Solutions to exam in SF1811 Optimization, March 14, 2014
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1. Here, a mainly “algebraic” solution is presented. However, it is permitted, easier, and
highly recommended, that all the calculations are made in figures of the network!

Let the two supply nodes be called “node 17 and “node 2”, the two transhipment nodes
“node 3”7 and “node 4”7, and the two demand nodes “node 5” and “node 6”, see Figure 1.
Then the set of arcs is given by B = {(1,3), (1,4), (2,3), (2,4), (3,5), (3,6), (4,5), (4,6)},
and the minimum cost network flow problem can be written as the LP problem

minimize ¢'v subject to Av =b, v > 0, where

T

T
vV = (U137 V14, V23, V24, U35, U36, V45, U46) = \T11, T12, T21, L22, 211, 212, <21, Z22) )

—~
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The equation corresponding to node 6 has been removed since it is a linear combination of
the other equations. (As always for balanced network flow problems.)

1.(a) The suggested solution corresponds to the spanning tree in Figure 2, consisting of the
basic arcs Bz = {(1,4), (2,3), (3,5), (3,6), (4,5)}, with the corresponding basis matrix

1 0 0 0 O
0 1 0 0 O
Ag = 0 -1 1 1 0 |, which has linearly independent columns.
-1 0 0 0 1
0 0 -1 0 -1

The values of the corresponding basic variables, i.e. the flows in the basic arcs,
can be determined as follows, which is equivalent to solving Agvg =b :

v14 = x12 = 30, due to the flow balance equation in node 1,

v93 = x91 = 20, due to the flow balance equation in node 2,

va5 = 291 = 30, due to the flow balance equation in node 4,



v3s = 211 = 10, due to the flow balance equation in node 5,

v3g = 212 = 10, due to the flow balance equation in node 3,

which is the suggested solution! Since all v;; > 0, it is a feasible basic solution.
The objective value is Z(i’j) cijvi; = 430.

1.(b) To check if the current solution is optimal, the vector y = (y1,...,vs)"
of simplex multipliers is calculated from the equations Ag y = c¢g, which here
become: y; — y; = ¢;; for all basic arcs, and yg = 0.

The basic arc (3,6) implies that y3 — yg = c36, i.6. ys =yg +c36 =0+ 5 =5.
The basic arc (3,5) implies that y3 — y5 = ¢35, i.e. ys =y3 —c35 =5 —5=0.
The basic arc (4,5) implies that y4 — y5 = 45, i.e. Y4 =ys + 45 =0+7=7.
The basic arc (2, 3) implies that yo — y3 = co3, i.e. y2a =y3 +ca3 =5+ 3 = 8.
The basic arc (1,4) implies that y; —y4 = c14, 6. y1 =ys+ca=7+2=9.

Next step is to calculate the reduced costs from r, = ¢, — Aly, which here
becomes: 7;; = ¢;; — y; + y; for all nonbasic arcs.
rs=c3—y1+ys=5—-9+5=1,

Tog=Cu—Y2+yYyp=2-8+7=1

T46 =C46 — Y4+ Y =6 — 7+ 0= —1.

Since 146 < 0, the non-basic variable v4g should become a new basic variable.
Let v46 = ¢ and let ¢ increase from zero.

Then the basic variables, i.e. the flows in the basic arc, are affected as follows:
v14 = x12 = 30, due to the flow balance equation in node 1.

v93 = x91 = 20, due to the flow balance equation in node 2.

v45 = 291 = 30 — t, due to the flow balance equation in node 4.

v3s = 211 = 10 4+ ¢, due to the flow balance equation in node 5.

v3g = 212 = 10 — t, due to the flow balance equation in node 3.

We see that ¢t can be increased to t = 10.

Then wvsg has decreased to zero and should be replaced by vy as basic variable.
The new feasible basic solution, corresponding to the spanning tree in Figure 3, is
v14= w12 = 30, va3= wo1 = 20, v45= 201 = 20, v35= 211 = 20, v46= 222 = 10,
vi3=x11= 0, v94= T29= 0, v36= z12= 0, with objective value Z(z‘,j) cijvij = 420.

The corresponding vector y = (y1,...,ys)' is calculated from the equations

y; — yj = ci; for all basic arcs, and yg = 0.

The basic arc (4, 6) implies that y4 — y¢ = c46, i.6. Y4 = ys + c46 =0+ 6 = 6.
The basic arc (4,5) implies that y4 — ys = c45, i.6. ys =ys —c45 =6 —7 = —1.
The basic arc (3,5) implies that y3 — y5 = ¢35, i.e. ys =ys +c35 = —1+5=4.
The basic arc (2,3) implies that yo — y3 = co3, i.e. ya =ys+ca3 =4+5=1T1.
The basic arc (1,4) implies that y; — y4 = c14, i.6. y1 =ys +c14 =6+2=38.

~— — — —

The corresponding reduced costs are calculated from the formula
rij = ¢ij — y; +y; for all non-basic arcs.
ri3=ci3—y1tys=5—-8+4=1,

Tog =Cuy —Y2+yYyp=2-7+6=1
r362036—y3+y6:5—4+021.

Since all r;; > 0, the current solution is optimal!



2.(a). The considered LP problem is on the form: minimize ¢’z subject to Gz = b, z > 0,

where z = (21,2, 23, 24,v1,v2,v3)", ¢=(0,0,0,0,1,1, )T,
1 0 -1 1 1 0 O 2

G=[AI]=|-1 1 0 1 0 1 0|andb=]3
0O 1 -1 1 0 0 1 6

The suggested solution corresponds to a basis with 5 = (1,2,7). The values of the
basic variables in this basic solution are obtained from the system Ggzg = b, i.e.

1 0 0 1 2 T 2
-1 1 0 o | = | 3 |, with the unique solution | o | = | 5 |, OK!
0 1 1 V3 6 V3 1

The corresponding simplex multipliers are obtained from the system Ggy = cg, i.e.

1 -1 0 Y1 0 Y1 -1
0 1 1 y2 | = | 0 |, with the unique solution | y2» | = | —1
K 0 1 Y3 1 Y3 1
The reduced costs for the non-basic variables are obtained from
-1 1 1 0
rl=cs—y'Gs=(0,0,1,1)—(-1,-1,1)| 0 1 0 1 |=(0,1,2 2).
-1 1 0 0

Since rs > 0, the suggested feasible basic solution is optimal.
The optimal value of the problem is ¢'z = 1.

2.(b). The answer is NO, because of the following arguments:

Assume that there were scalars x; > 0 such that b = ajz1 + asxs + azzs + asxy,

so that the vector x = (1, r2,23,74)' would satisfy Ax = b and x > 0.

Then this vector x together with the vector v. = 0 would be a feasible solution to the above
LP problem with objective value = v; +v2 +v3 = 0+ 04 0 = 0. But this is a contradiction,
since we already know that the optimal value of the LP problem is = 1.

2.(c). The dual problem corresponding to the above “primal” LP problem can be written

maximize b'y
subject to Ay <0,
Iy <e.

The Duality Theorem for LP implies that since the primal LP problem has an optimal solution
with objective value =1 (= the optimal value), the dual problem will also have an optimal
solution with (dual) objective value =1.

Any such optimal solution y to the dual problem thus satisfies b'y = 1, ATy < 0 and
Iy < e, and thus, in particular, bTy > 0 and aJTy < 0 for all j.

But an optimal solution to the dual problem is given by the vector of simplex multipliers
corresponding to an optimal basis for the primal problem, in our case y = (—1,—1, 1)T.
This vector satisfies bTy =1 > 0, a}—y =0, ag—y =0, agy =0 and a;[y =-1<0.



3.(a) Since 1[x —q|?=3(x—q)T(x —q) = :x"Ix — q"x + 1 q"q, the considered

problem can be written: minimize %XTHX +c'x subject to Ax = b, where

1000 —q

. lot1oo | e I T T T s I

H=1=lg o010 =95 |27 |1 21 1 —1]’b_<o>‘
0001 —q

The matrix H =1 is positive definite, so we have a convex QP problem for which
the following Lagrange optimality conditions are both necessary and sufficient
conditions for a global optimum:

Hx-ATu = —c
Ax = b
The equations Hx — ATu = —c are in our case equivalent to x = ATu + q.

If this is combined with the remaining equations Ax = 0, we get that AATu = —Aq,

o 4 0w —m—@+%+%>
which in our case becomes = )
[0 4}(@) (—m+@—qﬁﬂ4

) . . (0 1 —6]1—6]2+Q3+6]4>
with the unique solution o= ([ . = - )
a (“2> 4<—Q1+Q2—Q3+Q4

The corresponding unique X, which together with @ satisfies the Lagrange conditions,

L1 q Qi+ @

. . A - 1 -1 5 Q2 11 g2+ g3
is then given by * = ATa+q = )+ ==

& Y 4 -1 1 (w) a3 2| 3+ a

-1 -1 q4 au+q

3.(b) With y = ATv, the objective function becomes
3IATV —ql* = (AT —q) T (ATv —q) = jvTAATV — q"ATv + jq"q.

4 . . N
Since AAT = [ 0 2 ] is positive definite, the necessary and sufficient optimality

conditions for the considered minimization problem are given by the equations AATv = Aq,

which in our case becomes [4 O} <U1 ) = <Q1+Q2_Q3_Q4 ),
0 4]\ ve q1— G2+ G3— Q4

. 1 o
with the unique solution v = (111 ) = - <Q1+ 2= ds— >

V2 4\ 1~ G2t q3—qa
L1 q1—qa
. L : ~ AT 1 —1 ([ Ll ¢2—g3
The corresponding unique ¥ is then given by §y = A'Vv = 11 N 5
- 2 3= q2
-1 -1 44— q1

We note that §7% = 0 and X + § = q, as it should be.



4.(a)
The objective function is f(x) = 2323 + 2% + 323 — 22129 — 421 — 479,
The gradient of f becomes Vf(x) = (27122 + 221 — 2w3 — 4, 20225 + 629 — 271 — 4).

2x% +2  dxize — 2

The Hessian of f becomes F(x) = {4551332 —2 2246

The starting point is given by x(1) = (8), with f(x()) = 0.

F(x(V) = [_; _(25 ] is positive definite since 2 >0, 6 > 0 and 2-6 — (—2)-(—=2) > 0.

Then the first Newton search direction dV) is obtained by solving the system

F(x(M)d = -V f(xM)T ie. [_; _2] d= <j>, with the solution d(V) = <;L>
First try £ = 1, so that x?) = x(1)  1,d® = x1) 44 = (]

Then f(x®) =52 > f(x), so t; = 1 is not accepted.

Then try £; = 0.5, 50 that x? = x) + ;d® = xM + 0.5dD = @

Then f(x®) = -5 < f(x(I), so t; = 0.5 is accepted, and the first iteration is completed.

4.(b)

: : : . 203 +2  dwimg — 2

2 _ 2

f is convex on IR” if and only if the Hessian F(x) = [ dovzs -2 22246
is positive semidefinite for all z € IR?.
Both the diagonal elements in F(x) are clearly always > 0, so F(x) is is positive semidefinit
if and only if (223 +2)(222 + 6) — (4x179 — 2) (4129 — 2) > 0.
But (223 + 2)(223 + 6) — (dz1m2 — 2)(4m179 — 2) = 8 + 423 + 1223 + 162129 — 122723,
which becomes negative if both x; and 9 are sufficiently large numbers:
If 21 = z9= 10 then 8 + 427 + 1223 + 162122 — 122223 = 8 4+ 400 + 1200 + 1600 — 120000 < 0.
The conclusion is that f is not convex on IR2.

;(EX?’) f(x) should be minimized subject to the constraint x; — z2 = 0.

We will use a nullspace approach: The complete set of feasible solutions to the constraint
is given by x(t) = <i
h(t) = f(x(t)) = t* + 2t — 8t, with h/(t) = 4¢3 + 4t — 8 and h”(t) = 12t> + 4 > 0 for all ¢.

Thus h(t) is strictly convex, so if we find a ¢y € IR such that h'(ty) = 0 then ¢y must be the
unique optimal solution to the problem of minimizing h(t).

> , with t € IR. If this is plugged into the objective function, it becomes:

But we immediatly see that ¢y = 1 is such a solution, which means that £ = (1,1)T is
a globally optimal solution to the problem of minimizing f(x) subject to 1 — x93 = 0.



5. The feasible region of P is a convex set, since all the constraints are linear.

2 3
Further, the objective function f(x Z Z xij In(z45) —x;;) may be written
=1 j5=1
2 3
=33 fijlwiy), where fij(wij) = i In(xy) — ;.
i=1 j=1

Some calculus give that f/;(z;;) = In(z;;) and fii(xi5) = 1/x45 > 0, which implies that the
Hessian matrix F(x) is a diagonal matrix with diagonal elements 1/x;; > 0 for all x € X,
which in turn implies that f is a strictly convex function on X.

5(&) Let a; = 2/5, as = 3/5, b1 = 1/6, b2 = 1/3 and bg = 1/2
Further, let (A, u) be a shorter notation for (A1, Ag, p1, o, p3)-

Then the Lagrange function for the considered problem is given by

L(x,\, 1) ZZ (@ijIn(zi5) — xij) + Mi(z11 + 212 + 213 — a1) + Aa(@21 + 222 + @23 — a2) +
=1 j=1
+ p1 (211 4+ 221 — b1) + po(z12 + wag — ba) + pus(x13 + 223 — bg) =
2 3

2 3
Z Z(l’” ln(xij) —Xij + /\ia:ij + ,U«]mij) — Z aiN; — Z bjuj.
=1 j=1 =1 7j=1

The Lagrange relaxed problem PRy , is defined, for a given vector (A, w)T >0,
as the problem of minimizing L(x, A, u) with respect to x > 0.
But this problem separates into one problem for each variables x;;, namely the problem
of minimizing Eij (l‘zj) = Tijj ln(xij) — Ty + )\ixij + HjTigj Subject to Tij > 0.
1
Some calculus give that £];(zij) = In(zi;) + A + p; and £ (x5) = > 0,
ij
which implies that £;;(x;;) is strictly convex on the set z;; > 0, and a minimizing z;;
is obtained from the equation 51-’j(:nij) = 0, which has the unique solution

Zi;(\, 1) = e 71 and then the dual objective function becomes

3
(A, ) = L(X(A, @), A, 1) ZZ@ iTHI — Zai)\i—ij,uj.
i=1 j=1

i=1 j=1
The dual problem consists of maximizing ¢ (), 1) with respect to (A, )" > 0.

5.(b) The following solution is suggested: (note that In(5/2) = —In(a1), etc.)

(A 1) = (A1, Mg, i, i, i) = — (In(ar), In(asz), In(by), In(by), In(bs)).

We should try to find a corresponding vector X such that X and (5\, f1) satisfy the
global optimality conditions (GOC).

In order to satisfy the first GOC condition, i.e. L(X, A, i) < L(x, A, i) for all x € X,
X must be chosen according to the formula
=X

2y = i‘ij()\,ﬂ) —e N = g = a;bj, i.e.

X = (211, $12, 313, T21, B2, $23) = (2/30, 4/30, 6/30, 3/30, 6/30, 9/30).



Then the five explicit constraints in P are satisfied with equality (£11 + Z12 + Z13 = 2/5, etc.)
so that both the second and the fourth GOC are satisfied. Finally, the third GOC is satisfied
since \; = —In(a;) = In(1/a;) > 0 and ji; = — In(b;) = In(1/b;) > 0 for all i and j.

Thus X is a global optimal solution to P and (5\, fi) is a global optimal solution to D.

2 3
As a check, the primal optimal value is equalt to f(X) = Z Z(@U In(z5) — Z45),
i=1 j=1
while the dual optimal value is @(Aj\,ﬂ) = L(X(\, ), A\, 1) = L(X, A\ 1) =
J(X) 4+ A(211 + T12 + 213 — a1) + Ao(Zo1 + D22 + T2z — a2) +
(211 + T21 — b1) + fla(B12 + T22 — b2) + f13(F13 + T23 — b3) = (%),
since, according to above, all the other terms are zero.
5.(c)

As pointed out above, f(x) is a strictly convex function on the convex feasible region of P.

We know from 5.(b) that X defined by Z;; = a;b; is an optimal solution to P.

Assume that there is also another optimal solution X # % (which thus satisfies f(X) = f(X)).
Then (due to the convexity of the feasible region) (% + X) is also a feasible solution to P,
and (due to the strict convexity of f)

fG&E+R) < Lf(®) + 3 f(X) = f(X), which is a contradiction.

Thus, X is the unique optimal solution to P.

We also know from 5.(b) that (X, /i) = — (In(a1), In(ag), In(by), In(by), In(bs))

is an optimal solution to D. In particular, this optimal dual solution satisfies

Zij(\ 1) = e~ Ny — enaiting; _ a;bj = &;; for all ¢ and j.

The question is if there is some other dual solution (A, )T > 0 such that

Fij(\ ) = e N7 = q;b; = &y; for all i and j.

The answer is yes! By letting
()\a :u) = ()‘17 A27 M1, 2, M3) = (ln(a1)+c, ln(a2)+c7 ln(bl) —¢, hl(bz) —C ln(b?)) _C)
for some constant c, it follows that

Ina;+c+Inbj—c

~ _A_ . A
a:ij()\,,u) =e MM =g = aibj = ZTjj.

This dual solution satisfies (A, )7 > 0 if and only if In(b;) < ¢ < —1In(a;) for all 4 and j,
which in our case is satisfied if and only if In(1/2) < ¢ <1In(5/3).

Since In(1/2) < 0 and In(5/3) > 0, there are such constants, e.g. ¢ =1n(5/6),
in which case (A, p) = (A1, A2, p1, p2, 13) = (In(3), In(2), In(5), In(5/2), In(5/3)).

This dual solution, together with X, also satisfies the global optimality conditions,
and it is therefore also an optimal solution to D.



