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SF2842: Geometric Control Theory
Solution to Homework 1
For reference only

You may discuss the problems in group (maximal two students in a group), but each of
you must write and submit your own report. Write the name of the person you
cooperated with.

1.

Consider the system

0 0 1 O 0 0
. 1 -1 0 1 1 0
x—Ax—f—Bu—OllOa:—!—Olu
2 1 1 -1 0 1
y = Cx=(1000)z.
(a) Is the system observable? ...... ... ... i (1p)
(b) Compute V* and R* contained in V*, and find (parameterize) ALL friends F
OF (3p)
(c) Let F be any friend of V*, Ap = A+BF, and Qp = (CT, ALCT, ... (A3)TCT)T.
What is the dimension of ker Qp? ... ... .. ... (1p)
Solution:
a.y=21=0 = 2z3=0 = 20=0 = x4 =0. Yes.
b.y=21=0 = 21 =23=0 = zo+z3+us =0 = uy = —x9 —

xr3 = V* =span{eg, e4}

To = —To+Ts+u
= 2THTH o R = span{ey}
Ty = —4 _—

c. dimker Qp = dim V* = 2.

Consider the system

10 0 1 10

s~ |00 1 o) foo],
0 0 -1 1 00
1 1 0 -2 0 1

y = (0110)z,

where x = (21,22, 23, 74)7.



(a) Given z(0) = (0,0,0,0)7, find (parameterize) all points Z in ker C that can
be reached from z(0) in any given finite time 7" > 0 with some control (i.e.
x(T) = z), while the trajectory of x(t) is a straight line. (Here, z(t) is the

solution of & = Az + Bu, £(0) =0.). ...t (3p)
(b) If we let 2(0) = (0,1,—1,0)T, and z = (1,k, —k,0)T, for what values of k 7 can
be reached in some finite time from z(0) while z4(¢) =0Vt > 07 ........ (2p)
Solution:
0
1
a. ker C' = span{ey, ey, _1 }.
0
o
Since ImB = span{ej,es}, we only need to verify if span{ 8 } is (A4, B)-
B
invariant:
e - e
0 0 0
A ol = 3 € span{ey, eq } Uspan{ 0 }
B o—2p B
= =0 = span{e;}is (A, B)-invariant.
Setting o =23 =24 =0 = us = —x1 — 22+ 2124
-1 0 0 1
0 0 1 O
= (A+BF) = 0 o0 -1 11 (A + BF|span{e; }) = span{ey }.
0 0 0 9
= span{e; } is the controllability subspace (the only dim1 one).
b. Setting x4 =0 = ug = —x1 — 29 + 224
T = -—w1+u

r3(t) =e tz3(0) = —et

= Io =2x3 = —s _ _
s — —s 2a(t) = a2(0) — [T e %ds = 22(0) + (et — 1) = e~
= k<1
Consider

T = Ax+ Bu+ Fw
= (Cu,
where

010 0
A=|o0 0 1], B=[0],Cc=(231).
100 1

(a) Find the minimum constraint on E such that DDP is solvable........... (2p)

(b) Find a uw = Fx that solves the DDP problem while makes the closed-loop
system stable, i.e. A+ BF has only eigenvalues with negative real part. .. (2p)



4.

(c) Verify that there exists an E € V* such that (A, E) is controllable. Explain
why even in this case the DDP problem is solvable (namely w(¢) will not at all
influence the output)..... ... (1p)

Solution:
a. y=2r1+3r2+x3 = y=221+302+ 23 =222+3x3+ 21+ u
= u=—x; —2x9 — 3x3+ k(2x; + 322 + x3) = V*=kerC
b. Let pg(s) = (82 +3s+2)(s+1) = s3+4s® + 55+ 2, i.e., 73 = —271 — 5wg — 413

= u=—2x1 —bry —4dx3 — x1 = —3x1 — dxo — 413
= k=-1 = A+ BF is a stable matrix
1 0 —2 1 0 -2
c. E=|0|,AE=(-2], AE=[1]| = det|072 1 = -1+
9 1 0 2 1 0
2(-4) #0.
Consider
T = z1t+x3tw
To = To+x3— U
T3 = —x3+ 2x4+ us
Ty = —r1— T2t xstw
o= T1+T2
Y2 = T4
(a) What is the relative degree for the system? .............................. (1p)
(b) Convert the system into the normal form and compute the zero dynamics.(3p)
(c) When y(t) =0Vt > 0, does it always imply lim; oo z(t) =07 ............ (1p)
Solution:
a. =21 +22=0 = 1+ =a1+22+223=0 = 23=0 = upy = —2x4
Y=x4 = Tpg=24+u =0 = u; = —x4.

= relative degree = (2, 1)

b. & =1 = z1 + 39,
&3 = m1 + w2 + 2u3,
5%:112:%4,

Let z =294+ x4

& =6
1 _ 2
§ =& T4 +u2
N & =--&§+&+wm
Po=aogtit
y =&
\ Y2 :é.%

zero dynamics: 2 = 2

c. No, since Z = z is unstable.



