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Brief solutions =
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1. (a) The.re is at lefist f)ne Optll:ndl solution, AWhl(,h is mteg(-er valued. H()wever7 1-f the 0010000020 Ass 4
optimal solution is nonunique, there will also be noninteger optimal solutions.
. s . . . s S . 000100O0O0TO0T71 Asy 0
(b) Since X is nonnegative, summation of rows and columns of X shows that X is
feasible. If we let the matrix S denote the dual slacks, i.e., s;; = ¢;; — U; — 0j, (b) If we compute amay as the largest step « for which z+aAz > 0 and s+ads > 0
then we obtain amax = 10/21. AS aymax < 1 we cannot accept the unit step. If we let

@ = 0.99amayx the new iterates become z+aA ~ (1.7171 2.2714 0.0200 0.9057)T7

0000 y+ady ~ (—0.8486 0.1886)7, and s+aAs ~ (2.2457 0.5286 1.7543 1.0943)7.
S=110 0 2
2200
Consequently, S has nonnegative components. In addition, complementarity 4. (a) We may rewrite the linear program as
holds, since Z;js;; = 0, i = 1,...,3, j = 1,...,4. This means that we have minimize 2

optimal solutions to the two problems. (LP) subject to zik+ 142>y, =1 m
The nonzero components of the given U correspond to strictly positive compo- ’ (_lmlk — 1+ ;;z;yl i 7: 1; . ,7 m.

nents of X. By the properties of U, it follows that X +aUis optimal as long
as X + aU is nonnegative. The most limiting positive and negative values of
« are 0.5 and —1.5 respectively. These values correspond to two integer valued

—
o
N

The dual may for example be derived via Lagrangian relaxation. For nonnega-
tive Lagrange multipliers v € IR™ and v € IR™ we obtain

optimal solutions: minimize z — Y% ui(@ik + 1+ 2 — yi) — Doy vi(—zik — L+ 2+ y5),
8 0 0 2 8 2 00 which may be rewritten as
X-15U=]10 8 40 and X+05U=]0 6 6 0 Sy — S yoit minimize  {(— 7 ziug + S0 @)k
0037 0019

(= i i+ 3 i)l
F(1 =0 w = X i)z}

(In this case, X — 05U is also an integer valued optimal solution.)
The dual (DLP) then becomes

(d) Since X is not an extreme point, it is not provided as a solution by the simplex
method. maximize > 7% yi(u; — v;)
subject to >t xi(u; —v;) =0,
(DLP) it (ui — vi) =0,
2. (See the course material.) Sy (i + ) =1,
u; >0, ©1=1,...,m,
UiZO, i:1,...,m.
3 (a) With X = diag(z) and S = diag(s), the linear system of equations takes the (b) We need to show that (LP) has an optimal solution with at least three active
form constraints, corresponding to at least three different points. Basically, (LP) is a

three-dimensional problem and hence an extreme point has at least three active

4 00 Az Az~ constraints. Note that in (LP), —z < kx; +1 —y; < z,i = 1,...,m. Hence,
0 AT 1 Ay | =—| Aly+s—c |. an active constraint corresponds to |kz; + 1 — y;| = z. If z = 0, all constraints
s 0 X As XSe — pe in (LP) are active. If z > 0, for each ¢, at most one of the constraints —z <
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kx; +1—y; and kz; +1 —y; < z an be active. Hence, an optimal extreme point
has at least three active constraints corresponding to three different indices,
which means at least three different indices for which |kz; +1 —y;| = z, i.e., at
least three points at which |kz; +1 — y;| = 2.

In the above, we have implicitly assumed that (LP) is three-dimensional, which
corresponds to the constraint matrix in (DLP) having full row rank. To be
precise, we should also show that this is the case, so that the standard analysis
applies. This is more of a technicality. To see that the constraint matrix of
(DLP) has full row rank, assume that there is a linear combination of the rows
of the constraint matrix which gives the zero vector, i.e., there are «, § and ~
such that

mot+B+y=0, i=1,...,n,
—zia—fB+~v=0, i=1,...,n.

We now need to show that « = = v = 0. Adding the two equations for a
given i gives v = 0. Taking two different indices ¢ and j gives (z; — ;) = 0.
Consequently, o = 0, since x; # x; by the statement. Thus, § = 0, and we
conclude that the constraint matrix has full row rank.

We can now make the statement precise. Since (LP) is feasible with bounded
optimal value, it follows by strong duality that (DLP) is feasible with the
same optimal value. Hence, if we solve (DLP) by the simplex method, we
obtain a final basic feasible solution with a basis matrix of dimension 3 x 3.
Corresponding to this matrix, there are three constraints in the primal that are
satisfied with equality. The above argument thus applies.

For a fix vector u € IR™, Lagrangian relaxation of the first set of constraints
gives

n

n n

minimize Z —u; + Z(“’i —cij)zij | + Z fizj

i=1 =1 =1
n

subject to Zﬂizi]‘ <bjz;, j=1,...,n,
i=1
zy;€{0,1}, i=1,....n, j=1,...,n,
z€{0,1}, j=1,...,n,
where a;, i = 1,...,n, b5, j=1,....n, fj, j=1,...,n,and ¢;5, i = 1,...,n,
j=1,...,n, are nonnegative integer constants.

For a fix vector v € IR", Lagrangian relaxation of the second group of con-
straints gives

n n n
minimize Z Z(aivj — Cij)Tij + Z(f] —bjv))z;
i=1 j=1 j=1

n
subject to Zwlj =1, i=1,...,n,
j=1

z;€{0,1}, i=1,....n, j=1,...,n,
z€{0,1}, j=1,....n,
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where a;, i = 1,...,n, bj, j=1,...,n, f5, j = L,...,n, and ¢;j, i = 1,...,n,

j =1,...,n, are nonnegative integer constants.
(c¢) The first relaxation decomposes into one separate problem for each j according

to
n

minimize Z(Uz — cij)xij + [z

i=1
n
subject to Z(lﬂz‘j < bjz;,

i=1
‘751']6{071}) i=1,...,n,

zj € {0, 1},
for j = 1,...,n. We can here solve two problems, for z; = 0 and z; = 1,
and then take the minimum. For z; = 0, the solution is given by z;; = 0,
j=1,...,n. For z; = 1, we obtain a binary knapsack problem, which may for

example be solved using dynamical programming.
The second relaxation decomposes into trivial problems. For the z-variables we
obtain for each i according to
n
minimize Z(fJ —bjvj)z;
Jj=1
subject to  z; € {0,1}, j=1,...,n,
which can be solved directly with z; = 1if f;—bjv; < 0and z; = 0if f;—bjv; > 0
for j =1,...,n. For the z-variables we obtain
n
minimize Z(aivj — Cij)Tij
j=1
n
subject to ZTU =1,
j=1
z; €4{0,1}, j=1,...,n,
for i = 1,...,n. These can be solved directly by noting which z;;-variable
having the smallest coefficient in the objective function.

The second relaxation gives a relaxed problem which gives integer optimal so-
lutions even if one relaxes the integer constraint. Hence, the corresponding
dual underestimation becomes identical with the one obtained if performing an
LP-relaxation.

The first relaxation gives a more complicated relaxed problem, and here one
can expect the underestimation to be better than one would obtain with an
LP-relaxation.



