
is valid.

(a) Determine a symmetric 3x 3-matrix H such that f(x) = 1xTHx. .(1p)

(b) Determine one solution X to the system of equations Ax =b. ..... (1p)
(c) Determine a basis of N (A) (= Null-space to A). .................. (2p)
(d) Use the results from (a)—(c) to determine an optimal solution X to

the problem: minimize f(x) s.t. Ax =b. ... ... .. ...l (2p)

(e) Now let ¢ € IR? be a given vector and consider the problem to minimize
f(x) + c'x s.t. x € R%, ie. a quadratic optimization problem without
constraints. For some choices of the vector c it turns out that this problem
have at least one optimal solution, which therefore is a minimizer to
f(x) 4+ c¢"x, while it for other choices of the vector ¢ it turns out that
f(x) 4+ ¢"x has no lower bound and hence does not have a minimizer.
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Your task is to show that there exist a vector a € IR3, which you should
state, such that the following equivalence is valid:

f(x) + cTx has at least one minimizer < a'c=0. ... (4p)

5.3 (20040310-nr.4)

In this exercise ¢ € IR" and a € IR™ are two given vectors that fulfill that

T T

a'la=1, c'c=1 and a'c=0.

Now consider the following problem in the variable vector x € IR":

minimize % x'x —c'x

s.t. %XTX —a'x<0.

(a) Make a Lagrange relaxation of the problem and determine an explicit
expression for the dual objective function ¢. ...................... (4p)
(b) Determine an optimal solution § to the dual problem. ............. (3p)

(c) Determine an optimal solution X to the original (primal) problem
above and verify that (%, g) fulfill the global optimality conditions. (3p)

5.4 (20060603-nr.2)

1 1 -1 -1

LetAz[l 1 1 1

] and q =

N O N~

(a) First assume that you want to determine the vector x in the null-space
to A
which is closest to the vector q, i.e. you want to solve the problem

P1: minimize |x —q|? s.t. x € N(A),

where | - | means the standard Euclidean norm in IR, ie. |x—q|?> =

(x—a)"(x—q),

and N(A) = {x € IR*| Ax = 0}. Determine the optimal x. ....... (5p)
(b) Now suppose you want to determine the vector x in the range space of

AT

which is the closest to the vector q, i.e. you want to solve the problem
P2: minimize |x — q|? s.t. x € R(AT),

where R(AT) = {x € R*|x = ATv for some v € IR?}. Determine
optimal X. ... .. (5p)

5.5 (20060308-nr.4)
(a) Let a € IR? be a given vector and b € IR a given constant.

Then P = {x € IR* | a'x = b} is a plane in IR3.
Let X € IR? be a given point that fulfills a™x < b.
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5.6

5.7

Determine the point X € P that is closest to X among all points in P,
i.e. optimal solution to the problem to minimize |x — %|? s.t. a'
(The answer will of course contain X, a and b.)

Also show that the shortest distance d from X to the plane P, i.e. |X—X/|,
is given by the expression d = (b—a'x)/|al. .............oooii.L. (4p)

x =b.

(20050331-nr.4)
Let ¢ and V be the following two subsets of IR*:

1 0 0 1 1
U={uc R |Ru=p}, where R=[0 1 0 1|and p=]1

0 011 1

1100 2
V={veR'|Sv=gq}, where S=|1 0 1 0|and q= |2

1 0 01 2
Determine the shortest (Euclidean) distance d between I and V. Determine

also
the two points Gt € U and v € V between which the distance is the smallest.
(10p)

(20050307-nr.3)

1

In this exercise A = l )

-1 b
) ] and b= <b1>’ where b; and by are given
2
numbers.
The Euclidean norm of a vector x are as usual denoted by | x|, so that
|x|?=x"x and |Ax—b|?> = (Ax—b)T(Ax —b).

(a) Determine all optimal solutions x to the following problem:

P1: minimize |Ax — b |?
st. x € R
The answer can of course contain by and ba. ....................... (2p)

(b) Let X (b) = be the set of optimal solutions x to the problem P1 above.
Determine the unique optimal solution to the following problem:

P2:  minimize |x|?
st. x € X(b).
The answer may of course contain by and bg. ...................... (2p)

(c) Let %(b) denote the optimal solution to the problem P2 above.
Show that %X(b) = A'*b for a certain matrix A". State A*. ........ (1p)

(d) Now let € be a given number that fulfills € > 0.
Determine the unique optimal solution to the following problem:

P3: minimize |Ax —bl|? +¢|x|?
st. x e R
The answer may of course contain by, by and e. ................... (3p)
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5.8

5.9

5.10

(e) Let x.(b) denote the optimal solution to the problem P3 above.

Show that %.(b) = A.b for a certain matrix A, which depends on e.
Show also that if € goes to 0, then every element of the matrix A, goes
to the corresponding element in the matrix AT, ................... (2p)

(20041016-nr.3)

Let L; and Ly be two given lines on parameter form in IR>:
Li={xeR|x=a+au, foraeR} and
Ly={y€R?|y=b+j-v, forBc IR},

where a, b, u and v are given vectors in IR3.

We assume that the direction vectors of the lines u and v are normalized,

T T

i,e. uu=v v =1, and that they are not parallel.

You want to connect the lines with a thread. The question is between which
two points X € L1 and ¥ € Lo the thread should be tied to make it as short
as possible.

(a) Formulate this as an optimization problem in two variables (o and ).
Determine specifically if your formulation is convex! ............... (4p)

(b) Solve the problem you formulated above analytically, with the help of
well-known optimality conditions, for the special case that the given vec-
tors u and v are orthogonal, i.e. fulfills u'v = 0. Denote the optimal
points X and ¥ expressed ina, b, uandv. .......... .. ... (6p)

(20040415-nr.3)

Consider the quadratic optimization problem to minimize %XTHX when Ax =

b,

21 0 00
1 2 1 00 1 01 0 0 2
where H=({0 1 2 1 0|, A={0 1 0 1 0 and b= 2
001 21 001 01 2
0 00 1 2
A feasible (but not optimal) solution to the problem is x = (1, 1, 1, 1, 1)T.

(a) Show that the vectors z; = (0, —1, 0, 1, 0)T and z, = (1, 0, -1, 0, 1)7

is a basis to N (A) (= the null-space of A). ....................... (2p)
(b) Use the above information to solve the considered optimization problem
with a null-space method. ......... ... .. .. .. i (6p)

(c) Let % denote the optimal solution to the problem. Determine a vector
that together with X satisfies the optimality conditions to the problem.

(2p)
(20040310-nr.2)

This exercise is about an electrical network with resistances on the links.
The network consists of 5 nodes, and there is a link between every pair of
nodes. Hence there are in total 10 links (4, j) with 1 <i < j <5.
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For simplicity every link (7, 7) is assumed to have the resistance r;; = 1 Ohm.

Assume that you send in the current 1 Ampere in a node, say node 1, and
take it out in another node, say node 5. The total (heat-)effect in the network
is then given by Zn-jx%j, where x;; = the current in the link (7, j) and where
the sum goes over to all the other 10 links in the network. (If ;; > 0, the
current in the link goes from node ¢ to node j, whereas if x;; < 0, the current

goes in the link from node j to node i.)

Nature chooses the currents x;; in a way that minimizes the mentioned sum
Enj:c%j under constraints on current balances in the nodes, i.e. 4 linearly
independent flow constraints. (Balance in the fifth node follows from balance
in the other four nodes, as for all network flow problems.)

Your task is now to compute the currents in the links z;; by solving the mini-
mization problem above, which has a quadratic objective function and linear
constraints. State also the total effect. ........ ... ... ... ... (10p)

The following might be useful for the computations:
~1

4 -1 -1 -1 2 1 11
-1 4 -1 -1 1|1 211
-1 -1 4 -1 T 5 |11 21
-1 -1 -1 4 111 2
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6. Nonlinear programming

1 (20070601-nr.5)

In the following optimization problem c; is a constant.

(a)

(b)
(c)

(d)

(e)

minimize cir1 — 4x0 — 223
st 2?4+ 123 <2,
r? + 22 <2,
z3 + 23 < 2.
Decide whether it is a convex optimization problem or not.
Motivate your answer carefully.. ........... ... ..., (1p)
Write down the KKT-conditions for the problem. ................ (1p)

Are there any values for the constant ¢; which make the point
=(1.4,0.2,0.2)T an optimal solution to the problem?
If there are any such values, determine all of these values for ¢;. ..(4p)

Are there any values for the constant ¢; which make the point
= (1,1, 1)T an optimal solution to the problem?

If there are any such values, determine all of these values for ¢;. .. (4p)
(O e I I

Optional help: 1 0 1 = —. 1 -1 1
011 -1 1 1

In this final task we will throughout assume that ¢; = —6.

The dual objective function ¢(y) of the problem above is, as known,
defined with Lagrangian relaxation. Your task is to compute the value of
the dual objective function ¢(§) in the point ¥ = (1,1,1)T, and determine
whether ¥ is an optimal solution to the dual problem. ............. (4p)

6.2 (20070307-nr.4)

Let 61, 02, 03 and 4 be four given numbers (which typically are pretty “small”)
and consider the following non-linear least squares problem in the variable-

vector x € IR?%:
minimize f(x) = 3(h1(x)* + ha(x)* + h3(x)* + ha(x)?),

where the functions h; are given by

hi(x) = 22 — x5 — 01,
ho(x) = 2% + 29 — 62,
h3(X) = $2 — X1 — (537
ha(X) = 23 + 21 — 4.

(a) First assume that 01 = d = d3 = 04 = 0.
Show that then % = (0,0)T is a global minimizer to f(x).

(This motivates that we use this point as starting point below.) ...
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(b) Now assume that d; = —0.1, d2 = 0.1, d3 = —0.2 and 4 = 0.2.
Perform one iteration with the Gauss-Newton method starting from x(*) =
(0,0).

Make sure that your obtained point x(?) satisfies f(x(?) < f(x™1).
Then decide whether x() is a local minimizer to f(x). ............ (5p)

6.3 (20060603-nr.3)

In the following QP-problem with inequality constraints the number c3 is a
constant.
minimize %x% + %:c% + %x% —x1 — X9 + c373
st. x1+x0>4
r1+x3 >4
To+132>4

(a) Are there any values of the constant cs which makes the point
x = (2,2,2)7 an optimal solution to the problem?
If that is the case, then determine all such valueson cz. ........... (4p)

(b) Is there any values of the constant c3 which makes the point
x = (2,2,4)7 an optimal solution to the problem?
If that is the case, then determine all such valueson cz. ........... (3p)

(c) Is there any value of the constant cs such that the point
x = (3,3,1)7 is an optimal solution to the problem?

If that is the case, then determine all such valueson cz. ........... (3p)
-1
1 10 1 1 1 -1
Optional help: 10 1 =3 1 -1
011 -1 1 1

6.4 (20060603-nr.4)
2

In this exercise f(x) = z?xjz$§, where x = (21, 2, 73)T € IR3.

(a) Determine whether % = (0,0,0)T is a global optimal solution to the prob-

lem to

minimize f(x) under the constraint 2% + 23 + 23 <1. ............. (1p)
(b) Determine whether % = (0,0,0)" is a local optimal solution to the prob-

lem to

minimize f(x) under the constraint 2% + 3 + 23 <1. ............. (1p)
(c) Determine whether f is a convex function on IR3 or not. .......... (3p)

(d) Determine all global optimal solutions to the problem to
maximize f(x) under the constraint =3 + x3 + 23 < 1.
Observe that now, in contrary to above, it is a maximization problem!

(5p)

6.5 (20051024-nr.4)
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Consider the following quadratic optimization problem with four variables and
six linear inequality constraints (of which four are in the form of non-negativity
constraints on the variables).

minimize %XTX
st. Ax>Db,
x > 0,
2 -2 1 1 20
where A—ll 1 9 _2]and b—<30>.

Use for example the optimality constraints to answer the following questions:

(a) Is there for the above problem any optimal solution X that satisfies both
that AX = b and that all four variables are strictly positive, i.e. ; > 07

(5p)
(b) Is there to the above problem any optimal solution X that satisfies both
that AR =b and that 23 =24 =07 ....... ... ... ... . ... (5p)

6.6 (20050307-nr.4)

(a) Determine whether % = (2, 1, 0)T is a global optimal solution or not to
the following problem in the variable vector x = (x1, x2, 3)T € IR3. (5p)

minimize (.%'1 + $2)2 + ({Bg + 1'3)2 + (3}3 + .1‘1)2 — 1221 — 8x9 — 43
st. 0<2; <2, forj=1,2,3.

(b) Determine values on the three constants ki, ko and k3 so that X =
(2,1, 0)" becomes a global optimal solution to the following problem.

(5p)
minimize (21 + 22)? + (z2 + 23)% + (3 + 21)% — 1227 — 89 — 423
st (m1—k1)? + (w2 — k2)? + (23 — k3)? < 1.
6.7 (20041016-nr.5)

Consider the following non-linear optimization problem.
minimize fo(x)
st. fi(x) <0, i=1,2
xe X,
where X is given by X = {xe R"|-1<z; <1, j=1,...,n},

while the functions f;(x) are given by the following expression, for i = 0,1,2:

n .. ..
fi(x) = E Pig i +7r; . Note that this holds also for i = 0, i.e. the objective function.
= 2—x; x;+2

Here p;; and g¢;; are given strictly positive constants for 7 = 0,1,2 and all j,

n
while r; are given constants such that r; < — Z (p; + q;) fori=1,2.
j=1
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6.8

In the following subproblems known theorems may be used without proof if

they

first are correctly formulated.

(a)
(b)
(c)

(d)
(e)

Determine whether the functions f; are convex on X. ............. (2p)
Determine whether the feasible region is non-empty. .............. (1p)
Determine whether the feasible region to the problem is a convex set.
(1p)

Formulate carefully the KKT-conditions to the problem. .......... (3p)

Make a Lagrangian relaxation to the problem with respect to the con-
straints f;(x) <0, i = 1,2,

and determine an explicit expression of the dual objective function .
(3p)

(20040415-nr.4)

Three components are placed out on a board with the coordinates:

(1,2), (=2, 1) and (1, —1).

Now you want to connect these components with a fourth one, so that from
each of the first three there is a (direct) thread to the fourth. The question
is where on the board this fourth component should be placed. One could
think of at least two different criteria, represented in each of the following to
sub-exercises.

(a)

(b)

First assume that you want to place the fourth component in such a way
that the sum of the three distances from the fourth component to each
of the original three components is as small as possible.

Formulate this problem on mathematical form (with variables, objective
function and possible constraints) and decide whether the point (0,0)
fulfills the optimality conditions for your formulated problem. ..... (5p)

Now assume that you want to place the fourth component in such a way
that the biggest of the three distances from the fourth component to each
of the original three components is as small as possible.

Formulate this problem on mathematical form (with variables, objective
function and possible constraints) and decide whether the point (0,0)
fulfills the optimality conditions for your formulated problem. ..... (5p)
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7. Mixed examples

7.1 Consider the following approximation problem.

Given is a set T' € IR*, and the continuous functions f and fi»3=1,...,non
T. The aim is to approximate f by a linear combination of the functions f;,
j=1...,n.

This leads to the following optimization problem.

(P) min  max |f(t) — Z z; f;(t)]
j=1

zj,j=1,...n teT

For numerical solution of (P), a set of points t1,...,t,, are selected in T" and
the following problem is solved.

zj,j=1,...,n i=1,...m

(P) min max |f(t;) — ijfj(ti)’
=1

(a) What conclusions can be drawn concerning the optimal value of (P) from
an optimal solution to (P’)?

(b) (P’) looks complex, with an inner maximization and an outer minimiza-
tion. Reformulate (P’) as a mathematical programming problem of sim-
plest possible kind.

(c) Determine the dual problem to the problem formulated in Exercise 7.1b
and simplify as far as possible.

7.2 Throughout this exercise, let

flx) = af —xmy+a5+ $§ — 221 + 4x9,
g(z) = —x1— a9,
g2(z) = 1—xs.

(a) Consider the problem

(Py) min f(z)

s.t. xz e R

Determine a global minimum to (P;). (Motivate the answer.)
(b) Consider the problem

min  f(x)
(P.) st gi(x) <0, i=1,2,
z € R3.

Show that 2* = (1 ~1 1)7 fulfills the KT-conditions for (P.).
(c) Show that the dual problem (D.) corresponding to (F,) is

)\2
max —)\%+2)\1—ZQ—|—)\2—4

(De) gt A >0,
Ay > 0.
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(d) Determine globally optimal solutions to (P.) and (D.). (Motivate global
optimality.)
Hint: The results from 7.2a and 7.2b can be used in conjunction with
weak duality.

7.3 Consider the problem (P), defined as

min —2:5% + 122129 + 7:5% — 81 — 2622

(P) s.t. x1+ 2z <6,
0 S r1 < 37
€To Z 0.

(a) Find all points that satisfy the KT-conditions for (P).
(b) Find a global minimizer to (P).
(Note that the amount of computation required would be very large using this
strategy on larger problems.)
7.4 (20070601-nr.4)
Let n be a given (big) integer, and let the n-variable function f be given by
n
f(x) = z:(:z:;l - x? + x? —x;), where x = (z1,...,2,)" € R".
j=1
(a) Decide whether f is a convex function on whole R™. .............. (4p)

(b) Now suppose you want to minimize f(x) without any constraints.
Your task is to make one complete iteration of the Newton method from
the starting point x™M) = (1,...,1)T.
Make sure that your obtained point x(®) fulfills f(x(®) < f(x(M). . (4p)

7.5 (20050331-nr.5)

Let g1,...,9m and f be given nonlinear n-variable functions which are all con-
vex and continuously differentiable on the entire IR™ and consider the following
problem:

P:  minimize f(x)

st. gi(x) <0, i=1,....m
x € R".

Assume that the problem is regular, i.e. that there is at least one point x
which fulfills all constraints with strict inequality.

Assume furthermore that you in some way have found a point X € IR"™ which
you believe is an optimal solution to P. One way of investigating whether %X
really is optimal is to linearize the m+1 nonlinear functions g¢i,..., g, and
f in the point X (i.e. compute the first order Taylor polynomial in %X for
each function) and then consider the LP-problem that is formed, if you in the
problem P replace each of the nonlinear functions with its linearization. Your
task is to prove the following statement:
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7.6

7.7

The point X is an optimal solution to the problem P if and only if the same
point X is an optimal solution to the above mentioned LP-problem (which is
formed by approximating all functions in P with the first order Taylor poly-
nomials in X ).

Theorems from the course may be used without proof if they are correctly
formulated. ... ... (10p)

(20041016-nr.4)

2 -1 2
In this exercise A = | —1 2l and b=| 1
1 1 4

(a) First consider the following quadratic minimization problem in the vari-
able vector x € IR?:

minimize 1|Ax-b[*=1(Ax—-b)"(Ax—b).

Determine an optimal solution to this problem. ................... (4p)

(b) Assume that you add the constraint that all components in the “error
vector”
Ax — b must be non-negative, you instead obtain the problem

minimize 3|Ax — bl|?

st. Ax>Db.

13 11

-
o ) is an optimal solution. .......... (6p)

Now show that x = (

(20040415-nr.5)

Let f and g be two given non-linear n-variable functions which both are convez
and continuously differentiable on the entire IR", and denote the following
problem NLP.

NLP:  minimize f(x)

s.t. g(x) <0,
x € IR".
Let x',x2,...,x be a number of given points in IR", and denote the following

LP-problem in the variables x € IR" and z € IR by LP.

LP: minimize =z
st. z2-VfxHx > fxF-ViMxF, k=1,... K,
~Vg(xF)x > g(xF) - VgxMxF, k=1,...,K.

Assume that you solve this LP-problem and obtain an optimal solution (X, 2).

(a) Show that 2 is a lower bound of the optimal value to NLP,
i.e. that f(x) > z for every feasible solution x to NLP. ............ (5p)
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(b) Assume that the above mentioned % happens to be one of the given points
k
X",
Show that %X is an optimal solution to NLP. ....................... (5p)
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Answers/Solutions to the examples

8. Linear programming

8.1 (20070601-nr.1a)

Introduce the following variables:

21 = number of units of product A manufactured per day
xo = number of units of product B manufactured per day
x3 = number of units of product C manufactured per day

The coverage contribution per day is then given by 1227 + 929 + 8x3.

The capacity constraint in the cutting department can be written as +

T T3

<8.
1600 + 1100 —

The capacity constraint in the pressing department can be written as
) T3 <.

1500 2400 —

That gives us the following problem formulation:

T1
2000

z1
1000

_|_

maximize 12x1 4+ 9x2 + 8x3

I + T2 T I3 <

2000 1600 1100 —
I T2 €T3

<

1000 + 1500 + 2400 —

r1 >0, 22 >0, xz3 > 0.

s.t.

8,

8,

8.2 (20070601-nr.2)

(a)
If we introduce slack variables x5 and zg, to transform the inequality con-
straints to equality constraints, we obtain a LP-problem on standard form

T

minimize c¢'x
st. Ax=Db,
x>0,

[ -1 -1 o1 0] (8 T e
vvhereAl1 11 -1 0 11, b<4>andc =(-3,4,-2,5,0,0).

The initial solution should have the basic variables x5 and xg, i.e. 5 = (5,6)
and § = (1,2,3,4).

10 .
0 1], while A5 =

The corresponding basic matrix is given by Ag = [
11 -1 -1
1 -1 1 =1}
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The values of the basic variables in the basic solution are given by xz = b,
where the vector b is computed from the equation system
Agb =b,

o [r ool () (8) . o= (b (8
te. 1o 1 <b2><4>,w1thsolumon b<b2><4>'

The vector y with the values of the simplex multipliers is obtained from the
system Agy = cg,

o[t o] fwm) [0} .  (wm\_ (o
te. 1o 1 <y2>—<0>,vv1ththesolut10n y—<y2>—<0>.

The reduced costs of the non-basic variables are obtained from

1 1 -1 -1
rl =cl-yTAs=(-3,4,-2,5)—(0, 0) ll 1 1] = (-3,4,-2,5).
Since 75, = r1 = —3 1is the smallest, and < 0, we should let z; become the

new basic variable.

We then need to compute the vector a; from the system Aga; = ay,

. 1 0 ail \ 1 . . - fain) _ 1
ie. [0 1] (&21> = <1>, with the solution a; = ((_121> = <1>

The biggest value that the new basic variable x; can be assigned to is given
by

bi 8 41 4 b
"M% = min{ — | @; > 0 :min{, }::_2.
i il 1" 1 1 as1

The minimizing index is ¢ = 2, and hence x, = x¢ will leave the set of basic
variables.
Its place will be taken by z;.

Hence § = (5,1) and 0 = (6,2, 3,4).

11 .
0 1], while Ay =

The corresponding basic matrix is given by Ag = [

0o 1 -1 -1

1 -1 1 -1
The values of the basic variables in the basic solution are given by x5 = b,
where the vector b is computed from the equation system Agb = b,

: L1 (b _ (8) . o= (b [4
ie. lo 1 <B2>—<4>,W1ththesolut1on b_<l_)2>_<4>'

The vector y with the values of the simplex multipliers is obtained from the
system Agy = cg,

i.e. ll 0 (32) = (_g), with the solution y = <z;) = (_g)

11
The reduced costs of the non-basic variables are given by

0 1 -1 -1
r}:c}—yTA5:(0,4,—2,5)—(0,—3)[1 1 _1]:(3,1, 1, 2).

Since ry > 0 the current basic solution is optimal.
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Hence the point z; = 4, 9 = 0, x3 = 0, x4 = 0 is optimal to the original
problem. The optimal value is z = —12.

(b)
Now suppose ¢! = (=3, 4, -2, 2, 0, 0) instead of (-3, 4, -2, 5, 0, 0).
If we start from the final solution above, with 5 = (5,1) and § = (6,2, 3,4),

1 1 0 1 -1 -1 — 4 0
is still valid.

But the reduced costs of the non-basic variables are now given by

0 1 -1 -1
r}:c}—yTA5:(0,4,—2,2)—(0,—3)[1 1 _1]:(3, 1,1,-1).

Since 75, = r4 = —1 is the smallest, and < 0, we should let x4 become the
new basic variable.

Then we need to compute the vector a, from the system Aga, = ay,

. 1 1 a4\ —1 . . - [aw) 0
ie. [0 1] (@4) = (_1>, with the solution ay = (@4) = <_1>.

Since a4 < 0, x4 can increase without constraint, the value of the objective
function goes to —oo.
Hence the problem lacks finite optimal solution and the algorithm is canceled.

Extra comments (that are not required):

If you set x4 =t and let ¢ increase from 0, while the other non-basic variables
stays at 0, the objective function is changed according to z = Z+ryt = —12—t,
while the values of the basic variables are affected according to xg = b —ayt,

ST

a:l(t) 4 1
CEQ(t) 0 0
This can be written as x(t) = f’gg = 8 + ¢ ? =xo+t-d.
4
:1:5(t) 4 0
x6(t) 0 0

Then Ax(t) = b and x(¢) > 0 for all ¢ > 0, i.e. x(t) is a feasible solution for
every t > 0,

while ¢"x(t) =c'xg+t-c'd = —12 —t — —o0 when ¢t — +o0.
(c)
If the primal problem is on standard form

T

minimize c¢'x
s.t. Ax =D,
x >0,
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8.3

8.4

then the dual problem is on the form maximize b'y s.t. ATy < ¢, which

here becomes:
maximize 8y; + 4y

st. y1 + oy < =3
yi — Y2 < 4,

-y + oy < =2

-y - y2 <5

Y1 < 0

y2 < 0.

If you draw the feasible region to this problem in a figure with y; and y» on
the axis, you see that it is a pentagon with corners in (—0.5, —2.5), (0, —3),
(0, —4), (—0.5, —4.5) and (~1.5, —3.5).

(d)

In the figure above we will now replace the constraint —y; — y2 < 5 with
—y1—y2 < 2.

But then we see that there is no y that fulfills both y; +yo < -3

and —y;—y2 < 2. (Which is also understood when summing these inequalities. )
Hence the dual problem has no feasible solutions, which is what we expected,
since the primal problem had feasible solutions, but did not have a (finite)
optimal solution.

(20070307-nr.1a)

(a) Let:

X 4 = number of hectoliters Applecider produced each week.
Xp = number of hectoliters Pearcider produced each week.

Xp = number of hectoliters Mixed cider produced each week.
X = number of hectoliters Original cider produced each week.

We get the problem formulation

maximize 196X 4 4+ 210Xp + 280X + 442X
st. 1.6X4+18Xp+32Xp+54Xc <80
1.2X44+12Xp+ 12X+ 1.8Xc <40
—0.8X44+02Xp+02Xp+02X- <0
—03X44+07Xp—-03Xp —03Xc <0

X220, Xp>0, Xp>0, Xg>0.

(20070307-nr.2)
(a)

The current LP-problem on standard form is

minimize c¢'x
st. Ax=Db,
x>0,
|12 3 410 (10 T_
WhereA—l2 345 0 11, b—<12> and ¢' =(0,0,0,0,1,1).
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The natural starting basic solution has the basic variables z5 and xg, which
means that = (5,6) and 6 = (1,2,3,4).

The corresponding basic matrix is given by Ag = [

1 2 3 4
2 3 4 5]

The values of the basic variables in the basic solution are given by xg = b,
where the vector b is calculated from the system of equations Agb b,

. (1 0] by (10} _. .= (b1 (10
i.e. 01 <b2>—<12>,W1ththesolut10n b_<b2>_<12>’

The vector y with the values of the simplex multipliers is obtained from the
system Agy = cg,

o[t fwm) (1) . . (wm) [
te. |4 1 <y2)—<1>,w1ththesolut10n y—<y2>—<1>.

The reduced costs for the non-basic variables is given by

T =cl —yTAs= (0, 0, 0,0) (I, 1)[1 29 4]=<3, 5,7, —9).

10 .
0 117 while A5 =

2 3 45

Since r5, = r4 = —9 is the smallest, and < 0, we let x4 become new basic
variable.

Then we need to compute the vector a4 from the system Agay = ay,

. 1 0 ays\ _ (4) . . __fau) (4
ie. lo 1] (@4) = <5>,W1ththe solution ay = <a24> = <5>

The biggest value that the new basic variable x4 can be incremented to is given
by
bi 10 12 12 b
"M% = min { — | a4 >0 —mln{ , }::2_
i Q4 4 5 5} a24

The minimizing index is 7 = 2 and hence xg, = 2 can no longer be a basic
variable.
Its place is taken by x4.

Hence, now = (5,4) and ¢ = (1,2, 3,6).

1 4

The corresponding basic matrix is given by Ag = [ 0 5

1 2 3 0
2 3 4 1)

The values of the basic variables in the basic solution is given by xg =
where the vector b is computed from the system of equations Agb b,

. 1 4 by (10 . . = (b1 (04
ie. [ <E2> = (12>, with the solution b = (l—)2> = <2‘4>.

] , while Ajs =

p“|

0 5

The vector y with the values of the simplex multipliers is obtained from the
system Agy = cg,

i.e. ll 0 (g;) = (é), with the solution y = (i;) = (—(1).8>'

4 5
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8.5

The reduced costs for the non-basic variables are given by

rl =cl—yTAs=(0,0,0,1)—(1, —0.8) l; ; i ﬂ = (0.6, 0.4, 0.2, 0.8).

Since ry > 0 the current basic solution is optimal.
Hence the point x1 =0, 29 =0, 3 =0, x4 = 2.4, x5 = 0.4, x5 = 0 is optimal.
The optimal value is given by x5 + x¢ = 0.4 > 0.

If there is a feasible solution (1, &9, &3, §:4)T to the original system, then

% = (&1, %9,43,24, 0, 0)7 is a feasible solution to the LP-problem with the
objective function value = 0.

Since the objective function value never can be negative X is an optimal solu-
tion to the LP-problem.

Hence: If there is a feasible solution to the original system, then the optimal
solution to the LP-problem = 0. But above we found that the optimal value
of the LP-problem is 0.4, which means that the original problem can not have
a solution.

(b)
Suppose that § = (91, 92, U3
From the duality theorem it follows that g3 = 23 = —0.2.

)T is an optimal solution to the dual problem.

From the complementarity theorem follows that since &7 > 0, then it must
hold that
—41 + 332 + 93 = 0 and since 2 > 0 then it must hold that 2g; — 49 + 93 = 0.

Together this gives that §; = 0.7 and g3 = 0.3, which also fulfills the other
constraints in the dual problem.

Hence: 91 = 0.7, 92 = 0.3 and g3 = —0.2 is an optimal solution to the dual
problem (in reality the unique optimal solution).

(20070603-nr.1)
(a)

We here have a LP-problem on standard form

minimize c¢'x
st. Ax=Db,
x>0,
143 210 (5 T _
WhelreA—l0 1 2 3 4], b—<3>and c' =(4,3,2, 3,4).

The given starting solution should have the basic variables z; and x5, which
implies that
B =1(1,5) and 6§ = (2,3,4).

4 0], while Aj =

The corresponding basic matrix is given by Ag = [ 0 4

3 2 1
1 2 3
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The values of the basic variables in in the basic solution are given by xg = b,
where the vector b is computed from the system of equations Agb = b,

o [a o] (B (5) . o= b\ (125
le. 14 4 (52) = <3>, with the solution b = <l_)2> = <0.75>.

The vector y with the values of the simplex multipliers is obtained from the
system Agy = cg,

o [a o] fwm)  [4) . . () [
le. |y 4 <y2>—<4>,vv1ththesolut10n y—<y2>—<1>.

The reduced costs for the non-basic variables is given by

3 21
rg:cg_yTAdz(?’v 2, 3)_(1) 1)l1 ) 3‘|:(_1’ -2, _1)

Since 75, = r3 = —2 is the smallest, and < 0, we will let z3 become new basic
variable.

Then we need to compute the vector az from the system Agas = ag,

. 4 0 aiz ) 2 . . - f(a3) _ 0.5
ie. lo 4] (@3) = <2>, with the solution ag = (@3) = (0'5)

The biggest value to which the new basic variable x3 can be incremented to is
given by

gmax_ o ] b am>0b = min{l.% 0.75} 075 by
S a;3 w3 N 0.5 0.5 05 @23'

The minimizing index is ¢ = 2, and therefore xg, = x5 is removed as basic
variable.
Its place is taken by x3.

Hence, now = (1,3) and 6 = (2,5,4).

The corresponding basic matrix is given by Ag = [é ;1 , while A5 =
3 01
1 4 3/

=i

The values of the basic variables in the basic solution is given by xg =
where the vector b in computed from the equation system Agb = b,

a4 2] (b (5) . o= (b (05
le. |y 9 (52) = <3>, with the solution b = <l_)2> = (1.5>.

The vector y with the values of the simplex multipliers is obtained from the
system Agy = cg,

o [a o] fwm)  [4) . . (w\ [
Le. |, o <y2>—<2>,vv1ththesolut10n y—<y2>—<0>.

The reduced costs for the non-basic variables are given by

301
rl =cl —yTAs = (3, 4, 3)—(1,0)[1 A 312(0,4,2).

Since rg > 0, the current basic solution is optimal.

Hence the point x; = 0.5, x9 =0, z3 = 1.5, x4 = 0, x5 = 0 is optimal.
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T

The optimal value is ¢'x = 5.

(b)

Since rs5, = r2 = 0 we can let o become new basic variable (and increase from
Z€ero)
without that the objective function value is changed.

Then we need to compute the vector az from the system Aga, = ao,

. 4 2 a2\ 3 . . - (a2} _ 0.5
i.e. lo 2] <a22) = (1), with the solution a; = <a22> = (0.5)'

The biggest value that the new basic variable xo can be incremented to is given
by

t"** = min i|ZL- >0 —rnim{o'5 1'5}—0'5_1)1
I - 05’ 05) 05 an

The minimizing index is ¢ = 1, and therefore zg, = x1 is no longer kept as
basic variable.
Its place is taken by x».

Hence, now § = (2,3) and ¢ = (1,5,4).

The corresponding basic matrix is given by Ag = [ 1 9

4 0 1

0 4 3|
The values of the basic variables in the basic solution are given by xz = b,
where the vector b is computed from the system Agb = b,

. 3 2 by (5 . . = by (1
ie. ll 2] (52) = (3>, with the solution b = <l_)2> = <1>

Hence the new basic solution is x1 =0, 20 =1, 23 =1, 4 = 0, 5 = 0.

3 2], while Ay =

The value of the objective function is (of course) still ¢'x = 5, so also this
basic solution is optimal.

Here you can stop, but as a control we can go on:

The vector y with the values of the simplex multipliers are now obtained from
the system Agy = cg,

. 3 1 Y1 3 . . Y1 1
e — (2, with the solut - — ().
1.e l <y2> <2> W1 € solution 'y <y2> (O)

2 2

The reduced costs for the non-basic variables are given by

4 0 1
I'(sT:C(sT—yTA6:<47 4, 3)_(170)[0 4 31:(07472>

Since rs > 0 the new basic solution is optimal.

(c)
If the primal problem is on standard form

T

minimize c¢'x
s.t. Ax =Db,
x > 0,
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8.6

then the dual problem is on the form: maximize b’y s.t. ATy < ¢, which
written out becomes:

maximize 5y; + 3y2

s.t. 4y < 4,
3yr. + Y2 <3,

21 + 2y2 <2,
v+ 3y <3,

4y < 4.

It is well-known that an optimal solution to this dual problem is given by the
vector y with

“the simplex multipliers” in the optimal basic solution in the (a)-task, i.e.
y = (17 O)T'

You can quickly verify that this is a feasible solution of the dual problem above.
Further the dual objective function value is b'y =5y + 3y =5 —-0=5 =
the optimal value to the primal problem in the (a)-task.

(20060308-nr.1)
(a)

Introduce slack variables x4, x5 and xg so that the problem is on standard
form

minimize ¢'x
s.t. Ax =Db,
x >0,
1 1 0 -1 0 0 2

where A=|1 0 1 0 -1 0]|,b=|2]andc=(1,5, 2,0, 0, 0)T.

0 1 1 0 0 -1 2

The given starting solution corresponds to that x1, zo and x3 are basic vari-
ables, i.e. that 8 = (1,2,3) and § = (4,5, 6).

1 1 0
The corresponding basic matrix is given by Ag= |1 0 1
0 1 1

The values of the basic variables in the basic solution are given by xz = b,
where the vector b is computed from the system Agb = b,

1 1 0| (b 2 by 1
ie. |1 0 1 by | = | 2 |, with the solution b= [ by | = 1
0 1 1 b3 2 bs 1

This is the basic solution we were supposed to start from.

The vector y with the values of the simplex multipliers is obtained from the
system Agy = cg,

1 1 0 U1 1 U1 2
ie. 1 0 1 yo | = | 5 |, with the solution y=| yo | = | —1
0 1 1 Y3 2 Y3 3
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The reduced costs for the non-basic variables are given by r(;T =c;—y A; =

-1 0 O
= (0, 0, 0) — (2, —1, 3) 0 -1 0]=(2 -1, 3).
0 0 -1
Since r5, = r5 = —1 is the smallest, and < 0, we will let 5 become new basic

variable.

Then we need to calculate the vector as from the system Agas; = as,

1 1 0 als 0 ais
i.e. 1 0 1 aos | = | —1 |, with the solution az = | a95 | =
0 1 1 ass 0 ass
—0.5
0.5
—0.5

The biggest value that the new basic variable x5 can be incremented to is given
by
bi b 1
™% = min % | a;s >0 :772:7.
7 a;s ass 0.5
The minimizing index is ¢ = 2, and hence xg, = x> can no longer be a basic
variable.
Hence § = (1,5,3) and § = (4,2,6).
1 0 0
The corresponding basic matrix is given by Ag= | 1 -1 1
0 0 1

The values of the basic variables in the basic solution are given by xz = b,
where the vector b in computed from the system of equations
Agb = b,

1 0 0 by 2 by 2
ie. 1 -1 1 122 = | 2 |, with the solution b = 122 =12
0 0 1 b3 2 b3 2

The vector y with values of the simplex multipliers is obtained from the system
Agy = Cﬁ,

1 1 0 Y1 1 Y1 1
ie. 0 -1 0 y2 | =] 0 |, with the solution y=| y2 | =] 0
0 1 1 Y3 2 Y3 2
The reduced costs for the non-basic variables are given by r5T =cs—y'lA; =
-1 1 0
= (0, 5, 0) — (1, 0, 2) 0 0 0|=(1,22).
0 1 -1

Since rg > 0 the current basic solution is optimal.
Hence the point 1 =2, 20 =0, x3 =2, 4 =0, x5 = 2, g = 0 is optimal.
The optimal value is ¢'x = 6.
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(b)

If the primal problem is on standard form

minimize ¢'x
s.t. Ax =D,
x >0,

then the dual problem
maximize b'y s.t. ATy <c,

which written out becomes:

maximize 2y; + 2ys + 2y3

st. y1+y2 <1,
Y1 +ys3 <5,
Y2 +ys < 2,
—Y1 g Oa
—y2 <0,
—y3 < 0.

It is well known that an optimal solution to this dual problem is given by
the vector y with the simplex multipliers in the optimal basic solution in the
(a)-task, i.e. y = (1, 0, 2)T.

You can quickly verify that this is a feasible solution to the dual problem.
Further the optimal value b’y = 6 = the optimal value to the primal problem
above.

(20060308-nr.4b)
(b).

First a comment. Since according to the conditions all b; > 0, for example

x = 0 is a point which is both in 2, and do not touch any of the walls in €.
Hence there is place for at least a small sphere in ).

Now to the formulation. Let x € 2 be the mean point to our searched sphere
and let r be its radius. We can assume that x does not touch any of the walls
in , i.e. that a]x < b; for all 4. Then the distance d;(x) from the point x to
the plane P; can be written d;(x) = (b; — a] x)/|ay|.

If the sphere has the mean point in x it fits in Q if and only if its radius r
fulfills that r < d;(x) for alli =1,...,m.

We hence obtain the following LP-problem in the variables x € IR? and r € IR
(four variables):

maximize 7
st. r<di(x),i=1,...,m.

or, equivalently

maximize r

st. lar+alx<b,i=1,...,m.
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8.8 (20051024-nr.1)
(a)

Introduce the slack variables x4 and x5, and change the sign of the objective
function so that the problem is on standard form

T

minimize c¢'x
s.t. Ax=Db,
x>0,

1111 0], (1 L T
where A = 11 -1 0 11,b—<1>and0—( 1, -1,-2,0,0)".

That x4 and x5 are basic variables corresponds to that § = (4,5) and § =
(1,2,3).

: : e L0
The corresponding basic matrix is given by Ag = [as a5] = 01l

The values of the basic variables in the basic solution are given by xz = b,
where the vector b is computed from the system

_ _ 10 by 1 ) - by
Agb = b, ie. - = , with the solution b = | _ =
0 1 ba 1 b2
1
1
This is a feasible basic solution since b > 0.

The values of the simplex multipliers are given by the system AEy = cg,

10 0 0
ie. O , with the solution - .
0 1 Y2 0 Yo 0

The reduced costs for the non-basic variables are given by EéT —cs—y A5 =
1 -1 1
=(-1, -1, —=2) — (0, 0 = (-1, -1, =2).
( )= 0, 0) [ A ] ( )
Since ¢5, = ¢3 = —2 is the smallest, and < 0, we will let 3 become the new
basic variable.

Then we need to compute the vector ag from the system Ajgas = a3,

. 1 0 a3 1 . . _ as 1
ie. B = , with the solution ag = | _ = .
0 1 ao3 -1 a93 -1

The biggest value that the new basic variable x3 can be incremented to is given
by

b; b 1
l’%nax:min _71 ‘C_l¢3>0 :_71:*.
A a;s3 ais 1

The minimizing index is ¢ = 1, and hence xg, = x4 can no longer be a basic
variable.

Hence, now § = (3,5) and ¢ = (1,2,4).
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10
The corresponding basic matrix is given by Ag = [ag as] = [ L1 ]

The values of the variables of the basic solution are given by x3 = b, where
the vector b is calculated from the system

_ ' 1 0] /b 1 , S by
Agb = b, ie. - = , with the solution b = | - =
-1 1|\ by 1 ba

1
2

This is, as expected, a feasible basic solution.

The values of the simplex multipliers are given by the system Agy = cg,

1 -1 -2 -2
ie. S - , with the solution - .
0 1 Y2 0 Y2 0

The reduced costs for the non-basic variables are given by EéT —cs—y A5 =

(—1 10)(20)1_11 (1, =3, 2)
- ) ) ) 1 1 0 - b ) *
Since ¢5, = ¢ = —3 is the smallest, and < 0, we will let 22 become new basic
variable.

Then we need to compute the vector a from the system Agas = ay,

. L 0] [ ax -1 . L aiz -1
ie. ~ = , with the solution as = [ _ = .
-1 1|\ a2 1 a22 0

Since as < 0, x5 can increment without limit, and the objective function value
(for the minimization problem) goes to —oo. Hence the problem lacks finite
optimal value and the algorithm is canceled.

(b) When z; is increased from 0 the values of the basic variables are affected
according to xg = b — asxa,

T 1 -1
i.e. < 3 ) = <2> — ( 0 ) x9, while z; and x4 stays at 0. Expressed in
x5

the original variables 1, x2 and x3 this corresponds to that xo =t¢, z3 =141
and z1 = 0,

.%1(?5) 0 0
which can be written as x(t) = [ z2(t) | = 0 | +¢-| 1 | =%x0+t-d.
Qfg(t) 1 1

Then Px(t) < b and x(t) > 0 for all t > 0, while q"x(#) = 1+3t — 400 when
t — +oo.

(c) If the primal problem is
maximize qTX st. Px<b and x>0,
then the corresponding dual problem

minimize b'y s.t. Py >q and y > 0,
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8.9

which written out becomes
minimize y1+y2 s.t. yi+y2 > 1, —=y1+y2 > 1, y1—y2 > 2, y1 > 0 and y2 > 0.

With the help of a figure you immediately see that there is no y that fulfills
both —y; +y2 > 1 and y; —y2 > 2. (Which is also understood if you add these
inequalities.) Hence the dual problem lacks feasible solutions, which is exactly
what we expected, since the primal problem had feasible solutions, but lacked
finite optimal solution.

(20051024-nr.3)

Let S = {1,2,3,4,5,6,7,8,9,10,11,12} and B = {(i,j) | i € S, j € S and i #
J}-

We have the following given:

12 constants p;, for i € §, 12 constants g;, for j € S,
and 132 constants 7, for (i,7) € B.

Further we have 132 unknowns x;;, for (i,5) € B.
These x;; become our variables in the optimization formulation.

The demand on consistency implies that
Z x;; = p;i, for i € S, and that Z x5 = qj, for j € S,
JEJ(9) i€1(j)
where J(i)={j€S|j#i} and I(j)={i€ S |i#j}.
Furthermore we demand that z;; > 0 for (i, j) € B.
Given that the variables x;; fulfill these consistency demands we want to choose
them as close to the constants r;; as possible. There are several ways to define

what you mean by “close”. Here are some possible measures of the “distance”
between the variables z;; and the constants 7;;:

(Al): Z (xij — Tij)Q.

(¢,5)eB
(AZ) Z |$ij_rij|-
(3,7)€B
A3): max {|z;; — i}
(A3): o (| — 1}

(A1) leads to a convex QP-problem, while (A2) and (A3) both leads to LP-
problems. If you for instance use (A3) you get the following LP-problem in
the variables x;; and =z:

minimize z

st. wij+2 > 1y, for (4,j) € B,

Tij — 2 < Tij, for (Z,]) GB,
Z Tij = Di, fori € S,
jeJ (@)

Z xij = g4, forjes,
i€l(j)
Tij = 0, fOor (Z,j) € B.
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8.10

8.11

The first two constraints says that z > |x;; — ry;| for all (i,7) € B.

Hence in the optimal it will hold that z = max {|z;; — ri;|}.
(i.j)eB

(20050331-nr.2)

Every sub-exercise can be handled by the following methodology.

First draw the feasible region to P in a coordinate system with z; and zs on
the axes.

Then draw (in the same figure) the curvature of the objective function c¢'x.
Then make your conclusion about the optimal solution of P.

Draw the feasible region of D in a coordinate system with y; and o on the
axes.

Then draw (in the same figure) the curvature of the objective function b'y.
The make conclusions about the optimal solution to D.

(a) Here b= (1, -1)" and c= (-2, 2)T.

Optimal solution to P is x = (1,1)T, with the optimal value ¢"x = 0.
Optimal solution to D is y = (2,2)7, with the optimal value b"y = 0.

Both P and D hence have the the optimal value = 0.

T

(b) Here b= (1, —-1)" and c= (2, 2)".

Optimal solution to P is x = (0,1)7, with the optimal value ¢'x = 2.
Optimal solution to D is y = (2,0)T, with the optimal value b'y = 2.
Both P and D hence have the the optimal value = 2.

(c) Here b= (-1, -1)T and c= (-2, 2)7.

Optimal solution to P is x = (1,0)T, with the optimal value ¢'x = —2.
Optimal solution to D is y = (0,2)7, with the optimal value by = —2.
Both P and D hence have the the optimal value = —2.

(d) Here b= (-1, 1)T and c=(2, 2)T.

The problem P now lacks feasible solutions.

For the problem D holds that if you let y(¢) =t - (0,1)7, then y(t) is feasible
to D for

all t >0, and bTy(t) — co where t — oo. This means that D lacks a finite
optimal solution.

In this case you say that both P and D have the optimal value +oc.

(e) Here b= (-1, -1)T and c=(2, -2)T.

The problem D now lacks feasible solutions.

For the problem P holds that if you let x(¢) = ¢- (0,1)7 then x(t) is feasible
to P for

all t > 0, and ¢"x(t) — —oc where t —» co. This means that P lacks a finite
optimal solution.

In this case you say that both P and D have the optimal value —oc.

(20050307-nr.2)

(a) That x1, z3 and x5 are basic variables corresponds to that 8 = (1,3,5)
and § = (2,4,6).
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1
The corresponding basic matrix is given by Ag=[a; a3 as] = | 2

2 2 2
This matrix is non- singular, i.e. a basic matrix, since it is triangular with
nonzero elements on the diagonal.

The values of the basic variables in the basic solution are given by xz = b,
where the vector b is computed from the system

1 00 by 1 by
Agf)zb, ie. 12 2 0 by | =] 3 |, with thesolution b= | by | =
2 2 2 b3 5 b3
1
0.5
1

This is a feasible basic solution Since b > 0.

(b) The values of the simplex multipliers are given by the system Agy = cg,

1 2 2 Y1 2 Y1 1
i.e. 0 2 2 yo | = | 1 |, with the solution | yo | = | —0.5
0 0 2 Y3 2 Y3 1
The reduced costs for the non-basic variables are given by E5T =c;—y'As =
1 1 0
=(1,1,1)—(1, =05, 1) |2 1 2| =(1, =05, 1).
0 1 1
Since ¢5, = ¢4 = —0.5 < 0 we will let 4 become new basic variable.

Then we need to compute the vector a; from the system Aga; = ay,
1 00 a14 1 a4

i.e.

2
2
1
-0.5 ) .
0

The biggest value that the new basic variable x4 can be incremented to is given
by

| b b 1
o =min{ — | @y >0 =L ==z
4 .
[ A4 a14 1

2 0 a94 = 1 |, with the solution a; = Qo4 =
2 2 as4 1 asq

The minimizing index is 4 = 1, and hence xg, = 1 will no longer be basic
variable.

Hence now 8 = (4,3,5) and § = (2, 1,6).

The corresponding basic matrix is given by Ag =[as a3 as] =

e S -
NN O
N O O
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The values of the basic variables in the basic solution are given by xz = b,
where the vector b in computed from the system

1 007 /b 1 by
Agf)zb, i.e. 1 2 0 by | =1 3 |, with thesolution b= | by | =
1 2 2] \bs 5 bs
1
1
1

This is as expected a feasible basic solution.

The values of the simplex multipliers are given by the system Agy = cg,

111 Y1 1 Y1 0.5
ie. |0 2 2 yo | = | 1 |, with the solution | o | = | —0.5
0 0 2 Y3 2 Y3 1
The reduced costs for the non-basic variables are given by (‘:g =c;—y'As =
110
=(1,2,1)—(0.5, =05, 1) | 2 2 2| = (15,05, 1).
0 21

Since €5 > 0 the current basic solution is optimal,
i.e. x4 =23 =15 =1 and x9 = x1 = xg = 0, with the optimal value z = 4.

(c) The dual problem can be written as:
maximize b'y s.t. ATy <c,

with A, b and c as above.

Hence we have three variables and six inequality constraints in the dual prob-
lem D.

The optimal solution to D is given by y = (0.5, —0.5, 1)T from the (b)-task
above.

You can quickly confirm that this is a feasible solution to D.

Furthermore b’y = 4 = ¢"x, with x according to above.

(20050307-nr.5)

(a) We look for a vector a € IR" such that a'p; <1, aTq; > 1 and a > 0.
(Since p; = 0 there exist no vector a € IR™ such that a'p; > 1.)

With slack variables u; and v;, the above can be written as:
p;ra—kui:l, i=1...k, q;ra—vjzl, j=1...¢4, a>0,u>0, v>0.

To determine whether this system has a solution we form a Phasel-problem,
with artificial variables w;, j=1.../.

minimize wi + -+ wy
st. pja+u; =1, i=1...k
qja—vi+twj=1, j=1...0

a>0,u>0, v>0, w>0.
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A feasible starting basic solution is obtained with wuq ... u; and wy ... wy as
basic variables.

If and only if the optimal solution to this LP-problem has all w; = 0 there is
a weakly separating plane, whose coefficients are given by optimal a.

(b) Now we are looking for a strictly separating plane.

Such a plane exists if there is a number § > 0 and an a € IR" such that
alp;<1-96,i=1...k, aquzl—i—cS, j=1...¢, a>0.

With slack variables u; and v; the above can be written as:
platui+6=1,i=1...k, q]Ta—Uj—éz 1,j=1...4, a>0,u>0,v>0.

Now treat ¢ as a non-negative variable that shall be maximized. This leads to
the following LP-problem.

maximize ¢
st. pjatu+6=1, i=1...k
q;ra—vj—ézl, j=1...¢
a>0,u>0,v>0,46>0.
If and only if § > 0 in the optimal solution to this LP-problem there exists a
strictly separating plane, whose coefficients are given by optimal a.
A feasible starting basic solution is for example the optimal basic solution to
the LP-problem in the a)-task above.
(20041016-nr.2)
(a). The cost vector to the LP-problem is obviously ¢ = (0, 0, 0, 0, 1, 1, 1),
1 0-1 1 1 0 O
while the constraint matrix is given by G=[(-1 1 0 1 0 1 0
O 1 -1 1 0 0 1

The proposed solution corresponds to that the columns 1, 2 and 7 are the basic
columns,

1 0 0
so that we obtain the basic matrix Gg = | -1 1 0 |. The values of the
0 1 1
basic variables are given by the system
1 0 0 T 2 T
Ggxg=Db,ie. |-1 1 0 xo | = | 3 |, with the solution | z2 | =
0 1 1 V3 6 V3
2
5], OK!
1
The values of the simplex multipliers are given by the system Ggy = cg, i.e.
1 -1 0 Y1 0 Y1 -1
0 1 1 y2 | = | 0 |, with the solution | y2 | =] —1
0 0 1 Y3 1 Y3 1
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The reduced costs for the non-basic variables are given by

-1 1 1 0
el =cs—y'Gs=(0,0,1,1)—(=1,-1,1) | 0 1 0 1 |=(0,1,2 2).
-1 1 0 0

Since €5 > 0, the proposed feasible basic solution is optimal.
We can also conclude that the optimal value of the stated LP-problem is = 1.
(b). The answer is NO because of the following:

Suppose there were scalars x; > 0 such that b = ajz1 + asxs + agzxrs + asxy.
These scalars would then together with v = 0 be a feasible solution with the
objective function value e"v = 0 to the (a)-task’s LP-problem. But this is not
possible, since we have already seen that the optimal value of this LP-problem
is=1.
(c). The dual problem corresponding to the LP-problem above can be written
as
maximize b'y
st. ATy <0,
Iy <e.

Since the primal problem had the optimal value = 1 also the dual problem has
the optimal value = 1 (the duality theorem). Hence every optimal solution to
the dual problem fulfills that b’y = 1 and ATy < 0, and therefore by > 0
and a]Ty < 0 for all j.

But an optimal solution to the dual problem is given by the vector of multipliers
in the optimal basic solution to the primal problem, i.e. y = (=1,—1, 1)T.
You can quickly verify that this vector y really fulfills the inequalities.

(20040415-nr.2)
(a)

If the primal problem is on the form

minimize ¢'x
st. Ax=Db,
x>0,

then the corresponding dual problem is

maximize b'y
st. ATy <ec.

It is well-known that if

(i) x is a feasible solution to the primal problem,

(ii) y is a feasible solution to the dual problem, and

(iii) cTx = by,

then x and y are optimal solutions to their respective problem.
But the from the program proposed x and y fulfill
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Ax=b, x>0, ATy<c and c'x=b'y.
Hence they are optimal to P and D respectively.

(b)  If the primal problem is on the form

minimize ¢'x
st. Ax>Db,
x>0,

then the corresponding dual problem is

maximize b'y
st. ATy <ec,
y=>0.
But x and y from the (a)-task above fulfill that

Ax >b, x>0, ATySC, y >0 and ch:bTy.
Hence they are optimal also to these two problems.

(c)  If the problem is on the form

T

minimize c¢'x
st. Ax<b,
x>0,

with the given A, b and c, then it is realized by “inspection” that X =
(0,0,0,0,0,0)T is the unique optimal solution. This is a feasible solution with
the objective function value ¢'% = 0, and for every other feasible solution x
it holds that ¢Tx > 0, since ¢ > 0, x > 0 and at least one x; > 0.

As an alternative to “inspection” you can introduce slack variables and let
these be starting basic variables in the simplex method. You then immedi-
ately realize that the starting basic solution is optimal.

(20040310-nr.5)

(a):  With g = (1,101) and ¢ = (2,3,...,99,100) it is obtained that
100 0

Ap = l 0 100 ] '

The vector b with values of the basic variables in the basic solution is given

by the equation system Agb = b, with the solution b = (1, 2)T (i.e. 21 =1

and x101 = 2 in the current basic solution).

The reduced costs for the non-basic variables are given by E5T = c5T —yTAs,

where y is given by the equation system y'Az = CE = (50, 50), with the

solution y T = (0.5, 0.5).

For every non-basic index j we hence have

¢j=c;j—y'a; =[5l —j|—05(101 —5) —0.5(j — 1) = |51 — j | — 50.

The least reduced cost is obviously obtained for j = 51 so we set k = 51.

Then ¢, = —50 < 0 and the non-basic variable x; = x5; shall be new basic
variable.
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We compute a;, from the equation system Apga;, = aj, where a; = a5 =
(50, 50)T, which gives that a; = (0.5, 0.5)7.

b 1 b 2
Then we compare the quotas 7—1 = — and 7—2 = .
a1k 0.5 asgj. 0.5
The first quota is the smallest, so g, = 1 shall be removed from the basis.
50 0
Now B = (51,101) and Ag= [50 100 ]

The vector b with the values of the basic variables in the basic solution is given
by the equation system Agb = b, with the solution b = (2, 1)T (i.e. x5 = 2
and x101 = 1 in the current basic solution).

The reduced costs for the non-basic variables are given by Eg = c(;T —yTA;,

where y is given by the equation system yTAg = cg = (0, 50), with the
solution y' = (0.5, 0.5).

For every non-basic index j we hence have that

¢j=cj—ylaj =|51—j|+0.5(101 —5) —0.5(j —1) = |51 — j| 4+ (51 — j) >0,
with equality for all j > 51.

The current basic solution w51 = 2, z101 = 1 and the other x; = 0 is hence

optimal.
The optimal value to the problem is c51x51 + c1917101 = 50.
R [ |

The vector b with the values of the basic variables in the basic solution is
given by the equation system Agb = b.

- 3q — 203
Computations and simplifications give that x, = by = 297 and Zg =
q—p
- 203 — 3p
by = ———.
q—p

The basic solution is hence feasible if and only if 3¢—203 > 0 and 203—3p >
0, i.e. if and only if ¢ € {68,69,70,...,100,101} and p € {1,2,3,...,66,67}.

This gives in total 34 - 67 = 2278 feasible basic solutions.

(c): Suppose that 8 = (p, q) with p € {1,2,3,...,66,67} and ¢ €

{68,69,70,...,100,101} .

3q — 203 203 -3

it >0 and z4= 20TP >
q—Dp q—7p

The objective function value of the basic solution is given by

Then z, = 0.

Z=cpTy+ cqtq = |5l —plap,+ 1|51 —qlzg = |51 —p|zp+ (¢ — 51) x4, since
q > 68 > 51.

We obtain two cases, depending on whether p > 51 or p < 51 (while of course
g > 68 in both cases).

If p > 51, then |51 — p| = p — 51, and then

3q — 203 203 —-3p

z=(p—>51)- p—

+ (¢ —51)- = 50.
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If p < 51, then |51 —p| = 51 — p, and then

3¢ — 203 203 — 3 2(51 — p) (3¢ — 203
3203 528280 gy 201=0)Ba=209)

z = (51—p)-
q—p q—p q—p

50.

The basic solution is hence optimal if and only if
q € {68,69,...,100,101} and p € {51,52,...,66,67}.

This gives in total 34 - 17 = 578 optimal feasible basic solutions.
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9.

9.1

9.2

Network problems

(20070601-nr.1b)

Given the feasible basic solution we get the corresponding simplex multipliers
u; and vj, calculated from the relation ¢;; = u; —v; for the basic variables and
Vg4 = 0.

Cij customer 1 | customer 2 | customer 3 | customer 4 | wu;
fac 1 116 125 136 147
fac 2 125 136 136
fac 3 125 125
fac 4 116 116

(o 31 22 11 0

From that we get the following reduced cost r;; for the non-basic variables
computed from the relation r;; = ¢;; — u; + v;.

Tij customer 1 | customer 2 | customer 3 | customer 4 | wu;
fac 1 2 147
fac 2 4 2 136
fac 3 10 6 2 125
fac 4 16 10 4 116

vj 31 22 11 0

Since all 7;; > 0 the proposed basic solution is optimal.

(20070307-nr.1b)
(b)

That the problem is a minimum cost flow problem follows from the fact that
every column in A consists of one element +1, one element —1, and the rest
zeros. Every row in A then corresponds to a node in the network problem and
every column in A corresponds to an edge in the network, i.e. an edge from
the node that corresponds to the row with +1 to the node which corresponds
to the row with —1.

Hence the network consists of 6 nodes and the set of edges

B=1{(1,4), (1,5), (1,6), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6)}.

Node 1, 2 and 3 are source nodes, while node 4, 5 and 6 are sink nodes.

In the following we denote the variables z;; and the corresponding costs c¢;;,
ie. x = (z14,T15, 216, T2, T25, T26, T34, T35, T36) |

and ¢ = (ci4, c15, C16, C24, €25, €26, C34, €35, C36) " -

The proposed solution fulfills AX = b and X > 0.

Furthermore it corresponds to a spanning tree in the network with the basic
edges

Bﬁ = {(1>4)a (176)7 (2a6)7 (335)7 (376)}
The proposed solution X is hence a feasible basic solution.
The reduced costs are now given from the formula

rij = ¢ij — y; +y; for all non-basic edges,
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9.3

where the scalars (simplex multipliers) y; are given from the formula
yi —y;j = ¢i; for all basic edges and yg = 0.

The scalars y; can for example be computed in the following order:

First yg = 0, which holds per definition.

The basic edge (3,6) then gives that y3 — yg = c36, i.6. y3 = c36 = 4.

The basic edge (2,6) then gives that yo — yg = c26, i.€. Y2 = co6 = 4.

The basic edge (1,6) then gives that y; — yg = ci6, i.e. y1 = c16 = 4.

The basic edge (1,4) then gives that y3 —y4 = c14, 1.€. ys = y1—c1a = 4—2 = 2.
The basic edge (3, 5) then gives that y3—ys = ¢35, i.€. Y5 = y3—c35 = 4—2 = 2.
Next step is to compute the reduced costs for the non-basic variables, which
gives

rs=cC5—y1+ys =3—-4+2=1,

roa =cu—Yy2tys=3-4+2=1,

Ts =Co5 —Y2t+ys =3—-4+2=1,

r342034—y3—|—y4:3—4+2: 1.

Since all r;; > 0 the given basic solution is optimal.

Comment: The problem can also be solved as a transportation problem!

(20060603-nr.5)
First comes an example of a LP-formulation.
First we choose the following variables:

Let z; denote the number of tonnes that are manufactured on normal working
time in month j.

Let y; denote the number of tonnes that are manufactured on overtime in
month j.

Let z; denote the number of tonnes that are delivered to the customer in the
end of each month j.

Let s; denote the number of tonnes that are stored in the storage during month
j-

Let u; denote the number of tonnes that you are “owing” the customer in the
beginning of month j

(Not including pj, pj4+1 etc.).

Then the objective function, which should be minimized, can be written as
3

Z(Cl‘j +dy;j +lsj+ fuj).
j=1

The constraints that have to be fulfilled are the following:
S1 = 0, up = 0,
r1+y1 — 21— 82 =0,

To+ Y2 — 22+ 82 — 83 =0,
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9.4

r3+y3 — 23+ s3 =0,

Z1 +u2 = p1,

Zg + U3z — Uz = p2,

23 — U3 = ps3,

z; <aandy; <bforj=1,2,3,
and all variables must be > 0.

If you want you can eliminate the variables z;, and then the constraints have
the following form:

51 =0, u; =0,

1+ Y1 +u2 — 2 = p1,

T2 + Y2 +usz —uz + 52 — 53 = P2,
T3+ Y3 — u3 + 3 = p3,

uz < p1,

uz — uz < p,

zj <aandy; <bfor j=1,2,3,

and all variables must be > 0.

(20060308-nr.5)
(a).

We obtain the following feasible basic solution with help of the NWC-method:

x;j | customerl | customer2 | customer3 | customerd | s;
sup 1 20 40 20 80
sup 2 40 20 | 60
sup 3 40 | 40
sup 4 20 | 20

d; 20 40 60 80

(b). Corresponding to the feasible basic solution above we obtain the following
simplex multipliers u; and v;, computed with help of the relation ¢;; = u; — v;
for basic variables and v4 = 0.

cij | customerl | customer2 | customer3 | customer4 | u;
sup 1 16 25 36 47
sup 2 25 36 | 36
sup 3 25 | 25
sup 4 16 | 16

vj 31 22 11 0

Then we obtain the following reduced costs r;; for the non-basic variables,
computed with the relation r;; = ¢;; — u; + v;.
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r;j | customerl | customer2 | customer3 | customerd | wu;
sup 1 47
sup 2 4 2 36
sup 3 10 6 2 25
sup 4 16 10 4 16

vj 31 22 11

All r;; > 0, which implies that this basic solution is optimal.

(c). Try to use the same collection of basic variables as in the optimal solution

above. That gives the new solution:

x;j | customerl | customer2 | customer3 | 4 | s;
sup 1 40 40 0 80
sup 2 60| 0|60
sup 3 40 | 40
sup 4 40 | 40

d; 40 40 60 | 80

All z;; were > 0, so it is still a feasible basic solution (but degenerated since
it has basic variables with the value 0). Hence the computation of u;, v; and
ri; will be identical with the one above, so all r;; will still be > 0. Hence the
solution in the table is optimal to the new problem.

(d). x99 is a non-basic variable in the optimal solution, so if ceo is decreased
with o2, then rgs is decreased with deo while the other r;; not are affected.
Hence it follows that the given solution is still optimal if and only if dog < 2.

(20051024-nr.2)

The proposed solution in the exercise corresponds to a spanning tree in the
network, i.e. to a basic solution of the problem. Further it is a feasible basic
solution, since the balance equations are fulfilled in all nodes and no variables
are negative.

You compute the simplex multipliers y; from the constraints y; — y; = ¢;;
for basic variables (i.e. edges of the tree) and ys = 0. This gives that y =
(9,6,7,2,3,0)T.

After that the reduced costs for the non-basic variables are computed from
Cij = Cij — Yi + Yj-

This gives that co3 = 2, ¢34 = —1, ¢45 = 2 and ¢56 = 0.

Since ¢34 = —1 we shall let x34 become new basic variable. The corresponding
edge (3,4) forms a loop in the network together with the tree edges (2,4)
(backwards), (1,2) (backwards) and (1,3) (forward). The flow in the edge
(3,4), i.e. x34, can increment to 10 before one of the backward edges, 2,
has reached 0. Hence x34 becomes new basic variable instead of x15. The new
feasible basic solution becomes:

13 = 25, To4 — 10, T34 = 10, I35 — 15, T46 — 20, other Tij = 0.

You compute the simplex multipliers y; again from the constraints y; —y; = ¢;;
for basic variables (i.e. edges of the trees), and y¢ = 0. This gives that
y =(8,6,6,2,2,0).
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After that the reduced costs of the non-basic variables are computed from
Cij = Cij — Yi T Yj-

It gives that ¢jo =1, Ca3 =1, €45 = 1 and ¢56 = 1.

Since all ¢;; > 0 the current feasible basic solution is optimal.

The optimal value is } ¢;jz;; = 230.

A LP-formulation of the problem above is

minimize E CijTij

(3,5)eB

s.t. Z Tij — Z Tpi = by, forie N,
JEJT (%) keK (i)
Tij > 0, for (Z,j) S B,

where J (i) ={j e N | (i,5) € B}, K(i) ={k e N | (k,i) € B} and
(b1, ba, b, by, bs, bg) = (25,10,0,0,—15, —20).
The corresponding dual LP-problem is then

maximize Z by
ieN
st. Yy —y; < ¢y, for (i,7) € B.

An optimal solution is given by the simplex multipliers corresponding to the
optimal basic solution above, i.e. y = (8,6,6,2,2,0)7.

This is a feasible solution to the dual problem (since y; — y; = ¢;; for basic
edges and y; — y; = ¢;; — 1 for non-basic edges). Further " b;y; = 25-8+10-
6 —15-2—20-0 = 230, which corresponds to the optimal value of the primal
problem above.

(20050331-nr.1)

The problem can be modeled as a minimum cost flow problem (MCFP) in a
network with 7 nodes and 10 edges. The of the head of the transport division
suggested solution is a feasible basic solution, since it corresponds to a spanning
tree in the network. Applying the MCFP-algorithm (i.e. the simplex method
applied on MCFP) gives that there is a negative reduced cost in the proposal,
and hence you should change basis, etc.

It is even easier to model the problem as a transportation problem (TP) with
two source nodes (factories) and three sink nodes (customers). The trans-
portation cost from for example F2 to K2 is given by the least of the the two
numbers 4+7=11 resp 5+9=14, where 4+7 is the transportation cost via T1
whereas 5+9 is the transportation cost via T2. This gives us transportation
costs according to the left table beneath.

K1 | K2| K3 K1 | K2| K3
F1] 12| 14| 11 F1 100 200
F2] 10| 11| 10 F2100 | 200

The TP-algorithm gives an unique optimal solution in accordance with the
right table above.
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If you translate this optimal solution to the same format as the head of the
transportations had, with help of the cheapest ways between the current pairs
of plants and customers, you get the following tables:

T1| T2 K1| K2| K3
F1 0] 300 71 | 100 | 200 0
F2 | 300 0 72| 100 0] 200

This solution is some 100 SEK-bills cheaper that the original proposal.

(20050307-nr.1)
(a) Only the answers are given here.

A maximum flow is given by (for example) z15 = x96 = 265 = 1, T13 = T35 =
x58 = 1, the rest x;; = 0. Its value is = 2. A minimum cut is given by the edges
(S,S), where S = {1,2,4,6} and S = {3,5,7,8}, i.e. (S,5) = {(1,3), (6,8)}.
Its capacity is=14+1 = 2.

(b).

The problem can be modeled as a maximum flow problem in the network
beneath, where you want to determine the flow from node A to node B.

The edges most to the left, from the node A to the student-nodes, all have the
capacity 2 (since all students work 2 days a week).

The edges most to the right, from the 7 day-nodes to the node B, also have
the capacity 2 (since every day 2 students are required).

The edges in the middle, from the student-nodes to the day-nodes, have capac-
ity one, (since for example student one can work at most one Monday a week).
Which middle edges that are in the network is given by the list of wishes.

If and only if the maximum flow from node A to node B has the value 14,
there is a working schedule that fulfills the wishes of the students.

S1 Mon
S2 Tue
S3 Wed
A S4 Thu B
S5 Fri
S6 Sat
S7 Sun

(According to the exercise it is not necessary to solve the formulated maximum
flow problem, but if you still want to do it, you easily find a feasible flow of
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value 13. There are several. But then there are no way from A to B in the
increment network, so the maximum flow algorithm stops. Hence it is not
possible to work out a schedule that fulfills all wishes.)

(20041016-nr.1)

(a) Let:

x;; = number of tonnes of fuel that the air-company orders from supplier i to
airport 7,

s; = the capacity at supplier i (s1 = so = s3 = 400),

d; = the demand at airport j (di = da = d3 = d4 = 300),

¢ij = cost per tonne from supplier i to airport j (c11 =5, c12 = 4, etc.).

Since s1 + s9 + 83 = di + do + d3 + ds the problem can be formulated as:

3 4
TP: minimize ZZCU‘IL‘U
i=1j=1

4
s.t. Z:Eij = 5;, fori=1,...,3
j=1

3

—inj :—dj, fOI‘j:L...,4
=1

zij > 0, for all 7 and j.

(b) Starting basic solution, with the “Northwest”-method:

S1 | 300 | 100 400
52 200 | 200 400
S3 100 | 300 | 400

d; | 300 | 300 | 300 | 300

Corresponding to this basic solution we obtain the following simplex multipliers
u; and v;j, computed with the relation ¢;; = w; — v; for basic variables and

v4 = 0, and the following reduced costs ¢;; for non-basic variables, computed
with the relation ¢;; = ¢;; — u; + vj.

S0

S1 0] -1 6
S2 2 11 6
S3 2 1 7

v | 1] 2] 2] 0

Let x14 become new basic variable. That gives the following new basic solution:

S1 | 300 100 | 400
52 300 | 100 400
S3 200 | 200 | 400

d; | 300 | 300 | 300 | 300
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Corresponding to this basic solution we get the following simplex multipliers
u; and vj, and the reduced costs ¢;;.

S0

S1 1 1 5)
S2 1 1] 6
S3 1 1 7

’Uj 0 2 2 0

Now all ¢;; > 0, which imply that this basic solution is optimal. The optimal

value becomes
3 4

D> cijwij =5-30045-10044-300+4-100+5-200+ 7-200 = 6000 kSEK.
i=1j=1

(c) The dual problem in the variables u; and v; can be written:

3

4
D: maximize Z Sill; — Z d;v;
i=1 j=1

s.t. w; —v; < ¢, foralliand j.
An optimal solution to this dual problem is given by the simplex multipliers

in the optimal basic solution to the primal problem above, i.e. u; =5, ug =
6, us="7, v1 =0, vo =2, v3=2, v4 =0. The optimal value becomes

3 4
> siug— Y djv; =400-5+400 -6+ 400 - 7 — 300 - 2 — 300 - 2 = 6000 kSEK.
i=1 j=1

OK!

(20040415-nr.1)

The starting basic solution, with the “Northwest”-method, becomes:

Tij P Q R S T
A | 50 | 40
B 80 | 20
C 60
D 30 | 70 | 90

Corresponding to this basic solution we get the following simplex multipliers
u; and vj, computed with help of the relation c¢;; = u; — v; for basic variables
and vs = 0, and the following reduced costs ¢;; for the non-basic variables,
computed with help of the relation ¢;; = ¢;; — u; + vj.

Cij P Q R S T | u;
A 0 0| —-11] 4
B 1 0 0| 6
C 2 2 1 1| 4
D 1 2 )

v | 2|21 =2] 0

Let x15 become the new basic variable. This gives the new basic solution:
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;| P Q| R| S| T
Al50| 20 20
B 100
C 60
D 50 | 70 | 70

Corresponding to this basic solution we get the following simplex multipliers
u; and vj, and the following reduced costs ¢;; for the non-basic variables:

Cij P Q R S T | u
A 1 1 3
B 1 1 1 )
C 1 1 4
D 0 )

v | =3 | =3[ -1 -2] 0

All ¢;; > 0, which implies that this basic solution is optimal.

Since ¢41 = 0, 141 can become new basic variable without that the value of the
objective function is affected.

This gives the following new basic solution:

Tij P Q R S T
A 20 70
B 100
C 60
D | 50 50 | 70 | 20

This basic solution is also optimal.

(20040310-nr.1)

Our network have 6 nodes. Let node 1 and node 2 be the source-nodes, node 3
and node 4 the intermediate nodes, and node 5 and node 6 the sink-nodes. The
set of links is then B = {(1,3), (1,4), (2,3), (2,4), (3,5), (3,6), (4,5), (4,6)}.

The minimum cost flow problem corresponding to the given network can be
written on the following form:

MCF : minimize c¢'v
s.t. Av=Db,
v >0,

T T
where v = (v13, V14, V23, V24, U35, V36, V45, Va6) = (T11, T12, T21, T22, 211, 212, 221, 222)

c= (5 2, 3 2 5 5 17, 6),

)

1 1. 0 0 0 0 0 0 30
o 0 1 1 0 0 0 0 20
A=|-1 0 -1 0 1 1 0 0| and b= 01,
0o -1 0 -1 0 0 1 1 0
o 0 0 0 -1 0 -1 0 —40

where we have ignored the redundant balance equation for the last node.

The proposed solution corresponds to a spanning tree (and is hence a basic
solution) consisting of the links Bg = {(1,4), (2,3), (3,5), (4,5), (4,6)}.
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The values of the basic variables can be determined in for example the following
order:

v14 = x12 = 30, because of the flow balance condition in node 1.

v93 = x91 = 20, because of the flow balance condition in node 2.

vgs = 211 = 20, because of the flow balance condition in node 3.

g5 = 291 = 20, because of the flow balance condition in node 5.

v46 = 299 = 10, because of the flow balance condition in node 4.

This agrees perfectly with the proposed solution.

It remains to check if this feasible solution is optimal.

The vector y is computed from the equations y; — y; = ¢;; for all (4, j) € Bg,
where yg = 0.

The basic link (4, 6) gives that y4 — ys = c46, i.€. ys = ca6 = 6.

The basic link (4, 5) then gives that y4—ys = cy45, 1.€. Y5 = ya—cq5 = 6—7 = —1.
The basic link (3, 5) then gives that y3—ys = ¢35, i.e. y3 = ys+c35 = —1+5 = 4.
The basic link (2, 3) then gives that yo —y3 = ca3, i.e. y2 = ys+coz3 =4+5=717.
The basic link (1,4) then gives that y1 —ys = c14, i.e. y1 = ya+c1a =6+2 =38.
The next step is to compute the reduced costs from the formula

Gij = cij — i +y; forall (4,5) € Bs (i.e. for all non-basic link). We get that
ciz=c3—y1+ys=5—-8+4=1LcCuu=cu—y2+tys=2-7+6=1

and ¢z =c36 —ys+ys=5—4+0=1.

Since all ¢;; > 0 the proposed optimal solution is optimal.

The optimal value is > ¢;jv;; =2-304+3-20+5-20+7-20+6 - 10 = 420.
(b) The corresponding dual LP-problem is

6
maximize Z biy;
=1
st. v —y; <y, forall (i,5) € B.

An optimal solution is given by the scalars y; computed above, i.e. y =
(8,7,4,6,—1,0)T.

This is a feasible solution to the dual problem (since y; —y; = ¢;; for basic links
and y;—y; < ¢;; for non-basic links). Further Y b;y; = 30-84-20-7440-1 = 420,
which is the same as the optimal value of the primal problem above.
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10.

Convexity

10.1 (c) Take two points @ and b in C' + D. Show that Aa + (1 — \)b belongs to

C + D for all X € [0,1].

aceC+D = a=ux,+y, forsomezx, €C andy, € D
beC+D = b=uxp+1y, forsomex, € C andy, € D

Using the above we get

Aa+(1=Xb = MNza+ya)+ (1 =X (zp+wp) =
= Mo+ AYs+ (1= Nap+ (1= Ny, =
= Mo+ 1 =Nzp+ Ay + (1 =Ny, € C+ D

since C and D are convex. This shows that C' 4+ D is convex.

10.2 Take two points a and b in (,eq Co. Show that Aa + (1 — A)b belongs to

Naca Cao for all X € [0,1]. This is true for if @ and b are in (,c4 Cq, then for
each « € A we have a € C, and b € C,. Since C,, is a convex set, Aa+ (1 — )b
belongs to Cy,. Since this is true for every o € Cy, we have Aa + (1 — A\)b in
MNaea Ca. This shows that ,c4 Cq is a convex set.

10.3 (a) Let x and y be two points in C. Show that (f + g)(Ay + (1 — N)z) <

AMf+9)(y)(X = X)(f + g)(x) for all X € [0,1].

f+9Qy+1=Nz) = fOy+1—=Nz)+gAy+(1—Nz) <
{f and g are convex} < A(f(y) +g(y)) + (1 = N)(f(z) +g(z)) =
= Mf+9))+1=N(+9)(2)

This shows that f + g is convex.

10.4 Let z and y be two points in C. Show that sup fo(Ay+(1—N)x) < Asup fo(y)+

acA acA
(1 — N)sup fo(z) for all X € [0, 1].
acA

Asiﬁfa(” + (1 - A)Slellzfa(fv) > AMpy) + (1= A)fa(x) >

{fs, B € Alis convex } > fe(Ay+ (1 —Nx)

Since the inequality above holds for all 5 € A it must hold that

sup fg(Ay + (1 = Nz) < Asupfa(y) + (1 — A)sup fa()
BEA a€A a€cA

This shows that sup f, is convex.
acA
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10.5 Let = and y be two points in C, and let A € [0,1]. Since g is convex on C, it
follows that
g((1 =Nz + Ay) < (1= Ng(z) + Ag(y)-

Hence, since f is a nondecreasing function on I, we have

flg((1 =Nz + Ay)) < f((1 = N)g(x) + Ag(y))-

Finally, since f is a convex function on I, we have

S =Ng(z) + Ag(y) < (1= N)f(g(x)) + Af(g(y))-

The required result now follows by combining the last two inequalities.

10.6 (a) Convex.
(b) Convex.
(c) Convex.

(d) f(z) = 22/x2, 22 > 0 is convex if and only if the Hessian matrix V2f(x)
is positive semidefinite for all x5 > 0, i.e., if all the eigenvalues are non-

negative. The eigenvalues can be determined by solving the equation
det(V2f(x) — I\) = 0.

2 _ 2z
V() = (_ 27 )

The equation becomes

2 212 472 2 + 22
det(V2f(2) —IN) = (— = N)(ZL -2 - L = (A —222 -2y =
V() = 1N = (= V(g =N = = A= 275

x%—l—x%

This yields Ay = 0 and Ay = 2

3 > 0 for 2o > 0. This shows
L3

that f is convex for xo > 0. (For 2 x 2-matrices there are easier ways
of checking if they are positive semidefinite, for example you can use
Sylvester’s criterion.)

(e) Convex.
(f) Convex.

10.7 Since In is an increasing function which is well-defined for positive arguments,
it holds that

n 1/n 1™ 1> 1
. < = . Nlng <Inl = .
([«) =i¥s = iymnsu(iya).
=1 =1 =1 =1
forxz; >0,i=1,...,n.

The proof is by induction. Consider the inequality
1 & 1 &
*E lnxi§1n<§ IL‘1>
n - n -
=1 =1
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for z; > 0,7 =1,...,n. Inz is a concave function for x > 0, and hence the
inequality holds for n = 2. Now, suppose the inequality holds for n = k. We
want to show that it holds also for n = k + 1.

For some x; > 0,7 =1,...,n, consider the identity
k+1 k
1 k 1 1
— Inz;=——1[=) Inx; —1 .
I

Since the inequality in question is assumed to be valid for &k = n, it follows

that
k+1
k—i—lz nxz_k ( sz> lnka

The concavity of In now gives

k+1 k 1kl
k+121nasz_ln< Z xk+1>:1n<k;—|—12xi>’
as required.

10.8 (a) Let z and y be arbitrary points in C and let A € [0,1]. Since z € C, there
exist t; > 0,7 =1,...,m such that

m m
x:Ztixi and Zti:L
=1 =1

Similarly, since y € C, there exist s; > 0, ¢ =1,...,m such that

m m
y:ZSixi and 231‘21.
i=1 i=1
But then,

1-=Nz+dy=(1-X thxz—l—)\Zszfcz—Z = Nt + Asi)z;
1=1

Hence, if we define r; = (1 — A\)t; + As;, i = 1,...,m, we have

m
(1 - )\)l’ + )\y = ZTZ‘IIZZ',
i=1
and the properties of s; and ¢; give r; > 0,i=1,...,m and > ;% r; = 1.
Consequently, (1 — \)z + Ay € C, as required.
(b) The proof is by induction.

For m = 2, the statement is that if 1 € X and 29 € X, t1 > 0, to > 0
and t; +to = 1, then t1x1 + toxo € X. This is true from the convexity of
X.

Suppose that the statement is true for m = k, i.e., if x1,...,2 € X,
t; > 0,71=1,...,k and Zle t; = 1, then Zle tix; € X. We want to
show that the statement is true also for m = k + 1.
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Let z1,...,2k41 € X, £, 20,9 =1,. k+1andzk+1tzzl We want
to show that ZkHt r; € X, If tk+1 = 1, then we must have t; = 0,
i =1,...,k and the statement is true since Y¥ ! t;2; = 241 € X. Now
consider the case when f;1 < 1. Then,

k+1 k k
Z tix; = Z tixi + tpr1ipr = (1 —tpqr) Z 1= tk T + U 1Tkt 1-
i=1 i=1 i=1 +1
Sincet; >0,i=1,...,k+ 1 and Ekﬂ ; = 1, it follows that
L>O i=1,...k and Zk:L:L
L—tpyr — ’ 1=tk

Hence, since it is assumed that the statement is true for m = k, it holds
that
k
—z; € X.
ZZ; 1- tk+1 '
But then, since t;11 € [0, 1], the convexity of X ensures that
k+1

k
Z tixi = (1 —tgg1) Z
i=1 i=1

and the induction proof is complete.

—— T +tp1 741 € X,
1- tk+1

10.9 (20060308-nr.5)

The chain rule gives that ¢g'(z) = 2f(z)f () and g"(z) = 2f(z)f"(z) +
2(f'(x))*.

(a). That f is twice continuously differentiable implies that according to above
also g is twice continuously differentiable. Hence we obtain: f convex on IR
= f’(x) >0forall z € R =

= g"(z) > 0 for all # € IR (since f(x) > 0 and (f'(x))? > 0) = g convex on
R.

(b). Take for example f(x) = (22 +1)*° | and then g(z) = (22 + 1)*/°.
Straightforward computations show that g”(z) > 0 for all x € IR, while

f"(z) < 0 for x € IR big enough. ¢ is hence convex on IR although f is
not!

(c). If & is a local minimizer to f(x) then there is a number 6 > 0 such that
f(x) = f(z) > 0 for all z € IR such that |z — &| < . But for all those z it
also holds that h(z) —h(2) = f(2)* — f(2)* = (f(z) — f(2))(f(z) + f(2)) = 0
Hence Z is a local minimizer also to h(x).

(d). If & is a local minimizer to h(x) then there is a number § > 0 such
that h(z) — h(z) > 0 for all x € IR such that |x — 2| < §. But for all
these z it also holds that f(z) — f(2) = (f(z)? — f(2)?)/(f(z) + f(2)) =
(h(x) = h(2))/(f(x) + f(2)) = 0

Hence 7 is a local minpoint also to f(z).
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10.10

(e). We have that =1 = ¢ — ]]‘C’/’((fc(:))) and T = xg — 5///((2(;)) = z9 —
f(xo) f'(x0)

f(@0) f"(wo) + (f'(20))?

such that 21~ %o = S (o) /" (o) which is both > 0 and < 1

1 —x0  f(20)f"(20) + (f'(70))?
(since f(xo)f"(x0) >0 and (f'(x0))* > 0).

Hence Z1 — 29 and 1 — xg has the same sign, and |1 — z¢| < |z1 — x0|-

(20051024-nr.5)

(a). Let %=, wpx®),

Since LP1 only has two constraints (except the non-negativity demands), and
W is an optimal basic solution, it follows that at most two components in W
(the basic variables) are > 0, say w, and w4, which then fulfill that w,+w, = 1.
We hence have that X = wpx(p) + wqx(‘l).

Since f and g are convex it holds that

F(®) = f(px® +byxD) <y f(xP)) + b, f(x(D) = 3 g, f (xF) and

9(%) = g(px®) 4+ 10x(D) < aipg(xP) +1bgg(x(V) = 3y brg(x*)) <0,
where the last inequality follows from that W is optimal, and hence feasible to

LP1.

Hence the point X is a feasible solution to PO, with the objective function value
f(®) < g f(x*)), and hence it follows that the optimal value f(X) to PO
must be < 37, b f (x*).

(An option is to use the Jensen inequality which directly gives that f(3; wpx(®) <
Yor Wi f (x(k)), without need for using that only two components in the vector
w are > 0.)

(b)

Assume that & = x*) for a given k, say for simplicity that % = x(1) (where %X
as before is an optimal solution to P0).

Let W = (1,0,...,0)T. Then:

Sk Wrg(xF)) = 4y g(xM) = g(x(V) = g(%) < 0 (Since % is optimal and hence
feasible to P0).

S e f (x) =y f(x ) = f(xV) = f(%).

This shows that W is a feasible solution to LP1 (since 3, wrg(x*®)) < 0) with

~

the objective function value Y i f(x*)) = f(%).

But each feasible solution w to LP1 fulfills according to the a)-task that
Srwnf(x®) > [(%), ie. that Ypwef(xV) > Ty e f (V).

This shows that w = (1,0,...,0)7 is an optimal solution to LP1. Furthermore
the optimal values of PO and LP1 are now equal (Since Y i f(x*)) = f(&)).
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11.

11.1

11.2

11.3

11.4

11.5

Lagrange relaxations and duality

We first note that if b < 0, then the optimal solution is # = 0 and that if a; <0,
then it is optimal to set £; = 0. This index j can then be removed from the
problem. We can hence in the following assume that a; > 0, j =1,...,n and
that b > 0.

We relax the constraint with a multiplier A > 0 and solve the problem

min Y7 335 +A(b =327 ajry)
z; 20, 5=1,...,n

This problem has the solution z;(A) = Aa;j/2. We thereafter adjust A so that

doi=1airi(A) = b, e Uy )\a?/2 = b. Le., we choose A = 2b/37% ajz.

The optimal solution is hence given by &; = ba;/ > i=1 a?, with the objective
2

function value b2/ > 14

Switch to minimization and Lagrangean relax the first constraint to obtain the
problem, A > 0:

min Y7 o —Inz; + A7 ajr; —b) =
(Pr) =Ab+min Y7 (= Inz; + Aajz;)
st. >0

This problem can be separated into n independent problems, one for each z;.
Let fj(z;) = —Inz; 4+ Aajx;. The problems can then be written

(PLj) min fj(.%'j)

st. x; >0
Since the objective function is convex f; assumes its global minimum when
fi(zy) = —m% + Aa; = 0. This yields that z;(\) = ﬁ If the objective
function of the Lagrangean relaxed problem is to yield the same value as the
objective function of the unrelaxed problem it must hold that > % a;i;(\) = b

since A # 0, ie. b=>"_, L = %Z’;:l 1 = 2. This yields that A = ¥ and

i=1 Aa;
() = 2; = n%j > 0. This # is also a feasible solution to the unrelaxed
problem. Thus Z; = %, j=1,...,nis the optimal solution to the unrelaxed
J

problem.

L = Varby [bj
== L j=1,...,n
0 a;

PO L
T R arby \ b Y

n
b—z%ln%
k:lck Ck 1 a;

T = +—In-2L, j=1,...,n.

n
a; Cj Cj
DD
i=1

7



11.6 (a) The problem can be formulated as

N
max an IDQn
n=1
N
S.t. Z qn = 17
n=1
qn 2 0, n=1...,N.
(b) Q’I’L:pna n:].,-..,N.
11.7 Let
fl@) = af+2mmy + a5 + 2,
gi(z) = (21—-2)%+ (32— 2)* + (x3 — 3)* — 6,
g2(z) = xizom3 — 10,
g3(z) = 1—um,
94(‘T) = —I2,
gs(x) = —uwx3,

so that the problem is on standard form

min f(x)
(P) st gi(x) <0, i=1,...,5,
r € IR3.

Since g1(2) = 0, g2(2) = =9, g3(2) = 0, ga(2) = —1 and g5(2) = —1, it
follows that Z is feasible to (P). For & to be globally optimal to (P), it must
in particular be locally optimal. Hence, we try to satisfy the KT conditions
at z, i.e., find A € IR’ such that 5\1 >0, 5\2 =0, 5\3 >0, 5\4 =0, 5\5 = 0 and
Vf (&) + M Vg1 () + A3Vgs (&) = 0. Differentiation gives

423 + 229 2(ry — 2) -1
Vi@ =| 2z 420 |, Vai(@)' = | 2(@2-2) |, Vgs(@)'=| 0
8z] 2¢(z3 — 3) 0

so A1 och A3 must satifsy

6 ) ~1 0
4 1+ =2 [ M+ 0 |ds=10
8 4 0 0

This system of equations has a unique solution M = 2, A3 = 2. With )\ as
above, i.e, A= (2020 0)T, let f;(z) = f(z) + X1 \igi(z) and consider the
Lagrangean-relaxed problem

min  f5 ()

P
( )‘) st. xe€ IR
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11.8

11.9

We have

fi (@) = m‘ll 4+ 2x120 + x% + a:g +2((xy — 2)2 + (29 — 2)2 + (23 — 3)2 —6)+2(1 — 1),

423 + 239 + 4(z1 — 2) — 2

Vf;\(l‘)T = 2x1 + 229 + 4(x9 — 2) ,
827 + 4(x3 — 3)

1223 +4 2 0

Vi(z) = 2 2 0

0 0 5625 +4

The matrix V2f;(x) is positive definite for all z, and hence (Pj) is a convex

problem. Since A is chosen so that Vfi(&) = 0, it follows that & is globally
optimal to (P;). In addition, it holds that

(i) gi(2) <0, i=1,...,5.
(ii) Nigs(#) =0, i=1,...,5.

(i) \; >0, i=1,...,5.

The main theorem of Lagrangean relaxation now guarantees that  is globally
optimal to (P).

The dual problem is given by

no 92
a.
max —\2 < — X
(D) ; 4
st. e lR.

For each fixed value of A minimize the Lagrangean with respect to x, i.e. solve
the problem

n&in l(x, )\) = ?:1(% + )\bl.’L'Z) - )\bo

s.t. ll § ZT; S Uq
This is a separable problem so the minimization can be carried out for each
x; separately. Let fi(z;) = % + Abjz;. Then f;(z;) is a convex function and a

necessary and sufficient condition for optimality is that f/(z;) = —ail% +Ab; =
0. This yields that ;2 = /\agz

Now considering the constraint [; < x; < u; the optimal, feasible choice of x;
is given by

_

Ao S0 = i@ =u
Ao >0 and L<\ [ <u o= &=/
Ab; >0 and /& < = i =
Ab; >0 and > U =

[\)

w

)
)
)
)

4

JA,‘Z' = Uj

With 1, 22,23, ..., %, determined according to the above the dual objective
function becomes ¢(A) = 37iL (5 + Abid;) — Abg for the chosen A. In the same

way ¢(\) can be determined for every A. The dual problem is
(D) maxo(A)



11.10 Lagrangean relax the first two constraints and determine the dual objective

function
o(A) = mm{Zme In(z;) + ZA] <bj Zx”> +Z“Z (aZ Z:c,]> } =
= i=1j=1 j=1 =1 j=1
= Ajbj +Zuzaz+m1n{zz% In(z;;) )\j—ﬂi)}z
i=1j=1

M: i M:

Ajbj +Zmaz+m18 h(z)
i=1

<
Il
-

h(z) is a convex function. Therefore if VA(z) = 0 and £ > 0 then 2 is a feasible
optimum.

dh(x)
dl‘ij

I
o

= 1Il(£L‘ij) — )\j — i +1
- fij = exp()\j — Wi = 1) > 0

The dual problem is given by

max Z bj/\j + Z a; by — Z Z 6)‘1—““_1
(D) — —

= i=1j=1
st. AeR", pelR™.
11.11 (a) For a fixed A (A > 0), we obtain

min  fx(z)

P
B e 2 >0, j=1,....n

with . "
= ZSL‘? +A(b— Zaj:nj).
3=1 J=1

Since fy is a separable function which is convex on the positive orthant,
the minimizing x(\) can be determined analytically as

Hence, the dual objective function is given by

3/2 n
o(\) = Arlz(\) = ... = \b—2 <A> a}?.

3 =
Finally, we obtain the dual problem as

max  (A)
st. A>0,

with ¢(\) as above.
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(b) Assume that the constraint A > 0 is inactive. Then, since ¢ is a concave
function for A > 0, the maximizing A is given by

. A 3/2
0=¢'(\)=b— §Zaj/,
Jj=1
ie.,
. 2
S
n /2
j=1%;

Since this value of \ is positive, it was correct to assume that the con-
straint A > 0 is inactive, and we have found the maximizer.

11.12 (20040310-nr.4)
The Lagrange function to the problem, with x € IR"™ and y € IR, is given by

T 1T T):1+yT
2

Lix,y)=3x'x—c'x+y(3x'x—a'x x'x — (c+ay)'x.

The Lagrange relaxed problem KPR, consists in that, for a given y > 0,
minimize L(x,y) with respect to x € IR".

The optimal solution to KPR, becomes in our case x(y) = g (c+ ay).
Yy
Then the dual objective function becomes
(c+ay)(c+ ay) 1+ y?
= L X , = — = — y

Ta=1,cTc=1anda’c=0.

where we have used the given relations a

The dual problem consists in maximizing ¢(y) with respect to y > 0.
1—2y—y?
2(1+y)?

In particular ¢/(0) = 3 > 0, which means that y = 0 does not maximize ¢(y).

Straightforward differentiation gives that ¢'(y) =

That y is optimal to the dual problem is therefore equivalent to that
¢'(y) = 0 and y > 0, which in turn is equivalent to that 1 — 2y — y? = 0 and
y >0,
which is fulfilled for (and only for) § = /2 — 1.
1
ﬁ(c—ka(\@— 1)) =a+ V0.5 (c—a).

Then the following is fulfilled:

(1): % minimizes L(x,y) with respect to x, since X = x(

Let % =x(y) =

).

5\(T T

$—alk= =

(NSNS

(2): % is a feasible solution to the primal problem, since
0.

(3): g>0.

(4): §-(3&x"x—a'x)=0.

Hence (%, ¢) fulfills the global optimality conditions,

which implies that X is an optimal solution to the primal problem.
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12.

Quadratic programming

12.1 (20070601-nr.3)

12.2

T 4
Let x = (.7}13, x14, T23, .CL’24) c IR*.

Since all R;; = 1 the effect minimizing problem is equivalent to the QR-
problem
minimize $x'Ix ( = half the heat effect)
st. Ax=Db,
1000 Lo -
where I = , A= 0 0 1 1| and b= 100
0010 -1 0 -1 0 —500
0 001
This QP-problem is equivalent to the following linear system of equations
Ix — ATu = 0
Ax = b

From Ix — ATu = 0 is obtained that x = ATu, which in Ax = b gives the
equation system AATu =b.

2 0 -1 500
In our case AAT = 0 2 —-1| and b= 100
-1 -1 2 —500
The Gauss-Jordan method (or gauss elimination) applied on the system
2 0 —1 Uy 500 150
0 2 —1 ugy | = 100 gives the solution u = —50
-1 -1 2 us —500 —200
1 0 -1 350
150
Then x=ATu= L0 0 —50 | = 150 ,
0 1 -1 900 150
0 1 0 —50

i.e. r13 = 350, T14 = 150, o3 = 150 and To4 = —50.
The current in link (2,4) is hence going from node 4 to node 2!

(20070307-nr.3)

f(x) = (z1—22)% + (w2 —23)% + (x5 — 21)? = 223 + 223 + 223 — 22129 — 2w073 —
2r3x1 =

4 -2 -2
=ix'Hx with H=| -2 4 -2
-2 -2 4

Since f(x) is a sum of three squares, f(x) > 0 for all x € IR3, which implies
that H is positive semidefinite. (But not positive definite, since f(x) = 0 if
Tl = X9 = xg.)
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12.3

Gauss-Jordan gives after some elementary row operations that the system

Ax = b is equivalent to the system [ (1) (1) _; ] X = <Z ) . From this follows

that one feasible solution to the system is X = (2,4,0)7.

By setting the right-hand side to zero we obtain that the system Az = 0 is

01 2
basis to N'(A) is given by the single vector z = (1, -2, 1)T. (23 =1= 2 =1
and zg = —2.)

equivalent to the system ll 0 -1 ] z = <8 ) From this follows that a

We now search an optimal solution to the QP-problem
minimize %XTHX
st. Ax=Db,
We know that Ax = b is equivalent to x = X + zv for v € IR.

Insertion of this expression in the objective function leads the following opti-
mization problem in the single variable v:

minimize %vasz +z"Hxv + %)‘(THX = 1802 — 360 + 24.

This is a convex quadratic function which is minimized by v = 1.

Hence the optimal solution to the QP-problem is & =X +z9 = (3, 2, 1)T.
Since H according to above is positive semidefinite X is a minimizer to % x T Hx+
C'x

if and only if HXx + ¢ = 0. Hence there exists at least one minimizer to
%XTHX + CTx if and only if the system of equations Hx = —c has at least

one solution.
But this system has at least one solution if and only if ¢ € R(H) = N(HT)*.

Gauss-Jordan gives after some simple row operations that the system H'z = 0

1 0 -1 0
is equivalent to the system |0 1 —1 [z = [ 0 |. From this follows that a
00 O 0

basis for N(H") is given by z = (1, 1, 1)T.
Let us call this single basis vector a, i.e. a = (1, 1, 1)T.

Then it holds that ¢ € N (HT)* if and only if ¢ is orthogonal to this basis
vector a.

Hence: %XTHX + CTx has at least one minimizer if and only if aTc = 0.

(20060603-nr.2)
(a)

For simplicity we multiply the objective function with the factor %, which
do not influence the optimal solution x to the problem. Then the objective
function becomes

J(x—q)T(x—q)=3x"Ix—q'x+3q"q,
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so the problem P1 is equivalent to a quadratic optimization problem with
linear equality constraints on the form
minimize % x"Hx + ¢"x + ¢
st. Ax=Db,

WhereH:I,c:—q, COZ;qTqv'A:|‘1 —1 _i :i‘|7b:<8>

The matrix H = I is positive definite, so we have a conver QP-problem.

The optimality constraints are then given by Hx — ATu = —c and Ax = b,
ie. x—ATu=q and Ax=0.

The first equations give that x = ATu + q , which inserted in Ax = 0 gives
the equations system

4 0 u -8
T _ . 1 _ . . P
AA'u = —Aq, ie. [O 41 <u2> <_4>, with the solution 1

ar) -2
as )\ —1)
-3 4 1
. o mea T~ -1 2 1
Then the optimal solution X is X =A't+q= 1 + ol =11
3 -2 1

(b)

Insert x = ATv to the objective function, which then becomes the following
quadratic function, after multiplication with the factor %:

fv)=3(ATv-q)T(ATv —q) = 3vI(AAT)v — (Aq)Tv + 5qa.
4 0
T_
AAT= 0 4
f(v) is hence a strictly convex quadratic function that is minimized when its
gradient is the null vector i.e. when AATv — Aq = 0.

This gives the system AATv = Aq, i.e. [é 2] (Ul> = (i),

V2
. . . U1 2
with the solution v = | = .
U9 1

The optimal solution X is then given by X = ATV =

is positive definite.

-3
You can note that the optimal x to P1 and optimal x to P2 are orthogonal and

sum up to q. This is of course not a surprise since the two subspaces N(A)
and R(AT) are each others orthogonal complements.

12.4 (20060308-nr.4a)
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12.5

T

The problem to minimize %|x — %> st. alx = b is a QP-problem with

equality constraints.
It can be written on the form
minimize % x Hx +c'x
st. Ax=Db,

where H =1, ¢ = -% A =a' and b =b. (Since 1|x—x|* =
%XTX —x"x+ %)‘(Ti .

Since H is positive definite, the following optimality conditions are both nec-
essary and sufficient:

Hx + ¢ = ATu and Ax = b, which can be written as x — X = au and
T
a'x=nb.

We obtain that x = X + aw , which inserted in a'

(b—a'x)/|al%

An optimal solution to our problem is hence given by X = X + au, with
u=(b—a'x)/|al?

According to the prerequisites a'% < b, and hence u > 0.

x = b gives that u =

The shortest distance is then d = |% — X| = |au| = |a||u| = |a|]u = (b —
a'x)/|al.
(20050331-nr.4)
The problem can be formulated as:
minimize flu—v]?=1(u-v)T(u-v)
s.t. Ru=p,
Sv=q.
With “Lagrange multipliers” y € IR? and z € IR? the optimality conditions
become
u-v-RTy =0, v—u—-S"z=0, Ru=p and Sv=q.

This is just a linear system of equations, but since there are 14 unknowns and
there is no obvious way to simplify the system (and we have no computer on
the exam) we try a null-space method instead!

Simple computations give that Ru = p < u = ug + gz, where ug =
(1,1,1,0)7, g = (=1, —1,—1, 1)T and  is an arbitrary real number.

Just as simple computations give that Sv = q < v = vg + hxy, where
vo=(0,2,2,2)T, h=(1,-1,-1,-1)T and x5 is an arbitrary real number.

Note that g is a basis to A/(R) while h is a basis to NV (S).

Our original problem can then be written as the following problem in the
variables 1 and xzo:

minimize %]uo —vo + gz1 — has|?,

which is equivalent to the MC-problem to minimize %|Ax —b|?, where
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12.6

-1 -1 —

, b=vg—uy=

™

Il
VR
8
[
~

Il
[
— =
— =

N — = =

1 1
The normal equations ATAx = ATb become 40 ) = 1 ,
0 4 T2 5

with the solution x = (z1, 22)" = (1/4, 5/4)T.
Hence @t = (3/4, 3/4, 3/4, 1/4)T and ¥ = (5/4, 3/4, 3/4, 3/4)T.
The shortest distance between the two sets (lines) is hence d = [a—¥| = 1/V/2.

Now that we know @ and ¥, we can conclude that the optimality condi-
tions that we relaxed before are fulfilled with y = (1/2, 0, 0)T and z =
(07 07 _1/2)T

(20050307-nr.3)
(a) A vector x is optimal to the MC-problem P1 if and only if ATAx = ATb.
b1 — b

ba — by
the normal equations above, and hence also the optimal solutions to P1, are
given by

T 2 -2 T .
In our case A'A = 9 5 and A'b = , so the solutions to

x1 =01/2—by/2+t and zo =t, where t is an arbitrary real number.

(b) Let X(b) ={x € IR? |21 =b1/2 —by/2 +t and 2o =1t, fortc IR }.
For x € X(b) it holds that x"x = (by/2 — by/2 +t)? +t? , which is minimized
by

t =bo/4 — by /4, and hence x1 = by /4 — by /4 and xo = be/4 — by /4.

This is hence the optimal solution %X(b) to P2.

1/4 —1/4
(c) From the above we see that %(b) = ATb, with At = [ / / ]

~1/4  1/4
(d) A vector x is optimal to the problem P3 if and only if (ATA +eI)x =
ATb.

-2 2+4e¢ by — by
solution to this system of equations, and hence also the optimal solution to
P3, is given by
T, = (bl — bg)/(4 + 6); and x9 = (b2 — bl)/(4 + 6);.

This is hence the optimal solution X.(b) to P3.

2+ -2 b1 —b
In our case ATA +¢I = [ y and ATb = ! 2), so the

(e) From the above follows that %.(b) = A.b, with A, = [

1/4 —1/4

We see that AE —
—1/4 1/4

]:AJr if e = 0.
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12.7

12.8

(20041016-nr.3)

(a). Let x(a)=a4+a-uel; and y(8) =b+5-v € Ls.
The quadratic distance between x(a) and y (/) is given, with ¢ = b — a and

z = “ , b
(ﬁ) ’

f(z)=(y(B) =x(a)T(y(8) —x(a)) = (¢ + - v—a-w)T(c+ B -v—a u)=
=cc—2(cTu)a+2(c"v)B+ (uTu)a? + (vTv)B2 - 2(u"v)ap =

c’'u u'u —u'v
=c'c—2g'z+2"Hz, where g = and H = =
v

T T T
I —p
—p 1|

—c —u'v Vv'v
Since u and v according to the prerequisites not are parallel, |p| < 1, which
implies that the matrix H is positive definite, which in turn implies that f is
a strictly convex quadratic function.

(b). Global minimum is obtained when Vf(z)T = 0, i.e. when Hz = g.

Especially when p = u'v = 0 then H = I = is the unitary matrix, and the

optimal solution is given by z =g, i.e. a =c'u and f = —c'v.

Insertion of this in x(a) and y(B3) gives that * = a+ (c'u)-u and § =
b—(c™v)-v.

Especially then y — X =c —uc
thread in is given by

|y —%2=|c—uc’u—ve'v]?= .- =cTc—(cTu)? - (c"v)2

Tu — vcTv, and the quadratic length of the

(20040415-nr.3)
(a)

You quickly realize (for example with Gauss-Jordan) that the matrix A has
the rank r = 3.

Hence N (A) has the dimension n —r = 5—3 = 2, so a basis to N'(A) consists
of two linearly independent vectors that both are in N'(A). But the in the text
given vectors z; and zy are linearly independent and fulfill Az, = Azs = 0.
Hence they are a basis for N'(A).

You can also conclude that the in the text given vector X fulfills AX = b.

(b)
We have a QP-problem on the form: minimize %XTHX +c™x st. Ax=Db,
where H, A and b is the given from the text, while ¢ = 0.

A feasible solution X and a null-space matrix Z is given according to above by

1 0 1
1 -1 0
X=|1]| and Z = 0 -1
1 1 0
1 0 1
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12.9

Every feasible solution x can now be written on the form x = X + Zv, for
v € R%

The optimal v is obtained by solving the system (ZTHZ)v = —ZT(HX + c),

. 4 0 v\ 0 . . 0
which becomes [0 6] (1)2) = (_2>, with the solution v = (_1/3>.

2/3
3/3
Then the optimal solution to the original problem is X =X+ Zv = | 4/3
3/3
2/3
i C laTers 26
The optimal value of the problem is X' HX = 3

(c)

The wanted vector @ shall together with the above computed optimal solution

H AT X —c
X fulfill that = .
A 0 a b

But A% = b and ¢ = 0, so we obtain the constraint that ATa = HX, i.e.

100 7/3

010 U1 12/3

1 01 s | = | 14/3 |, which is fulfilled by (and only by) & =
0 10 s 12/3

0 01 7/3

7/3
12/3

7/3

(20040310-nr.2)
Let x = (212, 13, T14, T15, T23, T24, T25, T34, T35, T45) | € IR,

Since all r;; = 1, the effect minimizing problem is equivalent with the QP-
problem
minimize $x'Ix (= half the heat effect)

st. Ax=Db,
11 1 1 O 0 O 0 0 O
-1 0 o0 o 1 1 1 0 0 O
where A=1"9g 1 0 0 -1 0 0o 1 1 of ™ P=
o o-1 0 O -1 0 -1 0 1
1
0
0
0
This QP-problem is in turn equivalent to the linear equation system
Ix — ATu = 0
Ax = b
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From Ix — ATu = 0 it is obtained that x = ATu, which inserted in Ax = b
gives the equation system AATu =b.
4 -1 -1 -1
-1 4 -1 -1
T_ _
In our case AA' = 1 -1 4 -1 and b=
-1 -1 -1 4

o O O

so the given computational help gives that u = (AAT) b = (0.4, 0.2, 0.2, 0.2)T.
This gives in turn that the optimal solution x = ATu = (0.2, 0.2, 0.2, 0.4, 0, 0, 0.2, 0, 0.2, 0.2)T.

Hence the heat-effect x"Ix = 0.4 (= the total resistance between node 1 and
node 5.)
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13. Nonlinear programming

13.1 (20070601-nr.5)

(a) The problem can be written as: minimize f(x) s.t. ¢g;(x) <0,i=1,2,3,
where

f(x) = ciws —dwg — 223, gi(x) = 2] + a3 — 2, go(x) =2 + a3 -2, gs(x) =

z3 + 2% — 2.

The objective function is linear and hence convex. The constraint functions
2 00 200 0 00

have the second derivative matrices [0 2 0|, |0 0O O |and |0 2 0 |,
0 00 0 0 2 0 0 2

which are positive semidefinite for all x.

Hence also the constraint functions are convex, which makes the whole problem
convex. Furthermore for example x = (0,0,0)T fulfills all constraints with
strict inequality, so the studied problem is a regular convex problem. This
implies that a point X is a global optimal solution to the problem if and only
if X is a KKT-point.

3
(b) The Lagrangian can be written as L(x,y) = f(x) + Z vigi(x) =
i=1

=121 — 4o — 203 + y1 (23 + 23 — 2) +yo(2? + 23 — 2) + y3(22 + 23 - 2).
The KKT-constraints can be divided into four groups in the following way.
(KKT-1) 0L/0x; =0 for j =1,2,3:
c1+2x1(y1 +y2) =0,
—4 + 2x9(y1 +y3) =0,
-2+ 21‘3(y2 + y3) = 0.
(KKT-2) Feasible point, i.e. g;(x) <0 fori=1,2,3:
3 +23-2<0,
3 +23-2<0,
3+ 23 -2<0.
(KKT-3) Lagrangian multipliers non-negative:
Y1 2 07
Y2 > 07
ysz > 0.
(KKT-4) Complementarity, i.e y;g;(x) =0 for i = 1,2,3:
yl(x% + 3?% - 2) =0,
yo(2? + 23 —2) =0,
y3(a3 + a3 —2) =0.
(c) First suppose x = (1.4, 0.2, 0.2) 7.
Then 2?2 +23-2=0, 22 +23-2=0, 23+23-2<0.
The complementarity constraints the give that y3 = 0, and the KKT-1 con-
straints can be written as

c1+2.8(y1 +y2) =0,
—440.4(y1 +0) =0,
—2+4+0.4(y2 +0) = 0.
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We see that this system has no solution if ¢; # —42.
If ¢; = —42 then x = (1.4, 0.2, 0.2)T, together with y = (10, 5, 0)7 fulfills all
KKT-constraints, and x is a global optimal solution to the problem.
(d)
Now suppose x = (1, 1, 1)T.
Then z?+23-2=0, 224+2%-2=0, 23 +2%2-2=0.
The KKT-1 constraints can now be written as
y1+y2=—-05¢,

y1tys= 2,
o +ys= 1

The solution of this system of equations in y becomes, with help of the given
help,

Y1 1 1 0 —0.5 C1 1 1 1 -1 —0.5 C1
| =1101 2 = 5 1 —1 1 9 _
Y3 0 1 1 1 -1 1 1 1

= |
|
[ e
=
I+
[Nl )
N——

We see that the KKT—-3 constraints will be fulfilled if and only if —6 < ¢; <
—2.

For these values of the constant c,
x = (1, 1, )T together with

(22— 2-c 6+
Y=\"4 1 T
a global optimal solution.

-
> , fulfills all KKT-constraints, and hence x is

(e) The Lagrangian for the problem now becomes, with ¢; = —6,

L(x,y) = =611 — 479 — 223+ y1 (23 + 23 —2) +y2 (23 +23 —2) +y3(23+23-2) =
= ((y1+y2)ai —6z1)+ ((y1+y3)a3 —4z2) + (Y2 +y3) 23 — 223) — 2(y1 + Y2 +Y3)-
To obtain the dual objective function value o(¥), where ¥ = (1,1,1)T,

one should minimize L(x,¥) with respect to x € IR3.

But L(x,¥) = 22?2 — 621 + 223 — 425 + 223 — 223 — 6,

so the minimized values on x; are given by

21(9) = 1.5, 22(§) = 1.0, z3(§) = 0.5,

and the dual objective function value is given by

o(y)=L(x(y),y) =45-9+2—-4+05-1-6=—13.

The (d)-exercise makes us guess that § = (2,1,0)" is an optimal solution for
the dual problem.

Now L(x,¥) = 323 — 621 + 223 — 42y + 2% — 223 — 6,
so the minimized values of x; are given by

21(y) =1, z2(y) =1, w3(y) =1,
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and the dual objective function value is given by
o(y)=Lx{y),y)=3-6+2-4+1-2-6=—-12.

Since ¢(¥) < ¢(¥), ¥ can not be an optimal solution to the dual problem
(which consists of maximizing ¢(y) s.t. y > 0).

13.2 (20070307-nr.4)
(a)

x%—xg—él

x%+l‘2*(52

We have that h(x) = and f(x) = 1h(x)Th(x) > 0 for all

l’% — X1 — (53
ZC% + 21— 04
x € IR%.

As a special case, if all §; = 0 and % = (0, 0)7 then h(%) = (0, 0, 0, 0)T and
f(®) =0.

Then f(%) < f(x) for all x € IR?, which means that % is a global minimizer

to f(x).

(b)

Now 8; = —0.1, §3 = 0.1, 63 = —0.2, 6, = 0.2 and x() = (0,0)".
Differentiation gives

Vhi(x) = (2z1, —1), Vha(x) = (2z1, 1), Vhz(x) = (-1, 222), Vha(x) =

( 1, 2$2).
2z —1 0 -1
2z7 1 0 1
Hence Vh(x) = , such that Vh(x()) = and h(x(M) =
-1 2:1,‘2 -1 0
1 2z 1 0
0.1
—0.1
0.2
—0.2

In the Gauss-Newton method you should solve the system of equations
Vh(xM)TVh(xM)d = —~Vh(x(M))Th(x(")

) L 12 0 diy (04 :
so the system of equations becomes l 0 2] <d2> = (0‘2>, with the solu-

0.2

i 1) —
tion d 01l

We test £, = 1, so that x® = x(1 + #,d = xU 4 (1) = <gf>

Then
hi(x®) =0.04 — 0.1 + 0.1 = 0.04,
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13.3

ha(x®)) = 0.04 + 0.1 — 0.1 = 0.04,
h3(x(?) =0.01 — 0.2 + 0.2 = 0.01,
hiy(x®) = 0.01 + 0.2 — 0.2 = 0.01,
such that f(x(?) = 0.0017 < 0.05 = f(x(1)). Hence the step t; = 1 was fine.

Hence we have performed a complete iteration with the Gauss-Newton method
and ended up in the point x?) = (0.2, 0.1)T.

The gradient of the objective function in this point x(?) is given by

0.04
04 04 -1 1]]0.04 0.032
@N\T _ 2N\ Th(x(2)) — _
V") = Vh(x™) Th(x) 1 1 02 0.2] 0.01 (0.004)7'é
0.01

0

K
Since the gradient is not the null vector, x can not be a local minimizer.
(20060603-nr.3)

There are several ways of solving the problem. Here follows one of them.

The problem is a convex QP-problem, and hence the KKT-constraints are
both necessary and sufficient constraints for a global optimal solution.

The Lagrangian function to the problem can be written as:

L(x,y) = 323 + 2} + J2} — 1 — 22+ csw3 + y1(4 — 21 — 22) + yo(4 — 21 —
z3) +y3(4 — x2 — x3).

The KKT-constraints then becomes:

x1—y1—y2=1 OL/0x1 =0 (KKT1)

o2 — Y1 —Ys = 1 8L/8xg =0 (KKTQ)

T3 — Y2 — Y3 = —C3 8L/89:3 =0 (KKT3)

x1+ 22 >4  primal feasibility  (KKT4)

x1+x3 >4  primal feasibility (KKT5)

xo+x3 >4  primal feasibility (KKT6)

y1 >0  dual feasibility (KKT7)

y2 >0  dual feasibility (KKTS)

y3 >0  dual feasibility (KKT9)
y1(r1 + 22 —4) =0  complementarity  (KKT10)
y2(r1 +23—4) =0  complementarity (KKT11)
ys(ra +x3—4) =0  complementarity (KKT12)

(a). With x = (2,2,2)T (KKT4)-(KKT6) is fulfilled with equality, and hence
(KKT10)-(KKT12) are fulfilled. (KKT1)-(KKT3) then gives (after solving a
system of equations) that y; = —c3/2 and yo = y3 = 1 + ¢3/2. In order to
have (KKT7)-(KKT9) fulfilled it is required that —2 < ¢3 < 0.

The KKT-constraints are hence fulfilled if and only if ¢35 € [-2,0].

(b). With x = (2,2,4)T (KKT4) is fulfilled with equality and (KKT5)-
(KKT6) with strict inequality. Hence (KKT10) is fulfilled, while (KKT11)-
(KKT12) requires that yo = y3 = 0. (KKT1)-(KKT2) then gives that y; = 1,
and to fulfill (KKT3), c3 = —4 must be fulfilled. Then also (KKT7)-(KKT9)
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are fulfilled.
The KKT-constraints are hence fulfilled if and only if c3 = —4.

(c). With x = (3,3,1)7, (KKT5)-(KKT6) are fulfilled with equality and
(KKT4) with strict inequality. Hence (KKT11)-(KKT12) are fulfilled, while
(KKT10) requires that y; = 0. (KKT1)-(KKT2) then gives that yo = y3 = 2,
so to make (KKT3) fulfilled ¢35 = 3 is required. Then also (KKT7)-(KKT9)
are fulfilled.

The KKT-constraints are hence fulfilled if and only if c¢g = 3.

13.4 (20060603-nr.4)
(a)

Since f(x) = (z12323)?, f(x) > 0 for all x. But % is a feasible solution with
f(%X) = 0. Hence f(%x) < f(x) for all feasible solutions x, which per definition
implies that X is a global optimal solution to the minimization problem.

(b)
Every global optimal solution is also a local optimal solution, so X is a local
optimal solution to the minimization problem.

(c)

f is convex if f(tu + (1—t)v) < tf(u) + (1—t)f(v) for all u,v € IR? and
t €0,1].

Let (for example) u = (1,0,1)T, v = (1,1,0)T, ¢t = 0.5.

Then f(u) = f(v) =0 while f(tu+ (1—t)v) > 0. f is hence not convex.

(d)

You realize that the biggest value that f(z) can obtain in the unit circle is
strictly positive, i.e. all three variables are separated from zero in the maximum
point/points.

Since (—1)% = (+11)?%, (—22)* = (+22)* and (—23) = (+23)% we can assume
that all three variables are strictly positive without loss of generalization.

To maximize f(x) is then equivalent to maximizing In(f(z)) = 2In(z1) +
41n(x9) + 61n(w3) (which is a concave function!) under the constraint z? +
3 +m§ < 1 and the implicit requirement that the variables should be positive.

This is equivalent to minimizing —2In(x;) — 41In(xz) — 61n(xs) (which is a
convex function!) under the constraint z3 + 23 + 23 < 1 and the implicit
requirement that the variables should be positive.

The KKT-constraints, or Lagrange relaxation, gives that x = (16 , 13 , 12) !

is optimal.

Hence we have 8 maximum points to f(z) in the unit sphere: x = (jzl , ii , i1> T.
6° V3 V2

13.5 (20051024-nr.4)

The problem can be formulated in the following way, where I is the identity
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13.6

matrix: .
minimize 5 xTIx

st. Ax>b,
Ix>0.

% € IR* is an optimal solution to this convex QP-problem if and only if there
are vectors u € IR? and v € IR* such that all the following constraints are
fulfilled:

1) $=ATu+1v,

2) AX>b,

) %> 0,

4) u>0,

5) v>0,

6) UZ(A)A( - b)l = O, for i = 1,2,
(7) vjz; =0, for j =1,2,3,4.

(a)

Here we will assume that A% = b and that all Z; > 0.

Then (7) gives that v = 0, where-after (1) gives that x = ATu. If this is
compared with the given assumption that AX = b, then the following system
of equations is obtained AATu = b, with the unique solution u = (2, 3)7.
But then it must hold that * = ATu = (7, —1, 8, —4)T, which contradicts
that all :i‘j > 0.

Hence there is no optimal solution %X that fulfills both that AX = b and that
all fj > 0.

(b)

Now we will assume that AX = b and that 23 = 24 = 0.

The only solution to this is % = (20, 10, 0, 0)T.

The constraint (7) then gives that v; = vy = 0, and then the first two con-
straints in (1) gives that 20 = 2u; + uz and 10 = —2uy + ug, with the unique
solution u = (2.5, 15)T.

The last two constraints in (1) then gives that 0 = u; + 2ug + v3 and 0 =
U — 2uo + vy, i.e. v3 = —32.5 and vq = 27.5. But vz < 0 contradicts constraint
(5).

Hence there is no optimal solution X that fulfills both that Ax = b and that
T3 =14 =0.

w

(
(
(
(
(
(

(20050307-nr.4)

(a) The problem can be written on the form: minimize %XTHX-FCTX s.t. Ax >
b,

1 0 0
-1 0 0 -2
4 2 2 —12
0 1 0 0
where H= |2 4 2|, c=| -8 |, A= , b=
0 -1 0 -2
2 2 4 —4
0 0 1 0
| 0 0 —1] -2
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The matrix H is positive definite (can be controlled by for example LDLT—
factorization), so %X is optimal if and only if there is a vector y € IR such
that

KKT-1: Hx+c=A'y,

KKT-2: Ax > b,

KKT-3: y >0,

KKT-4: yi(Afc - b), = 0, 1= 1, cee ,6.

With % = (2,1,0)", Ax —b =(2,0,1,1,0,2)T, so KKT-2 is fulfilled,

while KKT-4 gives that y; = y3 = y4 = y¢ = 0.

Since HX +c¢ = (-2, 0, 2)T, KKT-1 leads to the following system of equations
in yo and ys:

_1y2+0(y5 = _27 O?/2+0y5 = 07 0?/2+1?J5 = 27 (since Y1 =Y3 =Ys = Y6 = 0)7
with the solution y» = y5 = 2, which also fulfills KKT-3.

All the KKT-constraints are now fulfilled, and X is hence a global optimal
solution.

(b) Now we have a problem on the form: minimize fo(x) s.t. fi(x) <0,
with fo(x) = (21 + 22)% + (22 + 23)% + (z3 + 21)? — 1221 — 8x9 — 423

and f1(x) = (1 — k1)? + (22 — k2)? + (23 — k3)? — 1.

Differentiation gives that

Vio(x) = (4z1 + 2x9 + 223 — 12, 221 +4xo + 223 — 8, 221 + 229+ 423 —4),
Vfi(x) = (2(x1 — k1), 2(z2 — k2), 2(x3 — k3) ),

4 2 2 2 00
Vfo(x)=12 4 2|, V2Ax)=|0 2 0
2 2 4 00 2

Since both V2fy(x) and V2 f1(x) are positive definite for all x, both fy and fi
are convex functions. Furthermore for example x = (ky, ko, k3)7 fulfills that
f1(x) < 0, which means that the problem is regular.

The KKT-conditions are then both necessary and sufficient for X to be a global
optimal solution.

These conditions say that there is a scalar y; so that

KKT-1: Vfo(f()T + 11 Vfi (f()T =0.
KKT-2: f1(%) <0,

KKT-3: 11 > 0,

KKT-4: ylfl ()A() = 0.

KKT-1 gives that (—2, 0, 2) +y1( 22— k1), 2(1—ka), 2(0—k3) ) = (0, 0, 0).

We can here directly exclude that y; = 0. Hence it must hold that y; > 0
(according to KKT-3).

But then it must hold that 2 —k; =1/y;, 1 —ky=0and 0— ks =—1/y;.

KKT-4 gives that f1(X) = 0 (Since y; > 0), i.e. (2—k1)2+(1—kg)?+(0—k3)? =
L,
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13.7

which hence can be written as (1/y1)% + 0% + (=1/y1)? = 1.

Since 3, > 0 this equation has the unique solution y; = /2,

and k1 =2—1/v2, ks =1and k3 =1/V2.

With these values of the constants all KK'T-conditions will be fulfilled,

and hence X is a global optimal solution.

(20041016-nr.5)

(a) The Hessian V?f;(x) is a nxn diagonal matrix with the diagonal elements
2pi 24y

2-z)® (2, +2)?°

[V fi(x)];5 = ji=1,...,n.

Since all these diagonal elements are > 0 for all x € X, V2fi(x) is positive
definite for all x € X, and hence the function f; is strictly convex on X.

(b) That the feasible region in non-empty is equivalent to that there are at
least one x € X such that f;(x) <0 fori=1,2.
n

But 0 = (0,0)T € X and f;(0) = Z <p;] + (]2@]> + r; < 0 according to the

j=1
prerequisites.
Hence the feasible region contain at least the point x = 0.
() Let S={xe X|filx) <0, i=1,...,m}. We will show that S is
convex.
Take arbitrary u € S and v € S, and take an arbitrary ¢ € (0, 1).
Set x = (1 — t)u + tv. We will show that x € S.
That z; is between —1 and 1 follows from that z; is between u; and v; which
both is between —1 and 1. Further it holds that f;(x) = fi((1 — Hu+tv) <
(1 —t)fi(u) + tfi(v) < 0, where the first inequality follows from that f; is
convex and the second inequality from that t < 1, fij(u) < 0, ¢ > 0 and
Hence it holds that x € S, which shows that S is convex.

(d) The KKT-conditions become the following, with the Lagrangian multipli-
ers y;, &, nj, and with the notation

y = (y1, yQ)T, Pi(¥) = poj + Py + p2jy2 and ¢;(y) = qoj + q1;¥1 + q25¥2-
pily)  4(y)

(2—2)%  (z;+2)?

- & +mn; =0, j=1,....n
fi(x) <0, 1=1,2
—1<2; <1, j=1,....n primal feasibility)

yi > 0, i=1,2 dual feasibility)

(OL/0xj = 0)
(
(
(
£ >0 and n; >0, ji=1,....n (dual feasibility)
(
(
(

primal feasibility)

yifi(x) =0, i=1,2 complementary slackness)
&i(xj+1) =0, ji=1,....n complementary slackness)
nj(l —x;) =0, ji=1,....n complementary slackness)
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13.8

(e) The Lagrangian function to the problem, with the vector of multipliers
Yy = (y1, 42)", is given by

L(x,y) = fo(x)+y1f1(x)+y2fa(x) = Zn: (pj(Y) + 4(y) >+ro+ym+y2r2,

i=1 2—$j $j+2

where as above p;(y) = poj + p1jy1 + p2jy2 and ¢;(y) = qoj + q1;91 + 42592
The Lagrange relaxed problem KPR, consists in, for a given y > 0, minimize
L(x,y) with respect to x € X. This falls apart to a problem for each j,
minimizing

Piy) | 4()
2 — T T +2

with respect to z; € [—1, 1].

Since both p;(y) > 0 and ¢;(y) > 0 this is a convex one-variable problem
which unique optimal solution z;(y) is given by the following:

If pi(y) > 9¢;(y), then z;(y) = —1.

If ¢;(y) > 9p;(y), then z;(y) = 1.

4 (y) —\/pi(y)
If both p;(y) < 9¢;(y) and ¢;(y) < 9p;(y) then z;(y —2W )

Vi) + /g ()

The dual objective function is then given by

oy) = Z <2 o) j(g;()yj- 2) + 70 + y1r1 + yareo.

(20040415-nr.4)
(a)

Let the three given points be denoted (p;,¢;), i = 1,2,3, and let (z,y) be the

wanted coordinates for the fourth point. Then the problem can be formulated
as:

minimize f(x,y) Z \/ (x — p;)? —¢;)?, without constraints.
A necessary condltlon for a point (x,y) in which f has continuous derivatives
of of
to be optimal is that —(z,y) = =—(z,y) = 0.
p g & Y) 8y( Y)

Differentiation gives the following, where r;(z,y) = \/(ZE —-pi)?+ (y—@)?,
and where we suppose that (z,y) # (pi,¢) for i = 1,2, 3.

) >z —ps 0 L y-a
afi(wjy)ZZx P and yf(x,y)zzy L

i=1 Ti(.T, y) Y i=1 Ti(%, y)
af 12 1 af o 11
H 0,0 +—+—=<0 d —(0,0)=—4+—44+—>0
ence 5, (0.0) ==+ =+ 75 <0 and 5/(0,0) = Z=+ 2=+ 5

Hence the point (z,y) = (0,0) does not fulfill the mentioned necessary opti-
mality conditions above and is hence not an optimal solution.

(b)
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The problem can (for example) be formulated as the following in the variables
x, y and z, where z denotes the squared distance from (z,y) to the point
(pi, q;) which is the furthest away from (z,y):

minimize z
st. 2> (@—p)?+Wy—g¢)? i=123

or, equivalently,

minimize z

st. —z+(z—1)2+(y—2)?2 <0,
—z+ (z+2)*+ (y+1)*> <0,
—2+ (-1 +(@y+1)?2<0.

The problem is regular and convex, and hence the KKT-conditions are both
necessary and sufficient conditions for global optimality.
The Lagrange function (with the Lagrangian multipliers A1, A2 and \3) to this
problem is
L(Cﬂ,y,Z,)\l, >\27)‘3) =z+ )\1((:E - 1)2 + (y - 2)2 - Z) +

+ Xz +2)?+ (y+1)? —2) +

+ sz =1+ (y+1)? - 2).
The KKT-conditions then become:

A(z—1)+ 20z +2)+ 203z —1) =0 OL/dzx =0 (KKT1)
Ay —2) + 20y +1) +2Xs3(y+1) =0  OL/dy =0 (KKT2)
1-M - —X3=0 8L/dz=0 (KKT3)
(r—1)2+(y—2)2—2<0 primal feasibility =~ (KKT4)
(r+2)%+(y+1)2—2<0 primal feasibility (KKT5)
(r—1)2+(y+1)2—-2<0 primal feasibility — (KKT6)
A1 >0 dual feasibility (KKT7)
A2 >0  dual feasibility (KKTS)
A2 >0  dual feasibility (KKT9)
Mz =12+ (y—2)2—-2)=0 complementarity  (KKT10)
M((z+2)2+(wy+1)2-2)=0 complementarity (KKT11)
M((x—1)2+(y+1)2—2)=0 complementarity  (KKT12)

With ¢ = y = 0 you obtain the constraints

—2A1 +4X3 — 223 =0 (KKTl)
—4M\1 + 2X0 + 2)\3 =0 (KKTQ)
1= M- —A3=0 (KKT3)
5—2<0 (KKT4)
5—2<0 (KKT5)
2—2<0 (KKTG)
A >0 (KKT7)
Ay >0 (KKT8)
Ao >0 (KKTQ)

)\1(5 — Z) =0 (KKTlO)

/\2(5 — Z) =0 (KKTll)

)\3(2 — Z) =0 (KKTIQ)
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(KKT1)~(KKT3) are fulfilled if and only if (A1, A2, A3) = (1/3, 1/3, 1/3).
But then (KKT10) and (KKT12) give that 5 — 2z =0 and 2 — z = 0, which is
impossible!

The KKT-conditions can hence not be fulfilled if = y = 0, and hence the
point (0,0) is not an optimal location of the fourth component.
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14. Mixed examples

14.1 Let

teT

f(z) = max|f(t) ijfj
J=1

fo(z) = {2%}:” ijf]

where T, = {t1,t2,...,tm}. Since T}, is a subset of T if holds that fr(z) <
f(z), therefore (P’) is a relaxation of (P). Furthermore let #; be the optimal
solution to (P’) and p the optimal value to (P).

(a) Using the above notation we have

teT

fr(@r) < p < f(dér) = max|f(¢) Z:f: i fi(t)

(b) (P’) can be reformulated as

min xg

s.t. $0—|—Z$ij > f(ti) i=1,...,m,

(P//) ]nl
xro — ijfj(ti) Z —f(ti) 7= 1, .., M,
=1
o > 0.

(c) The dual of the problem formulated above is

max Z(Mz —v;) f ()
=1
1 s.t Z(Mz"‘%) <1
Z(Mz Vi)fj(tz) =0 J=1 , 1
i=1
Wi, v; >0 1=1,...,m

Since it is not optimal to have both u; and v; > 0, we can simplify (D")
by introducing the variables \; = pu; — v; with |[\;| = p; + ;. We then
obtain the following problem

max i Xif(t;)
i=1

(D" st > [Nl<1

=1
m

S Nifilt) =0 j=1,...,n
=1
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14.2 Differentiation gives

2%1 — T2 — 2 -1 0
Vi) =| —z1+2294+4 |, Vau@)T = =1 |, Vg(2)! = 0
2$3 0 -1

(a) Differentiation of f a second time gives

(b)

(c)

Vif(z)=| -1
0

The symmetric matrix V2f(z) has positive eigenvalues (3, 2 and 1). Hence
V2f(x) is positive definite, independent of z, implying that (Py) is a
convex problem. The solution & to the system of equations Vf (&) =0 is
thus a globally optimal solution to (P;). We have

2 -1 0 T 2
-1 0 .fi'Q - —4 )
0 3 0

with solution # = (0 -2 0).

The point 2* is feasible to (P,) with constraints 1 and 2 binding. To fulfil
the KT-conditions we must find nonnegative A} and X such that

1 -1 0 0
+| =1 [N+ o |[Xs=] o0
2 0 -1 0

This is fulfilled for A} = 1 and X§ = 2. Hence, the KT-conditions are
satisfied at 2.

For nonnegative A\; and Ay we obtain the Lagrangean-relaxed problem

min  f(x)
(P)) st. x € IR3,

where
filx) = l‘% — 2129 + x% + x% —2x1 +4dxo + M (—x1 — x2) + A2(1 — x3).
Differentiation of f) gives

21’1—1‘2—2—)\1

Vix)" = —x1 422 +4 -\
2x3 — Ao
2 -1 0
Vify(z) = -1 2
0
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(d)

14.3 (a)

Since all constraints are linear, V2f, () is identical to V2f(x), indepen-
dent of A\. Hence, (P)) is a convex problem, and the minimizing z(\) is
uniquely determined by Vfy(z(A)) =0, i.e.,

2 -1 0 x1(N) 24+ M\
—1 2 0 w2(>\) = —4+ )\
0 0 2 x3(\) A2
The solution is
A
tN)=| 2+M
A2
2

and we obtain the dual objective function as

2
80()\) :f)\(x()\)) =...= —A%+2)\1 - %-i—)\g — 4.

Hence, we may write
5 A3
max —)\1+2/\1—Z+)\2—4
(De) s.t. A >0,
A2 > 0.

Take 2* and X* as above, i.e., 2 = (1 -1 1)T and \* = (1 2)7. Then z*
is feasible to (P.) and X* is feasible to (D.). It also holds that f(2*) =
©(\") = —2. It now follows from weak duality that 2* is globally optimal
to (P.) and X* is globally optimal to (D.).

Let
f(x) = —2a%+ 122129 + T2} — 821 — 2622,
gi(r) = x1+ 272 —6,
g2(x) = —mx1,
g3(z) = x1 -3,
ga(z) = —ao,

so that the problem is on standard form

min  f(x)
(P) st gi(x)<0, i=1,....4,
x € IR%.

Differentiation gives

—4x1 4+ 1229 — 8 1 -1
Vf(z)" = , Vgi(z)" = , Vo ()T = :
/() ( 1921 + 142y — 26 ) 91(x) < 5 ) 92() < )
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(b)

Vgg@)T = ( é ) , Vg4(x)T = ( _(1) ) )

We may now try all combinations of active constraints to find all KT
points. The following three combinations of active constraints give the
KT points. With no active constraints we get

x4+ 1229 —8 = 0,
1221 4+ 14290 — 26 = 0,

yielding the KT point 2! = (1 1)7 with A' = (00 0 0)”. With constraint
2 active we get

—4dr1+ 1229 —8— Xy = 0,
1221 + 1429 — 26 = 0,
—I1 = 0,

yielding the KT point 22 = (0 13/7)T with A2 = (0 100/7 0 0)T. With
constraints 3 and 4 active we get

—4x1 + 1220 — 8+ X3 = 0,
1221 + 1429 — 26— Ny = O,
T —3 = 0,
—x9 = 0,

yielding a KT point 2% = (3 0)7 with A = (0 0 20 10)7.

Since we are minimizing a continuous function over a closed and bounded
set, a global minimizer exists. In addition, linear constraints is a con-
straint qualification, implying that all local minimizers must satisfy the
KT conditions. The global minimizer is thus obtained as the KT point
with the minimum objective function value. We have f(z!) = —17,
f(2?) = =241, f(z®) = —42, and hence conclude that z* = (3 0)7 is
the global minimizer.
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14.4 (20070601-nr.4)
(a)

The gradient is V f(x) = ( 0f 3f> , where of = 4:1:? —335? +2z;—1.

Oz, Oy, oz

The Hessian F(x) is in this example a diagonal matrix with the diagonal

elements
0*f 0% f 0% f ,
aix%m..,@,where a—x?:lQ:ﬁj_&L»j_i_z

f is convex on IR™ if and only if F(x) is positive semidefinite for all x € IR".
A diagonal matrix is positive semidefinite if and only if all diagonal elements

are > 0.
But 00 = 19(a2  day+ by = 12((e;— 12— & 1) > 0 for all values of z;
u 922 (2 — 57 +5) =12((xj — 7)° — 75 + 5) > 0 for all values of z;.
J
Hence F(x) is positive definite for all x € IR"™, and hence f is (strictly) convex
on IR™.

(b)

The Newton direction d(V) is determined from the equation system F(x())d =
~Vf(xM)T given that F(x(1)) is positive definite, which we already con-
firmed.

In our case F(x(1) is a diagonal matrix, and hence the solution of the equation

system is
(D43 (1y2 (1)
d(1>:_W(x<1>)/W(m<1>) _Mey)Tosley )y A2 oL L
J O0x; 63032 12(x§-1))2 - 6:55.1) +2

Since &\ = 1 for all j, d\") = —0.25 for all j.

We try with the step t; = 1, so that x@ = x4 d® = x® 4 4O =
(0.75,...,0.75)T.

Then f(x®?) = - < 0= f(x1), so the step t; = 1 was fine.
Hence we have made a complete iteration with Newton’s method.

14.5 (20070307-nr.5)
(a) We have a QP-problem on the form

minimize % x"Hx + c¢'x

st. Ax>Db,
10 0 4 oo .
where H=| 0 1 0|, c=| 2], A= and b =
00 1 6 010 0
0 01 0

First Iteration: In the given starting point the constraints 1, 3 and 4 are
fulfilled with equality. Hence we start with o = (1,3,4) and v = (2).
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1 5 111
Then x = | 0|, Hx+c=[2]|, A, = |0 1 0| and AT =
0 6 0 01
100
110
1 0 1

We obtain the answer ”Yes” in Step 1, since HX + ¢ = Ala with a =
(5, =3, 1)T, so we go on to Step 2.

Here we conclude that @2 < 0 (and the smallest), and hence ag = 3 is moved
to the y—vector.

Then we move to Step 3 with a = (1,4), v = (2,3), A, = [(1) (1) i]’
1 00
Ay = [0 1 O]'

In step 3 we are to minimize %dTHd + (HX 4+ ¢)'d under the constraint
A,d=0,

The optimality conditions for this convex QP-problem with equality con-
straints is given by

Hd - ATu=—-(Hx+c) and A,d=0.

Since H = I, the first equations give that d = ATu - % — ¢,

which inserted in A,d = 0 gives the equations system A ATu= A,(X+c),
ie.

3 1| [fw) (13 . : (35 .
[1 11 (u2> = (6 ), with the solution u = (2.5>, where-after d =

—-1.5
1.5
0

Since X +d = (0.5, 1.5, 0)7 does not fulfill all constraints we compute

_ _ (1 B ~  [—1.5 s Si ‘ .
S—wa_b’y—<0>’ g—Avd—< 1.5>zmd t—miln{_gigl<()}—

1 _ s

1.5 - —gg.
1 1 —1.5 0

Then X is changed to X +¢-d = | 0 | + —- 1.5 | = |1 |, while v, is
0 1.5 0 0

moved to the a—vector.

New Iteration. Now a = (1,2,4), v = (3). Further

0 4 1 1 1 1 10
x=|1]|, HR+c=|[3 |, Au=|1 0 0|and Al=[1 0 0

0 6 0 0 1 1 0 1
We obtain the answer “Yes” in Step 1, since Hx+c = Ala witha = (3, 1, 3)T,

so we move on to Step 2.
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Here we conclude that @ > 0, which means that the current iteration point
is optimal, and therefore the algorithm stops. Hence an optimal solution is
% =(0,1,0)7.

(b)

The problem is a convex QP-problem, and hence the KKT-conditions are both
necessary and sufficient conditions for global optimality.

The Lagrange function to the problem can be written as:

L(x,y) = 32} + 123 + Lo + 4oy + 200 + 625 + y1 (1 — 21 — 22 — 23) — Yoy —
Y3x2 — Yax3.

The KKT-constraints then becomes:

x1—y1—y2=—-4 OL/0x1 =0 (KKT1)
o — Y1 —Ys = -2 8L/8:c2 =0 (KKT2)
T3 — Y1 — Y4 = —6 8L/81:3 =0 (KKT3)
x1+xo+x3>1  primal feasibility —(KKT4)
x1 >0  primal feasibility (KKT5)
xo >0  primal feasibility (KKT6)
xz >0  primal feasibility (KKT7)
y1 >0  dual feasibility (KKTS8)
y2 >0  dual feasibility (KKT9)
y3 >0  dual feasibility (KKT10)
ys > 0 dual feasibility (KKT11)
yi(l =21 —x2—23) =0  complementarity (KKT12)
yox; =0  complementarity  (KKT13)
ysro =0  complementarity — (KKT14)
yaxz =0  complementarity (KKT15)

First suppose that x = (1,0,0)T. Then (KKT13) gives that yo = 0, and then
(KKT1)-(KKT3) gives that y; =5, y3 = —3 and y4 = 1. But this contradicts
(KKT10).

Hence the KKT-constraints can not be fulfilled with x = (1,0,0)T.

Now suppose that x = % = (0,1,0)7. Then (KKT13) gives that y3 = 0, and
then (KKT1)-(KKT3) gives that y1 = 3, y2 = 1 and y4 = 3. A quick check
gives that now all the KKT-conditions are fulfilled. The KKT-conditions are
hence fulfilled by % = (0,1,0)T and § = (3,1,0,3)T.
(c)
Now we consider the problem to minimize f(x) s.t. ¢g1(x) <0 and x € X,
where g1(x) =1 —2; — 22 — 23 and X = {x € IR? | x > 0}.
The Lagrangian function to the problem can now be written as:
L(x,y1) = 323 + 223 + Lad + dzy + 220 + 623 + y1 (1 — 21 — 20 — 23) =

= g1+ 527 + (4 —y1)1 + 523 + (2 — y1)w2 + 323 + (6 — y1)as.
To obtain the dual objective function ¢(y;) you should minimize L(x, y;) with

respect to x € X. As can be seen, this minimization can be performed on each
variable x; at a time.
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14.6

Note that if the expression %x? + (¢ — y1)x; is to be minimized under the
condition that z; > 0, the minimizing value of x; is given by:

zj(y1) =y1 —¢j if y1 > ¢; and zj(y1) =0if y1 < ¢y
This can be written short as z;(y;) = max{0, y1 —¢; } = (y1 — ¢j)+
where the last equality is the definition of (y1 — ¢;)4 .
The dual objective function is now given by
py1) = min L(x, y1) = L(x(y1), y1) = y1 +
xeX

+5n — D3+ (- v — D + 50— 2D+ 2 -y — 2 + 50 -
6)% + (6 —y1)(y1 — 6)+ =
=y -5 -] — 3 - 2% -5 - 6%

Y1 — 35 T3 ACA
From (a) and (b) we guess that y; = 3.
Insertion above gives that ¢(3) =3—3(3—-4)2 —3(3-2)2 —
According to (a) and (b) % = (0,1,0)T with f(&) = 2.5, i.e. f(X) =¢

This shows that the guess y; = 3 was correct.

(20050331-nr.5)

The LP-problem that is obtained after linearization of all functions is

minimize f(X) + Vf(%x)(x — X)
st. ¢(X)+VgX)(x—%)<0, i=1,....m
x € IR".

Let ¢’ = Vf(%), let A be a mxn matrix with the rows —Vg;(X), i = 1,...,m,
and let the vector b € IR™ have the components b; = g;(X) — Vg;(X) X.

Then the LP-problem above can be written as

T

minimize c¢'x
st. Ax>Db,
x € IR"™.

(Except from an in the context not important constant in the objective func-
tion that doesn’t affect the optimal solution to the LP-problem.)

The corresponding dual LP-problem can be written as
maximize b'y
st. ATy =
y > 0.
According to the duality theorem it holds that X € IR" is an optimal solution

to the primal LP-problem if and only if there is a (dual) vector § € IR™ such
that X and § together fulfill the following four optimality conditions:

1. ATy =
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14.7

2. A% >b.
3. §>0.
4. ¢k =b'y.

If you put in what A, b and c really stand for, you obtain that these four
optimality conditions can be equivalently written as

L. =3, 5:Vg®)T =V

2. —Vg(R) %> g(X) - Vg %, fori=1,...,m.

3. y>0.

4. Vi) x=>,7i(g:i(%X) — Vgi(X) X).

Some re-formulations give the following equivalent formulations of these con-
straints.

L V&) + i 5iVei(%) =07
2. ¢gi(x)<0,fori=1,...,m.

3. 9;>0,fori=1,...,m.

4. 32 9:igi(%X) = 0.

Using 2 and 3 gives that 4 is equivalent to
4. 9;9;(X)=0,fori=1,...,m.

But now the conditions 1-4 are the well-known KKT-conditions for the NLP-
problem!

Since our original non-linear optimization problem NLP, according to the pre-
requisites, is a regular convex problem with continuously differentiable func-
tions, X is an optimal solution to this NLP if and only if there is a vector
¥ € IR™ that together with X fulfills the KKT-conditions above.

But according to above this is equivalent to that X is an optimal solution to
the LP-problem which you obtain if you in P replace all functions with their
linearizations (computed in X).

(20041016-nr.4)

(a). The problem can be written as:

6 —3
minimize f(x)= %XTATAX—(ATb)TX‘F% b'b, where ATA = [ ]

-3 6
7
and ATb = (4).

Since ATA is positive definite, f is a (strictly) convex quadratic function.
Therefore x is a global minpoint to f if and only if Vf(x)T = 0, i.e. if and
only if ATAx — ATb = 0. (The Normal Equations.)

12 10\"
The unique solution to this simple system of equations is x = (6 , 6) .

(b). The problem can be written on the following form:
minimize f(x) = %XTATAX —(ATb)Tx + %bTb

st. Ax>b.
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14.8

This is a convex QP-problem with linear inequality constraints.
x € IR? is a global minpoint to this problem if and only if there is a vector
y € IR? which together with x fulfills the following four optimality conditions:

ATAx —-ATb=ATy, Ax>b, y>0 and y'(Ax—b)=0.

13 11\T 1/2
Insertion of the proposed point x = <6 ) 6) gives that Ax—b = | 1/2
0

The second optimality condition is hence fulfilled and the fourth gives that

y1 =vy2 = 0.
The first optimality condition can then be written as:

2 -1 1 1?;
1 2 -

0=ATAx - ATb-ATy=AT(Ax-b-y)= l
—Ys3

( 1/2 - ys )
1/2-ys )
with the solution y3 = 1/2, which is > 0.
N s : 13 11\T
All optimality conditions are hence fulfilled with x = 56 and y =

6
1 T
(0, 0, 2) :
(20040415-nr.5)
(a)
Let x be an arbitrary feasible solution to NLP, i.e. g(x) < 0, and let z = f(x).
That f and g are convex and continuously differentiable implies that

fx) > f(x") + Vi) (x —xF) and g(x) > g(x*) + Vg(x¥)(x — x¥), for
k=1,..., K.

Since z = f(x) and g(x) < 0 this gives that
2> f(xXF)+VF(xF) (x—x*) and 0 > g(xF)+Vg(x¥)(x—xF), fork=1,... K,
which equivalently can be written as

2= Vfx)x > f(xF) - VfxF)x¥ and —Vg(xF)x > g(xF) — Vg(xF)x*,

fork=1,..., K.
Hence (x, z) is a feasible solution to the problem LP.

But since (%, 2) is an optimal solution to LP it follows that 2 < z,i.e. f(x) > 2.

110



(b)

Suppose that for example (x!, 2), where x! is the first of the given points x¥,
is an optimal solution to LP. We will show that x! then is an optimal solution
to NLP.

That (x!,2) is an optimal solution to LP implies that (x!,2) is a feasible
solution to LP, i.e.

-V x> f(x) -V x" and —Vg(xF)x" > g(x*)-Vg(x*)x",
fork=1,..., K.

For k =1 this gives that

SV x> f(x) - Vi) x and —Vg(xl)x! > glxt) = Vglxh)xt,
ie. f(x!)<2andg(x!)<0.

x! is hence a feasible solution to NLP with f(x!) < 2.

But according to the (a)-task above f(x) > Z for every feasible solution x to
NLP.

Hence f(x!') < f(x) for every feasible solution x to NLP, which implies that
x! is an optimal solution to NLP.

(Further is follows that f(x!) = 2, which implies that the optimal values to
NLP and LP are equal in this specific case.)
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