Solutions to exam in SF1811 Optimization, April 10, 2017

1.(a) We have an LP problem on the standard form

minimize ¢'x subject to Ax = b, x > 0,

112 -3 /4 . -
WhereA—[O 1 1_2],b—<3> and ¢' =(2, 2, 3, —4).

If 21 and x5 are the basic variables, then 8 = (1,2) and v = (3,4),
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The values of the current basic variables are xg = b, where the vector b is

calculated from the system Aﬁl_) = b, i.e.

(1 1] /(b [4) . = (b (1
0 1] <b2) = (S),vmththe solution b = (b2> = (3>

The vector y with simplex multipliers is obtained from the system Agy = cg, i.e.

1 0] (wm) _ (2 . . () _ (2
1 1}<y2>—<2>,V\Jlththesolutlon y—<y2 =19/

Then the reduced costs for the non-basic variables are obtained from

rz—c;_yTAy—(g,—z;)—(z,O)[f :3] — (=1, 2).

Since 7, = r3 = —1 is smallest, and < 0, we let x3 increase from zero.
Then we should calculate the vector az from the system Agas = a3, i.e.

11 a3\ 2 . . - (a3\ _ 1
[0 1} (a23> = (1), with the solution az = (@3) = (1>

The largest permitted value of the new basic variable x3 is then given by

[ b . [1 3 1 b
_Irlzln{%‘az3>0}—mln 1,17 —I—dim
Minimizing index is ¢ = 1, which implies that x3, = x1 should no longer be a basic
variable. Its place as basic variable is taken by x3, so that 5 = (3,2) and v = (1,4).

tmax
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The values of the current basic_variables are Xg = b, where the vector b is
calculated from the system Agb = b, i.e.

2 1] (b _ [4) _. o= (b (1
[1 1} <b2> = <3>,Wlththe solution b = <b2> = (2)

The vector y with simplex multipliers is obtained from the system Agy = cg, i.e.

2 1 Y1 . 3 . . o v . 1
[1 1} <y2> = <2>, with the solution y = <y2> = (1>

Then the reduced costs for the non-basic variables are obtained from
rl=cl —yTA, =(2,-4)—(1,1) [1 _3] =(1,1).

The corresponding basic matrix is Ag = { 2 1 } , while A, = [ 1 =3 ] ‘

0 -2

Since r} > 0T, the current BFS is optimal: % = (0,2,1,0)T with ¢"x = 7.



1.(b)
Now we consider the same LP problem as above, but with the cost vector changed
from ¢ = (2, 2,3, —4) to c" =(2, 2, 3, —6).

Then the first iteration becomes the same as in 1.(a). In the second iteration, when 5 = (3,2)
and v = (1,4), the reduced costs for the non-basic variables now become

=<l -yTA = (-0 - (1) | 5| =a.-.

Since 1, = rqg = —1 is smallest, and < 0, we let x4 increase from zero.

Then we should calculate the vector a, from the system Agay = ay, i.e.

2 1 aiq\ -3 . . - (a1 _ -1
[1 1] (a24> = (_2>, with the solution ay = <d24> = <_1>.

Since a4 < 0, the simplex method stops here, with the conclusion that there is
no optimal solution to the problem.

If x4 =1t >0 and z1 = 0, the current basic variables become xg = b — a,t,
i.e. g = 2+t and z3 = 1+¢, while the objective value becomes z = z 4 rqt = 7—t.

Thus, x(t) = (0,2+t,14t,t)7 satisfies Ax(t) = b and x(¢) > 0 for all t > 0,

and z(t) = ¢"x(t) = 7—t — —oo when t — +oc.

1.(c)
If the primal problem is on the standard form
minimize ¢'x subject to Ax =b, x > 0,
the corresponding dual problem is: maximize b'y subject to ATy < c,

which becomes
maximize 4y; + 3y

subject to Y1 < 2
n + Y2 < 2a
2+ Y2 <3,
=3y1 — 2y2 < a.
If ¢4 = —4, as in 1.(a), the the feasible region to the dual problem becomes a triangle

with corner points (0, 2)T, (1, 1) and (2,—-1)T. (Figure is omitted here.)

If ¢4 = —6, as in 1.(b), then the feasible region to the dual problem becomes empty,
which means that there are no feasible solutions to the dual problem.

This is consistent with the fact that the primal problem in 1.(b) has a half line x(t)
of feasible solutions for which ¢"x(t) = —oco. (Figure is omitted here.)



2.(a) The considered network is illustrated by FIGURE 1 below, where the
supply at the nodes are written in the figure. Negative supply means demand.
The arc fran Node2 to Node3 is directed from left to right.

All other arc are directed downwards in the figure.

The cost per unit flow is equal to 1 for all arcs.

The matrix A and the vector b are as follows:

1 1 0 0 0 u
1 0 1 1 0 10—u
A=y 1 1 o 1| @db=f "

0o 0 0 -1 -1

The equation corresponding to node 4 can be removed since it is a linear combination
of the other three equations, but that is not necessary and has not been done here.

—10+v

2.(b) The basic solution x corresponding to the spanning tree 77 in FIGURE 2 below
has been calculated as follows:

T12 = u, due to the flow balance requirement in node 1,

T93 = 10, due to the flow balance requirement in node 2,

x34 = 10—v, due to the flow balance requirement in node 3.

Then the flow balance requirement in node 4 is also fulfilled,

The basic solution corresponding to T} is thus x = (u, 0, 10, 0, 10—2)T,

which is a BFS since x > 0, and c'x =204+u—w.
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The simplex multipliers y; for the nodes are calculated by y4 = 0 and y; —y; = ¢;; for all arcs
(4,7) in the spanning tree. Using that ¢;; = 1 for all arcs, the y; are calculated in the order
Ya=0, y3=yat+cu=1, yo=ys+ca3 =2, y1 =y2 +c12 =3.

Then the reduced cost for the two non-basic variables are calculated by r;; = ¢;;j — y; + v,
ie. r13 =ci3—y1 +y3 = —1 and 194 = c24 — Yo + y42 = —1, which implies that a lower
objective value can be obtained by increasing x13 or xa4.



Let us choose to set x13 =t (while x94 = 0) and let ¢ increase from zero.

Then the basic variables (i.e. the arc-flows in the tree) are changed as follows:

r12 = u—t, due to the flow balance requirement in node 1,

x93 = 10—t, due to the flow balance requirement in node 2,

234 = 10—v (unchanged), due to the flow balance requirement in node 3.

Then the flow balance requirement in node 4 is also fulfilled,

By letting ¢ = u the solution X = (0, u, 10—u, 0, 10—v)T is obtained, se FIGURE 3.
This is clearly a BFS, since it corresponds to a spanning tree and x > 0.

Further, ¢'% = 20—v < 20+u—v = c'x.
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2.(c) The basic solution corresponding to the spanning tree T» in FIGURE 4

has been calculated as follows:

r13 = u, due to the flow balance requirement in node 1,

T93 = v—u, due to the flow balance requirement in node 3,

T94 = 10—wv, due to the flow balance requirement in node 2.

Then the flow balance requirement in node 4 is also fulfilled,

The basic solution corresponding to 75 is thus % = (0, u, v—u, 10—v, 0)7,

which is illustrated in FIGURE 4.

If 0 < v < u < 10 then X is not feasible, since o3 = v—u < 0, and thus not optimal,.

If 0 < uw < v < 10 then X is a BFS, since X > 0. It remains to show that it is optimal.

The simplex multipliers y; for the nodes are calculated by y4 = 0 and y; —y; = ¢;; for all arcs
(4,7) in the spanning tree. Using that ¢;; = 1 for all arcs, the y; are calculated in the order
ya=0, y2o=ya+cu=1 y3=y2—c3 =0, yi =ys+ce3 = 1.

Then the reduced cost for the two non-basic variables are calculated by r;; = ¢i; — vi + v,
which give that rio =cio—y1 +yo=1and rgy =c34 —ys +ys = 1.

Since both r15 > 0 and r34 > 0, the current BFS X is a unique optimal solution.



3.(a) When C = 0, the considered problem can be written

minimize %XTHX +c'x subject to Ax = b,

1 00 0

where H=| 0 1 0|, c=1| 0 ,A:[?l) iiz}and bz(?).
0 01 0

We use elementary row operations (Gauss-Jordan) to put the system Ax = b

1 2 -3
3 1 -4

10 R 1 0 -1(2
10 0 1 -1/|4
The general solution to Ax = b is then obtained by letting x3 = v (an arbitrary

number) whereafter 21 =2+ v and z9 =4+ v.
Thus, the complete set of solutions to Ax = b is given by

on reduced row echelon form: [

X1 2 1
x=| = 4 14+ 1 v =X+ 2zv,
T3 0 1

where X is one solution to Ax = b, and z is a basis for the null-space of A.

Changing variables from x to v leads to a quadratic objective function which is
minimized by any solution v to the system (z'Hz)v = —z' (HX + c),

provided that z' Hz is positive semidefinite ( > 0 in this one-variable case) and
at least one such solution v exists.

We get that z' Hz=2"2=3 >0 and —z' (HX +c¢) = —z'x = —6,
so the unique solution to the above system is 0 = —6/3 = —2,

and the unique optimal solution to the original problem P is

2 —2 0
x=x+zdo=[4|+|-2]=[ 2] with f(%) =4
0 —2 —2

The Lagrange optimality conditions for the considered problem P are given

Hx - A"u = —-c

by the system Ax _

The above optimal vector X of course satisfies AX = b.

The equations Hx — ATu = —c are in our case equivalent to x = ATu,
0 1 3 Y
which when x = X becomes 2 | = 2 1 ( ! > .
—2 —3 -4 | \"

Solving the first two of these three equations gives the unique solution
11 = 1.2, 19 = —0.4, which also satisfies the third equation.



3.(b) and 3.(c)

1 0 0
When C # 0, the matrix H becomes H=| 0 1 —-C |,
0 -C 1
0 2 1
whilec= [ 0 |, X=| 4 | and z= | 1 | are the same as above.
0 0 1

Then z"Hz = 3—2C and —z"(HX +c) = —z' HX = —(6—40).
From this, the following conclusions can be drawn:

If C > 1.5 then z' Hz is not positive semidefinite, and then the considered problem
has no optimal solution.

If C < 1.5 then z"Hz is positive definite, and the system (z'Hz)v = —z' (HX +c),
i.e. the equation (3—C)v = —(6—4C), has the unique solution v = —2.
Then the original problem P has the unique optimal solution

2 —2 0
x=x+zo=4|+[-2|=] 2|, with f(8) =4 +4C.
0 —2 —2

If C = 1.5 then z"Hz is positive semidefinite but not positive definite,
and the system (z'Hz)v = —z' (HX + c), i.e. the equation
(3—C)v = —(6—4C), becomes 0v = 0, which is satisfied for all v € IR.

Then the original problem P has an infinite number of optimal solutions,
namely all the vectors

2 v 24w
x(v)=xX+zv=|4 |+ |v | =|44v |, wherev € R,
0 v O0+wv

with f(x(v)) = % ((24+v)2 + (44+v)% + (04+v)? — 3(4+v)(0+v)) = 10.
Thus, when C = 1.5, the set of optimal solutions to P is a line in IR>.

Answer on 3.(b): C < 1.5, x=(0,2,-2)T, f(&) =4+4C.
Answer on 3.(c): C =15, x(v) = (24+v, 4+v, v)T forv € R, f(x(v)) = 10.



4.(a) Some calculations give that

hi(x)+ho(x)+hs(x)+ha(x) = 422 + 423 — 4o +4 = x"Hx +c"x + o,

. 8 0 0
with H = {0 8}’ c:<_4> and ¢y = 4.

Since H is a diagonal matrix with strictly positive diagonal elements, H is positive definite.
This implies that a unique global minimum point to the above quadratic function is obtain
by solving Hx = —c, which has the solution X = (0,0.5)T, with %)ETH)E +c'x+¢o=3.
Thus, we can conclude that hi(x)+hg(x)+h3(x)+ha(x) > 3 > 0 for all x € R%.

Now, if a point X € IR? satisfies that h;(X) =0, i = 1,2, 3,4, then
hi1(X)+ha(X)+h3(X)+ha(X) = 0+0+0+0 = 0, which is impossible according to above.
Thus, we can conclude that there is no solution to the system h;(x) =0, i =1,2,3,4.

4.(b) Let h(x) = (h1(x), ha(x), h3(x), ha(x))T.
Then f(x) = & (h1(x)2+ ha(x)*+ ha(x)2+ ha(x)2) = L h(x) Th(x).

Since f has continuous derivatives, a necessary condition for a point % € IR? to be a
local minimum point to f(x) (without any constraint) is that V(%) = 07,

By the chain rule, the gradient of f is given by

2xz1+2) 2(zp+1)
2(x1-1) 2(z2-2)
4 2

In particular, V£(0) = h(0)TVh(0) = (1,1,1,1) —‘21 _Z (0, —4) £ 0T,
o _4

Thus, x = 0 is not even a local optimal solution to the considered least squares problem.

4.(c) Since f has continuous second derivatives, f is a convex function on IR? if and only
if its Hessian matrix F(x) is positive semidefinite for all x € IR?.

By the chain rule, the Hessian is given by F(x) = Vh(x)TVh(x) + >, h;(x)H;(x).

But H;(x) =21 for all i. Therefore, ), h;(x)H;(x) = (2>, hi(x)) L.

Let x be an arbitrary point in IR2. We shall check if F(x) is positive semidefinite.

For any vector w € IR? we get that

wTF(x)w = w' (Vh(x)TVh(x) + (23, hi(x)) I )w =

w!Vh(x)"Vh(x)w +w' (23, hi(x))Iw = (Vh(x)w)(Vh(x)w) + (23, hi(x)) wTw =
| Vh(x)w |2+ (23, hi(x)) || W ||> > 0, since >_, hi(x) > 0 according to 4.(a).

This shows that F(x) is positive semidefinite in the arbitrary point x € IR?,
which means that F(x) is positive semidefinite for all x € IR?,
which implies that f is a convex function on IR?.



5. The Lagrange function for the problem can be written
8
L(x,y) =3 (@1—q1)* + 5 (z2—q2)? + 5 (z3—q3)® + Zyigz‘(x),
i=1
where

gl(X) = x1+x0+2x3—1,

=—x1+x9 — a3 — 1,

G(x)= z1+x3—23—1,
g3(x) = x1 —x2+ a3 — 1,
g4(x) = 21 —x9 — 3 — 1,
g5(x) = —x1 + a2 + 13— 1,
(x)
(x)

g9s(x) = —x1 —xg — 23 — 1.

For fixed y, this Lagrange function is a strictly convex quadratic function in x. Therefore, the
unique x which minimizes L(x,y), for fixed y, is obtained by setting the partial derivatives
of L with respect the primal variables x; equal to zero.

The global optimality conditions (GOC) then becomes:
Ti—q+h+92+9s+ 94— Y5 — e — Y7 — Us = 0,

To—qe+ 91+ 92— U3 —Ja+ U5+ 96 — Y7 — Us = 0, (GOC-1)
T3—qs+ U — Y2+ Y3 —Ya+9Ys — Y + U7 — Ys = 0,

gi(x) <0, fori=1,...,8  (GOC-2)

7; >0, fori=1,...,8, (GOC-3)

ngl(fi) = O, for i = 1, ce ,8. (GOC—4)

5.(a) Assume that q = (—0.5, 0.4, —0.4)T.

If % =(-0.4,0.3,-0.3)T then g;(X) = 0 for i = 6, while g;(%X) < 0 for all i # 6.
Thus, (GOC-2) is satisfied. Further, (GOC-4) implies that ¢; = 0 for all i # 6.
Then (GOC-1) becomes:

—0.4+0.5— g =0,
0.3— 0.4+ 9 =0,
0.3+ 04— g =0,

which is satisfied by g = 0.1.
Since g6 > 0, (GOC-3) is also satisfied.

Thus, % = (—0.4, 0.3, —-0.3) T, together with ¥ = (0,0,0,0,0,0.1,0,0)", satisfies all the global
optimality conditions. By a well-known result, this implies that & = (—0.4, 0.3, —0.3)T is an
optimal solution to P when q = (—0.5, 0.4, —0.4)".



5.(b) Assume that g = (—0.8, 0.6, —0.1)7.
If = (-0.6,0.4,0)7 then g;(%X) = 0 for i=>5 and i=6, while g;(X) < 0 for all other 1.
Thus, (GOC-2) is satisfied. Further, (GOC-4) implies that §; =0 for i = 1,2,3,4,7,8.
Then (GOC-1) becomes:
—0.6+ 0.8 — g5 — 6 = 0,
0.4 — 0.6 + g5 + fig = 0,
0.0+ 0.1 + g5 — g = 0,
which is satisfied by 3¢ = 0.05 and g = 0.15.
Since g5 > 0 and gg > 0, (GOC-3) is also satisfied.

Thus, X = (—0.6, 0.4, 0)T, together with y = (0,0,0,0,0.05,0.15,0,0)", satisfies all the global
optimality conditions. By a well-known result, this implies that % = (—0.6, 0.4, 0)7 is an
optimal solution to P when q = (—0.8, 0.6, —0.1)".



