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ABSTRACT. A matroid M is said to have the weak half-plane property (wHPP)
if there exists a stable multiaffine homogeneous complex polynomial f with
support equal to the set of bases of M. This is a generalization of the half-
plane property (HPP), where we require that all the coefficients of f are equal
to zero or one. Both properties were recently treated by Choe, Oxley, Sokal and
Wagner in [COSWO04]. In [Bra07], Brandén proved that not every matroid
is wHPP by showing that the Fano matroid F% is not. We provide two new
proofs of the fact that F7 is not a wHPP-matroid. We investigate and state
conditions for when wHPP=HPP for M. We use concepts and techniques
developed for the Tutte-group of a matroid and valuated matroids by Dress,
Wenzel and Murota to prove that the projective geometry matroids PG(r—1, q)
are not wHPP and that a binary matroid is a wHPP-matroid if and only if
it is regular. This shows that there exist large families of matroids that are
not wHPP. We answer questions posed by Choe et al., by proving that the
coextensions AG(3,2) and Sg of F%7, and the matroids T3 and Rg, are not
wHPP, extending the answer given by [Bra07].
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CHAPTER 1

Introduction, concepts and definitions

A matroid is a discrete mathematical object that captures the essence of the
notion of independence from linear algebra and also abstracts the notion of cycles
from graph theory. It is a problem of main interest in matroid theory to find
different ways of representing matroids as to provide a clear and compact form
describing their structure, and to equip the theory with results borrowed from
the fields where these representations exist. A new way of representing matroids
was recently treated in depth in [COSWO04], and relates the set of bases of a
matroid with the support of homogeneous multiaffine polynomials with prescribed
non-vanishing properties (stable polynomials). It is known that such polynomials
always represent a matroid but since very recently it is known that not all matroids
can be represented in this way. Hence, it is a challenging problem to determine if
a given matroid is representable in this way or not.

Our goal will be to describe and refine recent techniques, treated in [COSWO04,
Bria07], to determine if a matroid is representable or not in the above sense and
to use them to study the representability of specific families of matroids.

1.1. Matroids and their representations

A matroid is a pair (F,Z) where E is a finite set and Z is a collection of subsets
of F such that:
(1) Z is non-empty,
(2) T is hereditary, i.e.,if U € Z and V C U, then V € Z,
(3) T satisfies the independence augmentation axiom, i.e., if U,V € T and
|U| < |V| then 32 € V' \ U such that U U {z} € 7.

The set F is called the ground set of the matroid and Z is the class of inde-
pendent sets. The subsets of E that are not in Z (i.e. 2€\ T) are called dependent
sets. We will sometimes say M instead of (E,Z) in order to make reference to an
arbitrary matroid.

The motivating example of a matroid is the following. Let E = {v1,v2,...,v,}
be a set of vectors in a vector space over some field F and Z the collection of
subsets of E that are linearly independent in this field. Clearly, (E,Z) satisfies
properties 1, 2 and 3. We can go further and notice that we can construct the
matrix A = [v1vs2...v,] where v; are the columns of A and that (E,Z) now can
be viewed as the matroid generated by the independent columns of a matrix. And
we can even “forget” that F is a set of vectors and consider it just as the set of
indices of these vectors, so let E' = [n] and let Z' be the class of subsets of [n]
that are indices for some independent set in Z’. This construction represents a
bijection from FE to E’ that preserves the independent sets and then we call (E,7)
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2 1. INTRODUCTION, CONCEPTS AND DEFINITIONS

and (E’,7') to be isomorphic and regard them as being the same matroid. The
matroid that we just discussed is called the vector matroid of A and is also denoted
as M[A]. We say also that A represents (E,Z) since from its columns and the
relations that hold between them as elements of a vector space over the field F
we have enough information to reconstruct the set E and the class Z. There are
matroids that cannot be represented by matrices. We will say that a matroid M
is F-representable or simply representable if there exists A € M, x,(F) for some
m,n € N and some field F such that M = M[A]. Consider the following example:

ExaMpLE 1.1. The matroid M = ([3],{0, {1},{2}, {3}, {1,2},{1,3}.{2,3}})
can be represented by the columns of the matrix A € M3y3(R):

1 47
A=12 5 8
3 6 9

With this matrix we see that M = M[A] so M is R-representable. The matrix
Be M3><3(GF(2))

1 01
B=1]1 10
011
also satisfies M = M[B]. So M is also GF(2)-representable.

The representable matroids constitute an interesting class of matroids and
will play an important role in our study of the representation of matroids with
stable polynomials since, as we will show in Chapter 2, the matroids that are
C-representable, in particular, also have a representation with stable polynomi-
als. The matroids that are GF(2)-representable are called binary and the GF(3)-
representable are called ternary. A matroid that is representable by a totally uni-
modular matriz over R, i.e. a matrix for which all its subdeterminants are in the
set {—1,0,1}, is called regular or unimodular matroid. A matroid that can be rep-
resented over the complex numbers by a matrix for which all its subdeterminants
are complex sixth-roots of unity or zero, is called a sizth-root-of-unity matroid or
v/1-matroid. Some of these classes of matroids are related by the following strong
theorems, the proof of it can be found in [Ox106] and [Whi97]:

Theorem 1.2 ([Ox106] Theorem 6.6.3). The Following statements are equiv-
alent for a matroid M:

(i) M is regular.
(ii) M is representable over every field.
(iii) M is binary and, for some field F of characteristic other than two, M is
F-representable.

Theorem 1.3 ([Whi97] Theorem 1.2). The Following statements are equiva-
lent for a matroid M :
(i) Misa /1-matroid.
(ii) M is representable over GF(3) and GF(4).

(iii) M is representable over GF(3) and GF(2%) for some positive even integer
k.
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Since a matroid is an abstraction of the concept of independence, it is valid
to ask ourselves what are the maximal independent sets with respect to inclusion.
As a consequence of Condition 3 in the definition, it is easy to prove that all the
maximal independent sets have the same cardinality. The common cardinality of
the maximal independent sets is called the rank of the matroid and for any A C F,
we define rank(A) = max{|I|: I C A, I € T}, which coincides with the rank of the
matroid if A contains a maximal independent set. We call a maximal independent
set a basis or base for the matroid and because the hereditary condition in the
definition of a matroid it follows that the class of bases, that we will write B, is
enough to represent a matroid. In fact, an equivalent definition for a matroid is:

DEFINITION 1.4. Let B be a class of subsets of a finite set E such that:
(1) B is non-empty.
(2) B satisfies the basis exchange aziom, ie., VU,V € B and © € U\ V
Jy € V\ U such that U\ {z} U {y} € B.

Then a matroid is a pair (F,Z) where I € T if T is a subset of any element in
B and B is called the set of bases of the matroid.

A circuit is a minimal dependent set in the sense that C C E and C ¢ Z, but
C\{i} € T for all i € C. A circuit with only one element is called a loop and the
members of a circuit with two elements are called parallel. A matroid that has no
loops or parallel elements is called simple. If B is a basis and ¢ € E'\ B, then one
can prove that there is a unique circuit C(i, B) that is contained in B U {i}. This
circuit is called the fundamental circuit of i with respect to B. It is also the case that
the class of circuits determines the matroid. There are many equivalent definitions
of a matroid. It can be defined in terms of its independent sets, bases, circuits,
rank function, closure operator, etc. The reader interested in these definitions, and
the proofs of equivalence, can find a comprehensive treaty in [Ox106].

As we mentioned before, the concept of a matroid also generalizes a dependence
relation that is found between the edges of a graph. Let G = (V, E) be a graph
with vertex set V and edge set E, and let M = (E,Z) be the pair with Z defined
by all the subsets of E' that contain no cycles, i.e., the forests. It is easy to verify
that M satisfy the three conditions in our initial definition of a matroid. The bases
for this matroid are the spanning forests (spanning trees if the graph is connected).
We can then say that the graph G is a representation of the matroid M and we
write M = M[G]. The matroids that arise in this way are called graphic. We can
represent a graph using its incidence matriz. This matrix is a representation of
MIG] over GF(2), so the graphic matroids are also binary. In fact, they are also
ternary, which by Theorem 1.2 implies that graphic matroids are representable over
any field. Example 1.1 is an example of a graphic matroid and Figure 1.1 shows a
graph that gives rise to this matroid.

Matroids have many compact and practical representations. We will use one
that is very useful when we are dealing with specific matroids of small ground set
and small rank. The so called geometric representation. This pictoric representation
(that is different from the one with graphs we just discussed) arises from the fact
that the set of affinely independent subsets of a finite set of vectors in a vector space
over some field F constitutes a matroidal structure known as an affine matroid.
For our purpose we will just describe how a matroid, of rank at most 4, can be
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1

Figure 1.1: A graph that represents the same matroid as in Example 1.1.

represented and define the conditions for one of this geometric diagrams to be the
representation of a matroid.

Geometric Representation. For a matroid M = (F,Z) of rank at most 4
we follow the rules:

(1) All loops are represented as points with the element as a label and located
in a box apart from the rest of the diagram.

(2) Parallel elements are represented by a single point with all the labels.

(3) Any other element that is not a loop and has not a parallel peer is repre-
sented by a particular point labelled with the element.

(4) Any circuit of rank 2 is represented as all points being collinear (lines need
not to be straight).

(5) Any circuit of rank 3 is represented as all points being coplanar.

(6) Any circuit of rank 4 is represented as all points being in the space.

The geometric representation for the matroid we discussed in Example 1.1 is
depicted in Figure 1.2 and two more examples of geometric representations are
illustrated for the Fano matroid (Figure 1.3a) and the Pappus matroid (Figure
1.3b).

® ¢ ®
1 2 3

Figure 1.2: Geometric representation of the matroid in Example 1.1, also known as
Us3.

It is important to note that not all the geometries with points, lines and planes
represent a matroid. In order to do so it must satisfy the conditions:

(1) Any two distinct planes meeting in more than one point do so in a line.

(2) Any two distinct lines meeting in a point do so in at most one point and
lie on a common plane.

(3) Any line not lying on a plane intersects it in at most one point.

A hyperplane in a matroid M is a subset X C E such that rank(X) =
rank(M) — 1 and such that for any other element e € E \ X it happens that
rank(X U {e}) = rank(M). We introduce now a way of creating a matroid starting
from another.
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Figure 1.3: Geometric representation of the Fano F7 and Pappus matroids.

Proposition 1.5. Let M be a matroid having a subset X that is both a circuit
and a hyperplane. Let B' = Bypq U X. Then B’ is the set of bases of a matroid M’
on E(M).

PROOF. Since B satisfies the basis exchange axiom, we only have to prove that
between any B € B and X the axiom still holds. Let r = rank(M) and note that,
because X is a circuit, after we remove any element from it, the resulting set is
independent. And since it is also a hyperplane (rank(X) = r — 1) this implies that
| X =r.

So for all z € X \ B the set X \ {z} is independent. It follows that r — 1 =
|X \ {z}| < |B| = r implies by the independence augmentation axiom that there
exists y € B\ (X \ {z}) such that X \ {z} U{y} € 7 and hence it also belongs to B.
Now suppose that the basis exchange axiom does not hold in the other direction.
Let x € B\ X such that for all y € X \ B, rank(B \ {z} U{y}) = » — 1. This
implies that rank(B \ {z} UX) =r — 1. A contradiction with the fact that X is a
hyperplane. Then the axiom must hold for all B’ implying that is the set of bases
of a matroid. d

We call the matroid resulting from Proposition 1.5 a relazation of the matroid
M. In the geometric representation this can be seen as the elimination of a restric-
tion, i.e., a line or a plane. For example, if we remove the line {2,4,6} in the Fano
matroid in Figure 1.3 we get the so called non-Fano matroid and if we remove the
line {7,8,9} in the Pappus matroid we get the non-Pappus matroid as shown in
Figure 1.4

The dual of a matroid M = (E,Z) is the matroid M* such that its set of bases
is Bp» = {E\ B: B € Byp}. Clearly, (M*)* = M.

As in graph theory, we define the deletion of ¢ € E from M to be the matroid
(E\{i},{I CE\{i}:IeTI})and we denoted it M \ i. We define the contraction
of i € E from M to be the matroid (E\ {i},{I € E\ {i} : IU{i} € Z}) and we
denoted it M /i. Finally, we say that a minor of M is the matroid obtained from
M by a sequence of deletions and contractions.
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4

(a) F7 (b) non — Pappus

Figure 1.4: Geometric representation of the non-Fano F, and non-Pappus ma-
troids.

We say that a matroid is connected or 2-connected if for any pair of distinct
elements in Exq there is a circuit containing both of them. Otherwise it is dis-
connected. A connected component of M is a nonempty subset S C FEj that is
maximal with respect to the property that for any pair of distinct elements in S
there is a circuit containing both of them. If a matroid M has z connected compo-
nents we can write it as a direct sum M = My ® Ms @ ... D M, on disjoint sets
Enp = EM1UEM2U---UEMZ and By = {Bl UBU...UB, :B; € BMZ}

Of course, we have not referred to all the properties of matroids here, even not
to all the basic. Further properties of matroids are discussed in [Ox103, Ox106].

1.2. Polynomials with the half-plane property

Let f € C[z1,29,...,2,] be a polynomial in finitely many complex variables.
We will write f(z) = 3 gcc asz® where C is any finite class of multisets of E = [n],
which we will call in analogy to our matroid definition as the ground set. Here
z = {zi}icp and 2° = [licg #zi- The degree of a monomial asz” is the cardinality
of S as a multiset and the degree of f is the largest cardinality as a multiset of
S € C such that ag is nonzero. We say that f is homogeneous or r-regular if all the
monomials have the same degree r. We say that f is affine in the variable z; if it
appears at most one time in each monomial. And f is multiaffine if it is affine in
z; for all ¢ € E. The support of f is defined as supp(f) = {S € C : ag # 0}.

Let H C C be any open half-plane whose boundary contains the origin. We
say that f € Clz1, 22, ..., 2,] is H-stable, or that it has the half-plane property with
respect to it, if f(z) # 0 whenever z; € H for all i € E. In particular we say that
fis stable it H ={z € C:Im(z) > 0} and that it is Hurwitz stable or that it has
the right half-plane property if H = {z € C: Re(z) > 0}.

Now let C be any finite class of sets or multisets of a given ground set E = [n].

We define
fe(z) = Z 25
sec
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to be the generating polynomial in Clzy, 29, . .., z,] of the class C. If C = By, the
set of basis of a matroid on E, then we call fz,, the basis generating polynomial of
the matroid M. Notice that fz,, is homogeneous and multiaffine by the properties
mentioned before for the bases of a matroid.

In [COSWO04], they proved that if f is a homogeneous multiaffine polynomial
that is stable then supp(f) is the set of bases for a matroid (Theorem 2.7). They
also showed that there are matroids for which fg,, is not stable. It is worthy to
note that if f is homogeneous and multiaffine and is H,-stable for a particular
half-plane H, then it is also H-stable for any half-plane H. Indeed, we can make
a simultaneous rotation of all the variables (a change of variable z, = z;e? for all
i € E). So, in the following, we may just refer to stability when we discuss r-regular
multiaffine homogeneous polynomials in order to make reference of H-stability for
any half-plane H. Results that we will discuss in more depth in Chapter 2 motivate
the following definition:

DEFINITION 1.6 (Half-plane property of a matroid). Let M be a matroid. If
B, is stable then we say that M has the half-plane property or that it is HPP-
representable or that it is a HPP-matroid.

Since there are matroids for which the HPP does not hold, it is worthy to
ask: Does there for any matroid M exist a homogeneous multiaffine polynomial f
such that supp(f) = Ba and f stable?. That is, if we relax the condition that the
coefficients of f must be in the set {0,1} to a bigger set like C, is there a stable
polynomial that represents M?. The answer given by [Bra07] is negative for this
question also. There he showed that this is not true for the Fano matroid. Hence
it is also interesting to identify which matroids have the weakest version of this
representation. We define:

DEFINITION 1.7 (Weak half-plane property of a matroid). Let M be a matroid.
If there exist a stable polynomial f € C[z1, 22, . . ., 2] such that supp(f) = B then
we say that M has the weak half-plane property or that it is wHPP-representable
or that it is a wHPP-matroid.

It is important to remark here that in the proof of [Bra07], he showed that
for the Fano matroid wHPP=HPP. 1t is the main goal of this work to study some
other cases where the reduction of wHPP to HPP can be done, and this will be
discussed in Chapter 3.

1.3. Valuated matroids

Valuated matroids were introduced by Dress and Wenzel in [DW90b, DW92]
to study a variant of the greedy algorithm for weight functions defined on the class
(]f) of a ground set F.

Let G be a totally ordered abelian group and consider an element, say {—oc},
such that —oco < z and —oo +x = —oo for all z € G U {—o0}. A wvaluated matroid
M of rank r is defined to be a pair M = (E,v) that satisfies:

(1) v: (E) — GU{—o0} is a function such that v(B) # —oo for at least some

s

Be (¥).
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(2) VB, By € (P) and Vi € By \ By, 3j € By \ By such that

v(B1) +v(B2) < v(Bi\ {i} U{j}) +v(B2 \ {j} U{i})-
In particular in [DW90Db] they considered G = R as we also will consider in
this work. This definition is a generalization of a matroid, since the set B = {B €

(%) : v(B) # —oc}, is the set of basis of a matroid. Condition 2 is a variant of the

strong matroid basis exchange axiom. And a function
v:Bym — Ru(B)=—-xif B¢ B

is called a valuation of M if v satisfies: VBy, Bo € B and Vi € By \ Be,3j € By \ By
such that
v(By) +v(Bz) < v(Bi\ {i} U{j}) +v(B2\ {j} U{i}) (1.1)
We will refer to Condition 1.1 as the exchange condition for valuations and has
according to [Mur96] some equivalent formulations:

Theorem 1.8 ([Mur96] Theorem 1.1). Let M be a matroid. Forv: By — R
The following conditions are equivalent:

(1) VBi,Bs € B, Vi € By \BQ, 3] € By \ B1 such that

v(B1) +0(Bs) <v(Bi\{i} U{j}) +v(Ba \ {5} U{i}).
(11) VBl,BQ € B, B1 7é BQ, di € B1 \ BQ, E'] € B2 \ B1 such that

v(By) +v(B2) <v(Br \ {i} U{j}) +v(B2\ {7} U{i}).
(111) VBl,BQ S B, Vi € By \BQ, 3] € By \Bl7 dk € By \BQ such that

v(B1) +0(B2) <v(Bi\{i} U{j}) +v(B2\ {j} U {k}).

Two valuations vy, vy : (}f) — G U {—o0} are called projectively equivalent if
and only if there exist a « € G and a function g : E — G such that for all B € (f)

it holds that
i€B

If G =T, a field, then it is equivalent to the relation

ZQ +vi1(B

i€B

Every matroid has at least a trivial valuation that assigns 0 to every basis element
and —oo elsewhere. A matroid M is called rigid if all the valuations of M are
projectively equivalent to the trivial valuation.

The exchange condition for valuations can be replaced with a local condition
that is so much easier to verify. Theorem 1.9 can be derived from the Theorem 2.3
in [Mur06] by considering the function v = — f and the particular case of the set of
bases of a matroid instead of the more generic case proved there for jump systems.

Theorem 1.9 (corollary from [Mur06] Theorem 2.3). The exchange condition
for valuations 1.1 is equivalent to:
VB, Bs € B with |B1ABs| =4, 3{i,j} € BiABs such that By \ {i} U{j} € B
and Bx \ {j} U {i} € B and
v(B1) +0(Bz) <v(Bi\ {i} U{j}) +v(B2\ {j} U{i}). (1.2)
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We will refer from now on to Condition 1.2 as the local exchange condition for
valuations.






CHAPTER 2

Representability of matroids by stable polynomials

As we mentioned in Chapter 1, a wHPP-matroid can be represented by a ho-
mogeneous multiaffine stable complex polynomial. From the point of view of ma-
troid theory is interesting to determine the transformations that leave this property
invariant. We will here discuss a collection of important theorems and results con-
cerning the half-plane and the weak half-plane properties. Some of the results that
are found in the literature are more general than what we need for further discus-
sion. We will just attain our vision to these particular properties. However, the
theorems and results are sometimes stated as general as originally proved.

2.1. Operations that preserve the stability of polynomials

We are considering a polynomial f € C[zy,...,z2,] that is H-stable for some
half-plane H.

Proposition 2.1. Let f € C[zy,...,z,] be H-stable then:
(i) The dual polynomial f*(z) = 2¥ f(1/z) is H-stable, where H = {Z : z €
(ii) If f is multiaffine and homogeneous then f* is stable.

Proposition 2.2 ([COSWO04] Proposition 4.2). Let f € Clz,...,2,] be a

polynomial such that supp(f) = Ba, then f* has support supp(f*) = Bagx, where
M* is the matroid dual to M.

The last two propositions imply that the stability properties for a matroid
(HPP and wHPP), are preserved by taking duals.

Without losing stability we can fix some variables of f with values in cl(H)
(the closure of H).

Proposition 2.3 ([COSWO04] Proposition 2.1). Let f € Clzy,...,2,] be H-
stable and let f,,— be the polynomial obtained from f by fizing the value of the
variable z; to k € cl(H). Then f,,—y is H-stable or identically zero.

If, in particular, we set z; = 0 for f homogeneous and multiaffine, then f,,—o
is stable or identically zero and

Proposition 2.4 ([COSWO04]| Proposition 4.1(d)). Let M = (E,Z) and f €
Clz1, - - -, 2n] be such that supp(f) = Bag. Then supp(fz,—o0) = B(M\ 7).

This means that for any series of deletions of elements from a wHPP-matroid M
, we will be able to find a stable polynomial that represents the resulting matroid.

Furthermore, if we already have a stable polynomial f that represents M, we
can obtain the new polynomial by setting the deleted variables to zero. We would

11
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suspect that something similar should be the case for the matroids that are obtained
by a series of contractions from a wHPP-matroid, and it is. Another useful operation
that preserves stability is that of taking partial derivatives as (see also [Bra07]).

Proposition 2.5 ([COSWO04] Proposition 2.8 (a) and Remarks). Let f €
Clz1,. -+, 2n] be Hurwitz stable. Then:
(i) Either 0f/0z1 =0 or 0f/0z is Hurwitz stable.
(ii) The polynomial oof + 3,5 NiOf [0z for a, Ny € RYis Hurwitz stable.
(iii) If a = (a1,...,an), then
o™ o
9z Oz

1s identically zero or is Hurwitz stable.

o°f =

A stable polynomial that represents a contraction of a matroid M can be a
derivative of a stable polynomial that represents M.

Proposition 2.6 ([COSWO04] Proposition 4.1 (¢)). Let M = (E,Z) and f €
Clz1, .- -, 2n] be such that supp(f) = Bam. Then supp(gf ) = B(M/7).

Zi

The last two operations will allow one to reduce the problem of finding out if
a matroid has the HPP or the wHPP to the one of one of its minors.

2.2. Necessary conditions for polynomials to be H-stable

The first necessary condition for a polynomial to be H-stable is precisely the
one that creates the strong relation between stable polynomials and matroids.

Theorem 2.7 ([COSWO04| Theorem 7.1 ,[Bré07] Corollary 3.4). Let f €
Clz1, .-+, 2n] be a homogeneous multiaffine stable polynomial. Then supp(f) is the
set of bases of a matroid.

In fact in [Bré07], he proved the more general result that for any polynomial
f that is H-stable supp(f) is a jump system. This has as a corollary Theorem 2.7.

One striking necessary condition proved in [COSWO04] is that all the complex
coeflicients of a homogeneous polynomial with the half-plane property have the
same phase. This result simplifies the study of the weak half-plane property since
we can disregard the coefficients as complex numbers and assume that all of the
coefficients in the support of a polynomial with the property are real and positive.

Theorem 2.8 ([COSWO04] Theorem 6.1). Let f(z) = Y gy asz® be a ho-
mogeneous polynomial of degree r in Clz1,...,2,]. If f has the half-plane property,
then all the non-zero coefficients ag, i.e. S € supp(f), have the same phase.

Let us now define the Rayleigh difference A;;(f) for f € Clz,...,2,] and
i,j € [n]
of of 0% f , 07
Aii(f) = — = J=-
Theorem 2.9 ([Bra07] Theorem 5.10). Let f € R[z1,...,2,] be multiaffine.
Then the following are equivalent:

(i) For allz € R™ and i,j € [n], Ay;(f)(z) > 0.

[log [ f1]-
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(ii) fis stable.

A polynomial that satisfies the first statement in Theorem 2.9, is also called
strongly Rayleigh. Hence, the necessary and sufficient condition in Theorem 2.9 can
be rewritten as: f is stable if and only if it is strongly Rayleigh. In [WWO09] they
showed that the two statements in Theorem 2.9 are also equivalent to:

(iii) For every index i € E, both f,,—o and 0f/0z, are strongly Rayleigh, and

for some pair of indices {3, j} C E, A;;(f)(z) > 0 for x € R™.

The latter condition is useful when proving stability through an induction on
|E| since it reduces to the verification of only one Rayleigh difference.

There is one more necessary condition derived from Theorem 2.9 by [Bra07].
It is stated and proved in Chapter 3 as Theorem 3.1. This new condition gives a set
of restrictions for the coefficients of a multiaffine homogeneous stable polynomial.

There is also a way to reduce the verification of the stability of f to the case of a
univariate complex polynomial. The following necessary and sufficient condition is
helpful when finding counterexamples to the stability of a homogeneous polynomial

f.

Proposition 2.10 ([COSWO04] Proposition 5.2). Let f € Clzy,...,2,] be
homogeneous. For x,y € R™ define the univariate complex polynomial fy (&) =
f(&x+y). Then the following are equivalent:

(i) f is stable.
(ii) Va,y > 0 with x +y > 0, all the roots of f,, lie in (—o0,0].

(iii) Y,y > 0, all the roots of f, lie in (—o0,0].

2.3. Sufficient conditions for stability

The determinant condition stated and proved in [COSWO04]| categorizes the
family of C-representable matroids inside the wHPP-matroids and also defines a
way to find a stable polynomial that represents such matroids.

Theorem 2.11 (Determinant condition [COSWO04] Theorem 8.1). Let A be
an arbitrary compler r X n matriz, and define Q4 by

Qa(z) = det(AZAY), where Z = diag(z1,...,2,) and *denotes Hermitian conjugate
Then:

(i) Qa4 is stable.

(i) Qa = Y scin) | det(A|S)[?25, where A|S denotes the square submatriz of
|S|=r
A using the columns indezed by the set S.

Corollary 2.12 ([COSWO04] Corollary 8.2).

(i) Every matroid representable over C has the wHPP.

(ii) Let M be a matroid of rank r with ground set E = [n] that can be repre-
sented over C by an r X n matriz A for which every r X r subdeterminant
is either zero or has modulus 1. Then M has the HPP.

Let A = (A1, Ay, ..., A,) be a class of subsets of E. A partial transversal of
A is an injection ¢ from a subset S C E to A such that ¢ € ¢(i) for all i € S.
A transversal matroid is formed by the class of partial transversals of A. The set
of partial transversals of A can be identified also with the set of matchings in the
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bipartite graph with bipartition V = AU E and edge set {A;j : j € A;}. A subset
S C E is called independent if it can be matched to A. We denote MG, E] the
transversal matroid on ground set E generated by the bipartite graph G. Let A4,
be a weight associated to each edge A;j in the bipartite graph and let:

as= >, I s
matchings M A;jEM
V(M)NE=S
If we consider the graph G as the complete graph K™™ with the weights A4,; =0
if A;j ¢ G then we will have that

as = per(A|S), where A is the matrix in M, ., with A; j = \a,;

and where A|S denotes the square submatrix of A using the columns indexed by
the set S. The matroid M is called nice if there exists a pair (G, E') and a matrix
A such that per(A|S) has the same nonzero value for all |S| = r and M = M[G, EJ.

Theorem 2.13 (Permanent condition [COSWO04] Theorem 10.2). Let A be
an arbitrary nonnegative r X n matriz (r < n), and define P by

Pp(z) = per(AZ), where Z = diag(z1, ..., 2n)
Then
(i) Py is stable.
(ii) Pa = Yscn per(A]S)27.
|S|=r
Corollary 2.14 ([COSWO04]| Corollary 10.3).

(i) Every transversal matroid has the wHPP.
(ii) Ewvery nice transversal matroid has the HPP.

2.4. Matroid operations that preserve stability

In [COSWO04] they described and proved that some matroid operations pre-

serve the stability of the polynomials that represent them (i.e., supp(f) = Ba).
e Taking duals.

Taking minors (deletions and contractions).
Direct sum.
Parallel connection.
2-sum.
Series connection.
Full-rank matroid union.
Some special cases of principal extension, principal truncation, principal
coextension and principal cotruncation (see [COSWO04]).

2.5. Database of matroids and its HPP-wHPP representability

We present a table that summarizes some of the results until today, concerning
the HPP and wHPP for particular matroids. We are using results from [COSW04],
[CWO06], [Bra07], [WWO09] and Chapter 3 of this work. In each case the column
“Reference” points the interested reader to the source of the result where more
information can be found.
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Table 2.1: Some known matroids and its HPP-wHPP representability

Matroid HPP wHPP Reference

YM,|E| <6 v v COSW04

VM, rank(M) < 2 or v v COSW04

rank(M’') < 2

Uniform matroids Uy v v COSWo04

Transversal matroids “Nice” v/ v COSWo04

Not “Nice” unknown
Sixth-root-of-unity matroids v v COSWo04
Binary matroids Regular v/ Regular v/ COSWo04
Not Regular X Not Regular X Corollary 3.28

PG(r—1,q) X X [CWO06]
Theorem 3.41

Q7 v v COSWo04

Sr v v COSWo04

F; (Fano) X X [COSWO04]
[Bra07]
Theorem 3.41
Example 3.7
Example 3.18

F- (non-Fano) X v C-Representable
[COSWO04]

- X v C-Representable
[COSWO04]

F3 X v C-Representable
[COSWO04]

M(K4)+e X v C-Representable
COSWO04|

P v v WWO09

W3+e v v WWO09

F° v v [COSW04]

F° v v COSWo04

P v v COSWo04

P} v v WWO09|

Py v v COSWo04

Py’ v v COSW04

w3+ v v WWO09|

M(K,)™ v v COSWO04|

P (Pappus) X v C-Representable
[COSW04]

nP (non-Pappus) X unknown COSWO04|

nP\1 v v WWO09

nP\9 v v WWO09

(nP\9)+e X v C-Representable
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Matroid HPP wHPP Reference
[COSWO04]

P X v C-Representable
[COSWO04]

P X v C-Representable
[COSWO04]

P} X v C-Representable
COSWO04|

Vs (Vémos) v v WWO09|

Sg X X Example 3.29
Example 3.22

AG(3,2) X X Example 3.29
Example 3.8
Example 3.22

Ts X X Example 3.21

Ry X X Example 3.21

PG(2,3) X X [CWO06]
Theorem 3.41
Example 3.18

AG(2,3) v v V/1-matroid
Proposition 3.20
Example 3.23




CHAPTER 3

Approaches to the weak half-plane property

Our main purpose will be to refine a strategy in [Bra07] that will allow us to
reduce for some matroids the wHPP to the HPP, and also to state conditions that
tell us when this reduction can be done. Using this reduction we will show, that
besides Fr, there exist more matroids that are not wHPP-matroids. In particular,
we will prove that for two families of matroids, the non-regular binary matroids and
the projective geometry matroids PG(r — 1,q), this is also true. We also consider
matroids proposed in Question 7.6 of [COSWO04], as the coextensions AG(3,2)
and Sg of F7, and the matroids Ts and Ry, extending the answer of [Bra07] to this
question.

We will follow two approaches, both of them derived from the first theorem
of this chapter. The first consisting in identifying the connectivity properties of a
graph, and the second, in reducing the theorem to a system of equations, where we
evaluate the dimension of a null space. With this second approach we provide a new
proof that F% is not a wHPP-matroid. We use also the concepts and techniques de-
veloped for the Tutte-group of a matroid and valuated matroids, exposed by Dress,
Wenzel and Murota in [DW89, DW90b, DW90a, DW92, Mur96, Mur06], to
derive the main conclusions of the chapter.

We start with a result of [Bra07] that gives a set of restrictions to the space
of coefficients where a particular matroid can have a representation with a stable
polynomial.

Theorem 3.1 ([Bré07] Lemma 6.1). Let f(z) = > ey arzT be a homoge-
neous multi-affine polynomial with the half-plane property. Suppose that SU{i,j} ¢
supp(f). Then

asU{i,k}OSULG1} = AsUfi,i}asugsky, for all k,1 € [n] with k,1 #1,j (3.1)

PrOOF. By Theorem 2.8 the coefficients of a homogeneous polynomial with
the half-plane property all have the same phase. So we assume all coefficients are
non-negative and real. By considering (8Sf)zrzo7v,,«¢{i’j,kvl}7 and propositions 2.3
and 2.5, we may assume without loss of generality that S = () and so

[ =agryzize +agiyziz+ agryzize +agyziz+ aq ey 212k
Then,
Aij (f) = (agikyzr + agiyz)(ag ey ze + agiy2)
We know by the Theorem 2.9 that f is stable if and only if A;;(f)(x;, zx) > 0 for
all x;, zp, € R which in this case is true if and only if

ik} {50} = O{i,130{5k}

17
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Clearly, Theorem 3.1 is also a necessary condition for the polynomial f with
supp(f) = B to be stable.

We introduce a definition that will play a central role for the reduction we want
to acommplish.

DEFINITION 3.2 (Degenerate quadrangle). Let (E,Z) be a finite matroid. We
say that Sy,.52,53,54 € B form a degenerate quadrangle if
517 SQ; 537 ‘94 - S U {Z7 k}v S U {Za l}7 S U {jv k}a S U {]71}
for some set S with i,5,k,1 ¢ S, and at most one of SU {i,j} and S U {k, 1} are
bases.

In other words, for every degenerate quadrangle in a matroid M that has the
wHPP, we will have one of the relations given by Theorem 3.1 for the coefficients
of a stable polynomial that represents M.

3.1. An approach using the connectivity of a graph

As a first approach we will describe, basically, the proof in [Bra07] for the
Fano matroid (F7) with a bit more of generality in the light of Definition 3.2.

Let z,y € E we define G, to be the graph with vertex set:
Vay ={T C E\{z,y} : TU{z},TU{y} € B}
And edge set:
E,y ={TS € VyyxVyy, : SU{x}, SU{y}, TU{z}, TU{y} form a degenerate quadrangle}
Lemma 3.3. Let x # y,xz,y € E. The quotient
asu{z}
asu{y}
is the same for all S in each connected component of G, .

PrOOF. Let T,S € V,, be such that T'S € E,,. Since |[TAS| = 2 by the
definition of degenerate quadrangle, let TAS = {i,j} for some i,j € E, i €S, j €
T. By the same definition either S\ {i} U {z,y} or SU{j} are not in B.

If S\ {i} U{z,y} ¢ B then by Theorem 3.1

Asu{z}aTu{y} = ATU{z}ASU{y}
and if SU{j} ¢ B then again:

A5U{z}ATU{y} = ASU{y}ATU{}

both cases implies that
asu{z} _ aru{z}

asu{y}  ATU{y}

O
We define for G, connected and any 1" € V,,:
Azy = dTote}
ATu{y}

Lemma 3.4. Assume M to be a simple matroid such that for any triplet
{1’? y7 Z} g E
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(i) There exist T such that TU{z}, T U{y}, T U{z} € B, or,
(ii) {z,y,2} ¢ Z and there exist T such that T U{x,2},T U{y,z} € B.

Let z,y,z € ' be distinct. If G, is connected for all x,y then
)\acz = >\acy>\yz

PROOF. If the first condition holds, then
Ape = aru{z} ATU{y} _ )\xy)\yz
aru{y} ATu{z}
When the second condition holds, then for any v € T
/\xz = >\1u/\uz
= Ay Ayz O

Lemma 3.5. Suppose that G, is connected for all ,y and Ay, = ApyAy. for
any distinct x,y,z € E. Then there are positive real numbers v; for all i € E, and
a complex number C' such that

ap=C[Jvi,VBeB
ieB
PROOF. Let v; = i1, 80 Agy = Ag1 A1y = vz/vy for all z,y € E. Let By, By €
B. If BiABy = {j,k} then
aB, _ Nip = vi HiGBl Vi
=\jp, = L = =
ap, vk [liep, vi
Otherwise, by the exchange axiom, there is a path
Ble1—>A2—>...—>Ap:BQ

such that |A;AA;11| = 2 and so

ap, _ aA, aa,-1 HieBl U;
aB, Ay aa, HiEBz Vi
Then
ap
5 _0
HieB Ui
where C does not depend on B. O

Theorem 3.6. Let M be a matroid such that Gy is connected for all x,y and
Az = AwyAyz for any distinct x,y,z € E. Then wHPP=HPP.

ProOOF. Using Lemma 3.5 and after the change of variables z; — z;/v;, the
stability of the polynomial that represents M is preserved. So we will have that

>
BeB
is stable. U

We can use Theorem 3.6 for the cases where we can find that A\, = Ay, for
any distinct x,y, z € E. Lemma 3.4 gives two sets of conditions where this is true.
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ExaMPLE 3.7. Consider the Fano matroid, F; of Figure 1.3a. In [Bra07], he
proved that this matroid satisfies the second condition in Lemma 3.4 and also G is
connected for all 2,y and isomorphic to the graph of Figure 3.1. Then by Theorem
3.6, wHPP=HPP for Fano. Also, since in [COSWO04] they showed that Fano does
not have the HPP. Hence it has neither of these properties.

4?fﬂ_ﬁ]?\

Figure 3.1: Gj¢ for the Fano matroid (F7%).

ExXAMPLE 3.8. Consider the matroid AG(3,2) in Figure 3.2a, which is one
of the coextensions of the Fano matroid. For this matroid G, is connected and
it can be easily verified that it satisfies the first condition in Lemma 3.4. Hence
wHPP=HPP for this matroid. Since the matroid is not regular, by Proposition
3.19, it is not wHPP.

There are some matroids that do not satisfy that G, is connected, for example
PG(2,3) (Figure 3.3) and AG(2, 3) (Figure 3.4). However, we will prove in the next
section using a second approach that wHPP=HPP also for these matroids.

3.2. Approach using the dimension of the solution of a system of
equations

Let M be a matroid. And suppose that f(2) = Y pcp, apz” is a stable
polynomial such that supp(f) = Baq. As a consequence of Theorem 2.8 we can
assume that all the coefficients in the support of f are real and positive. So let
us assume that ap = e’® for bg € R. Taking logarithms in the Theorem 3.1
(bp = log(ap)) implies that if S U {i,j} ¢ supp(f) and if SU{é, k},SU{j,1},SU
{i,1},SU{j,k} € supp(f) (a degenerate quadrangle) then

bSU{i,k} + bSU{j,l} - bSU{i,l} - bSU{j,k} = 0, for all k,l € [TL] with k,l # ’L,j (32)
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(a) AG(3,2) (b) Gse

Figure 3.2: G, for AG(3,2).

5 47[

(a) PG(2,3) (b) G16

Figure 3.3: G, for PG(2,3) is disconnected.

We get a system of equations of the form A, (X = 0 where X is the vector of
variables by, T € B. This system has a non-empty set of non-zero solutions given
by the following lemma:

Lemma 3.9. Let vy,vs,...,v, be a set of n = |E| real numbers. Then bp =
> e Vi, for all B € B, is a solution to System 3.2.
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(a) AG(2,3)

Figure 3.4: G, for AG(2,3) is disconnected.

PROOF. Plug a solution of this form in the left-hand side of Equation 3.2. Then

th—i—vi—l—vk—i—th—l—vj—&—ul—th—vi—vl—th—vj—vkzo.

tes tes tes tes
t

We want to study the space of values for the coefficients of f that satisfy the
necessary condition in Theorem 3.1 using the properties of the null space of the
matrix Ay (N(Arq)). In particular, we will show that the dimension of N(Aa)
is useful to determine when wHPP=HPP. If we can find that the dimension of
N(An) is equal to the dimension of the vector space spanned by the solution given
by Lemma 3.9, then wHPP=HPP for M.

Theorem 3.10. For a matroid M. Let B={By,...,Bn} and suppose that
dim(N(Am)) = dim({( > ve,..., Y w) v €R forallt € E}).

teB, t€Bm
Then wHPP=HPP for M.

PrOOF. Let V. = {(D1cp, Vts--+» D sep,, vt) v € Rforallt € E}. By
Lemma 3.9, V C N(Apr). If dim(V) = dim(N(Arq)), then in fact V = N(Ar),
so any solution for System 3.2 is of the form bp = >, vy, for all B € B. Hence
ap = e>ten?. Do the change of variable z; — 2z /e’t. This change of variable
preserves the stability of the polynomial and the support, but the coefficients of
the new polynomial are zeros and ones. O

Since the dimension of the solution in Lemma 3.9 is at most n, we immediately
know that if dim(N(Aaq)) > n, we cannot apply Theorem 3.10 for M. This is a
good start to identify candidates for this reduction.
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Table 3.1 shows some matroids for which dim(N(Ax)) has been computed.
The matroids for which dim(N(Aaq)) = n are highlighted. The computations to
determine the connectivity of the graph in the last section and to calculate the
dimension of the null space have been done with the aid of MATLAB.

Table 3.1: Dimension of N(Ax,) for some matroids

Matroid n=|E|| dim(N(Anm)) | |B|
M(K,) 6 6 16
w3 6 8 17
F; (Fano) 7 7 28
F; (non-Fano) 7 8 29
- 7 10 30
P 7 13 31
Pt 7 17 32
F° 7 22 33
F° 7 28 34
Us 7 7 35 35
M(K4)+e 7 13 31
W?+e 7 17 32
Vs 8 18 63
w* 8 24 52
Ss 8 8 48
Ts 8 8 59
AG(3,2) 8 8 56
AG(3,2) 8 9 57
Rs 8 10 58
Fy 8 10 58
Qs 8 11 59
Lg 8 17 62
AG(2,3) 9 9 72
Ry 9 9 69
Pappus 9 16 75
nP (non-Pappus) 9 17 76
Non-Desargues 10 27 111
PG(2,3) 13 13 234

The task that we have in our hands is to determine if the solution given in
Lemma 3.9 has dimension n for the matroids with dim(/N(Aa)) = n in Table 3.1.
The following results will help us finding an answer for this.

Lemma 3.11. Let M be a matroid. For a nonempty subset S C E the following
are equivalent:

(i) S is a connected component.
(ii) S is mazimal with respect to the property that for any pair i,j € S there
exist By, By € B such that BiABy = {i,j}.
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PRrROOF. Since the lemma for the case of S being a loop is trivial, it is enough
to prove that for any i,j € E there exists a circuit C' containing ¢, j if and only if
there exist By, By € B such that BjABy = {i,j}. So assume first that for i, j there
exists a circuit C D {4, j}. Since C'\ {4} is independent, there is a basis B such that
C\{i} C B. Now, BU{i} contains a unique circuit C'(¢, B) and since C C BU/{i},
in fact, C(i, B) = C. However, B\ {j} U{i} contains no circuit. Hence it is a basis
and BA(B\ {j} U {i}) = {i,j}.

Now assume that for i, j there exist By, By € B such that BiABs = {i,j}. Assume
without loss of generality that By = T'U {i} and By = T' U {j} for some T C E.
Since j € C(j,B1) and ¢ € C(i, B2), and By U{j} = By U{i} = TU{i,j} then,
by the uniqueness of C(j, By) and C(i, B2), we have C(j,By) = C(i,Bs). The
maximality part comes from the definition of connected component. (|

Lemma 3.12. For a matroid M the following are equivalent:

(i) M is connected.
(ii) For any pairi,j € E there exist By, By € B such that BiABy = {i,j}.

PROOF. If M is connected by Lemma 3.11 it follows that for any pair i,j € F
there exist By, By € B such that BiABy = {i,j}.
Assume now that for any pair ¢, j € E there exist By, By € B such that BiABy =
{i,7}. Then by Lemma 3.11 F is a connected component of M and hence M is
connected. (]

Lemma 3.13. Let M be a matroid with z connected components. Then the
dimension of the solution given by Lemma 3.9 isn — z + 1.

PROOF. Let T : R™ — R™, with m = |B|, be the linear operator that maps

(Uth""’U”)'_)(Z Vg, th,..., Z Ut)

teEB, tEBy te€B,;,

Clearly the dimension of T'(R™) is at most n. To identify the null space of T let
us assume that ), pv; = 0 for all B € B. If we take any i,j C E that belong
to the same non-loop connected component of M, then by Lemma 3.11, there
exist bases By and B such that BiABs = {i,j}. We can assume without loss
of generality that By = S U {i} and By = S U {j} for some set S C E. Since
DotesVt v = ZteBl vp = 0and ), g +v; = ZtEBz vy = 0, we have that
v; = v;. This implies that the v; are the same for any connected component
in M. If we write the matroid as M = M; & My & ... & M, on disjoint sets
Epm = EpyUEM,U. .. UE), and using the equation ), 5 v; = 0 for any B € B,
we can express that all the v; in the kernel must satisfy the relation:

rank(M)[v]; + ... +rank(M,)[v], =0
where [v]; denotes the common value of v; for i € Exq,. Then the null space of T

is of dimension z — 1 and the dimension of T'(R™) is n — z + 1. O

Any connected component of a matroid is its minor. Since taking minors and
the operation of direct sum preserve stability, normally it is enough to analyze only
connected components to determine the wHPP-representability of a matroid.

Corollary 3.14. Let M be a connected matroid. Then the dimension of the
solution given by Lemma 3.9 is n.
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Corollary 3.15. Let M be a matroid generated by a projective geometry PG (r—
1,q). Then the solution of Lemma 3.9 has dimension n.

ProOOF. PG(r —1,q) is connected. O

Corollary 3.16. Let M be a matroid generated by an affine geometry AG(r —
1,q). Then the solution of Lemma 3.9 has dimension n.

PrROOF. AG(r —1,q) is connected. O

It is easy to verify that the matroids Ty (Figure 3.5b), Ss (Figure 3.5a), Ry
(Figure 3.6a) and M (K4) (Figure 3.6b) are also connected, and so, also the solution
in Lemma 3.9 for these matroids has dimension n.

Figure 3.5: Matroids Sg and Tg.

For the next example (3.18) let us state this result from [CWO06]:

Proposition 3.17 ([CWO06] Proposition 5.8). No finite projective geometry is
a HPP matroid.

ExaMPLE 3.18. In table 3.1 we have dim(N(Ax()) = n for the matroids Fy
(PG(2,2)) and PG(2,3). By Corollary 3.15 and Theorem 3.10 this implies that
wHPP=HPP for these matroids. By Proposition 3.17 then we have that neither
F; nor PG(2,3) have the wHPP. This is a new proof of the fact that F7 is not a
wHPP-matroid.

The following results in [COSWO04] will be used in examples 3.21, 3.22 and
3.23.

Proposition 3.19 ([COSWO04] Corollary 8.16). A binary matroid has the
HPP if and only if it is regular.

Proposition 3.20 ([COSWO04| Corollary 8.17). A ternary matroid has the
HPP if and only if it is a ¥/1-matroid.
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1
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(a) Ro (b) M(K4)

Figure 3.6: Matroids Rg and M (Ky).

EXAMPLE 3.21. The matroids Ty (Figure 3.5b) and Ry (Figure 3.6a) are repre-
sentable only over fields of characteristic 3. Since dim(/N(Ax4)) and the dimension
of the solution of Lemma 3.9 are n, Theorem 3.10 implies that wHPP=HPP for
these matroids. Since these matroids are not representable over C, in particular,
they are not v/1-matroids. Proposition 3.20 implies that they are not wHPP.

ExXAMPLE 3.22. The matroids AG(3,2) (Figure 3.2a) and Sg (Figure 3.5a) are
coextensions of F; and they are only representable over fields of characteristic 2.
Again, by Theorem 3.10, for these matroids wHPP=HPP. Since they are not regu-
lar, Proposition 3.19 implies that they are not wHPP. A different case is the matroid
M (K4) which is regular, here also wHPP=HPP. M(K,) is wHPP (something al-
ready known since this matroid has a ground set with 6 elements).

EXAMPLE 3.23. The matroid AG(2,3) is a ternary matroid and also a v/1-
matroid. By Corollary 3.16 and since dim(N(Arq)) = n, using Theorem 3.10 we
conclude wHPP=HPP. By Proposition 3.20 AG(2,3) has the wHPP.

3.3. Using valuations

In Section 1.3 we introduced the concept of valuated matroids. We want to
show for a particular matroid M represented by a stable polynomial f, that the
function given by v(B) = log(ag) is a valuation. We can do this by verifying a
local condition, that Inequality 1.2 holds. If it is true that v is a valuation for M
and also that M is rigid it follows that wHPP=HPP. We apply this method to the
family of binary matroids.

Lemma 3.24. Let M be a binary matroid. Suppose f(z) =} pcp,, apz® is
a stable polynomial such that supp(f) = Bam. Then the function v(B) = log(ag) is
a valuation of M.
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PRrROOF. According to Theorem 1.9 we just need to prove that the local ex-
change condition for v is satisfied. So let By, Ba € B with |BiABy| = 4. Since
both Bj, By are bases, this implies without loss of generality that B; = S U {a, b}
and By = S U{c,d} for some {a,b,c,d} = BiABy and S C E, |S| = r — 2. Since
M is binary S U {s,t} is a circuit-hyperplane for some {s,t} € ({a’béc’d}). If not,
for all {s,t} € ({“’béc’d}) it happens that S U {s,¢t} € B, and then the matroid
(M/SONEMab.edh) s a minor of M isomorphic to Us 4, contradicting that M is
binary. So assume without loss of generality that S U {a,c} ¢ B (it is a circuit
hyperplane) and let in Theorem 3.1 i = a,j = ¢,k = b and | = d. Then we get:

asu{a,b}ASu{c,d} = ASu{a,d}@SU{b,c}

and so

log(asufa,py) + log(asu(c,ay) = log(asua,ay) + log(asuis,c})
v(asufaby) + v(asufe,dy) = v(asufa,dy) + v(asuip.e})

So the function v satisfies the local exchange axiom and hence it is a valuation of

M. O
Theorem 3.25 ([DW92] Theorem 5.11).

(i) Ewvery binary matroid is rigid.
(ii) Every finite projective space of dimension at least two is rigid.

Corollary 3.26. For any binary matroid all the solutions to the system of
equations 3.2 have the form bp =} .5 g(i) for a function g : E — R.

PROOF. According to Lemma 3.24, bg = log(ap) = v(B) is a valuation. Since
every binary matroid is rigid then the valuation must have this form and hence also
bp. O

Lemma 3.27. For any binary matroid wHPP=HPP.

PRrOOF. Since by Corollary 3.26, bp = ), g(i) for a function g : E — R,
then ag = e>ies 9 Do the change of variable z; — zi/eg(i). This change of vari-
able preserves the stability of the polynomial and the support, but the coefficients
of the new polynomial are zeros and ones. O

Using Proposition 3.19 we get to the conclusion:

Corollary 3.28. A binary matroid has the wHPP property if and only if it is
regular.

EXAMPLE 3.29. Consider Sg (Figure 3.5a) and AG(3,2) (Figure 3.2a) that are
coextensions of Fr. Since these are only representable over a field of characteristic
2, by Corollary 3.28 we know that they do not have the wHPP.

3.4. Using the Tutte group

In [DW89], Dress and Wenzel introduced the concept of the Tutte-group of
a matroid M and some other related groups in order to study matroids with co-
efficients. This work was also used by them when working with the projective
equivalence of valuated matroids and proving the results we have used in the previ-
ous section. We will relate algebraically the set of coefficients of a stable polynomial
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with one of these Tutte-groups. This will permit us to prove that if the inner Tutte-
group for M is a torsion group then dim(N(Ax)) = n—z+1 where z is the number
of connected components of M. We use this method to show that no projective
geometry is a wHPP-matroid.

In the following definitions, let M be a matroid of rank 7.

DEFINITION 3.30. Let Fa denote the free abelian group generated by the
symbols ¢ and Xp, g, for B1,By € B and |B1 N By| = r — 1 and let Kpq be the
subgroup of F generated by all the elements of the form:

(1) €2
(2) )(317]32)(32,31 where By, By € B and |B1 n B2| =r—1.
(3) XBl,BgXBQ,BgXBg,Bl where By, By, B3 € B and ‘Bl N By N Bg‘ =r—1.
(4) €XB,,B,XB,,B; XBy,B, Where By, By, B3 € B, |B;NB;| =r—1for {i,j} €
(B and [B; N Bon Bs| =7 — 2.
(5) XB,.B,XBs.B, if B1,Ba, B3, By form a degenerate quadrangle.
Then the Tutte-group Taq of M is defined

DEFINITION 3.31. Let Ff,l denote the free abelian group generated by the
symbols € and Xy where (B) is an ordered tuple with base set B € B and let K5,
be the subgroup of Fﬁ,t generated by all the elements of the form:
(1) €2
(2) EX(B)XT_(%B)) where B € B and 7 is an odd permutation in &,..
(3) X(sl7<~-737‘727i7k3)X(817---737‘—27j1l)X(TSi,...,ST_Q,Z-,Z)X(_Sll S,«_Q,j,k) if{51, ttt ST_Q’ 1” y} e

B for {x,y} € {{i, k}, {4,1}, {3, 1}, {4, k}} but {s1,...,8.-2,%,5} & B.
Then define the Tutte-group based on B, T?V[, as:
Thy == F3, /K5,

DEFINITION 3.32. Let F%A denote the free abelian group generated by the
symbols € and Xp,, for H € H and a € E'\ H, and let K%, be the subgroup of F},
generated by all the elements of the form:

(1) €2
(2) eXt,.0,Xp) 0y XbHsas X s 0y XHyiar Xpgs o, for Hy, Hy, Hs € H, L = Hy N
HyNHs = H;NH;jfor i # j, rank(L) =r —2 and a; € H; \ L for all
i€ 3]
Then the extended Tutte-group T, of M is defined as:
T =
DEFINITION 3.33. Let ¢ : Tj\{/{ — Z" ® ZF the homomorphism defined by
¢([¢]) := 0 where [¢] denotes the equivalence class of & in T,.
([ XH,a]) = (0m,0q) for He H,a € E\ H.

Then the inner Tutte-group TS&) of M is defined by

TB&) := ker(yp)
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From the definitions it follows that ngl) C Ty C ']I‘%l. The interested reader
can find a treaty about Tutte-groups in [DW89] and also the following results:

Proposition 3.34 ([DW89]). Let M be a matroid of rank r in a ground set
E = [n] with z connected components. Then
~ m(0) n—z
Ta =T @ 277, (3.3)
TR 2 Ty @ Z.

Corollary 3.35. T%, =~ ']I‘E\O,l) ® Zr—FH,

Let f € Clz,...,2,] be a multiaffine homogeneous stable polynomial that
represents the matroid M. And let I'pq be the subgroup of (R \ {0}, x) generated
by the coefficients ap € RT \ {0}, B € B.

Lemma 3.36. Let ¢ : Fit — T'pq be the epimorphism defined by

PRrROOF. We have first that
p(e?) = ()’ =1

Since X,((py) — ap for any permutation 7 € &, then

‘P(@X(B)XT_&B))) = @(E)W(X(B))QO(XT_&B))) = laBaEI =1

and because the condition in Theorem 3.1.

-1 —1
SD(X(sl7---1‘9r727i7k)X(317<~-737‘72vjvl)X(51 ..... S,«_z,i,l)X(Sl Sr 2,j,k‘)) =
1

—1 -1

a{$1,-~~,Sr—2,i,k}a{51,--~,Sr—2,jyl}a’{sl,..‘,sr,z,i,l}a{sl,...7sr,2,j,k} =

if {s1,...,8r—2,2,y} € Bfor {z,y} € {{i,k}, {4,1},{¢,1}, {4, k}} but {s1,...,85-2,4,5} ¢
B.

These three conditions above imply by Definition 3.31, that K5, C ker(p). and
hence ¢ induces an epimorphism ¢ : F§, /K&, — T'y(/{1} (we direct the interested
reader to Chapter 1, Corollary 5.8 in [Hun80] to verify this). And again by the
definition of the Tutte-group based on B the lemma follows. O

Lemma 3.37. Let M be a matroid with z connected components. If ']TS&) s a
torsion group then dim(N(Axr)) =n— z+ 1.

PrOOF. By Lemma 3.36 there exist an epimorphism ¢ : 'Jl‘f/[ — 'y and by

Corollary 3.35 we know that TR, = TE&) ® Z"~*T1. Note that Z"~**! will have
naturally an additive notation, so let us use here an additive notation for Tf/l.
Since Z is cyclic and has one generator (1), we have the following set of generators
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ofoA:
(9,0,0,...,0)
(0,1,0,...,0)
(0,0,0,...,1)

for every g € ']I‘S&). For a particular g call G, the cyclic group generated by

(9,0,0,...,0) then G, is a cyclic torsion group and ¢(G,) must be also a tor-
sion subgroup of (R* \ {0}, x), and since this is torsion-free, then ¢(G,) = {1}.
And this happens for all g € ']I‘S&). Then the image SZ’(Tit) is at most determined
by the image of the n — z 4+ 1 generators:

#((0,1,0,...,0))

#((0,0,0,...,1))

and hence also the coefficients ap and by taking logarithms also N(Aaq). By
Lemma 3.13 in fact, there is equality. (I

Theorem 3.38. Let M be a matroid. Inggl) 18 a torsion group then wHPP=HPP.
PrOOF. Using lemmas 3.13 and 3.37 we conclude that:

dim(N(Apm)) =dim({( > ve,..., Y v) v ERVEEE, m=|B]}) =n—z+1.
teB; teEB,

By Theorem 3.10 this implies that wHPP=HPP. ([l

Dress and Wenzel have proved that the inner Tutte-group is a torsion group
for a projective geometry.

Proposition 3.39 ([DW90a] Theorem 3.6). For M = PG(r —1,q), TS&) =
GF(q)\ {0}.

Corollary 3.40. For PG(r — 1,q) wHPP=HPP.

PROOF. Since for M = PG(r—1,q), Tﬁgl) =~ GF(q)\{0} is a torsion group, by
Theorem 3.38 the corollary follows. O

Theorem 3.41. PG(r —1,q) is not a wHPP-matroid.

Proor. By Lemma 3.40 wHPP=HPP for PG(r — 1,q). The theorem now
follows from Proposition 3.17. O

This result also gives another proof for the fact that the Fano matroid F% is
not a wHPP matroid. This method can be used in other cases, in particular, it is
true also for a binary matroid that the inner Tutte-group is a torsion group:

Proposition 3.42 ([Wen89] Theorem 5.2). If M is binary then

() ~ {0} if the Fano matroid or its dual is a minor of M
M T\ Z)27 otherwise
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3.5. Open questions and other related results

We define the i-neighborhood of B C B, i = 1,...,|B|, to be the set N =
{B’ C B: |BAB'| = 2i} and we will say that the i-neighborhood is complete if
NL C1T.

Lemma 3.43. If M’ is a relaxation of M then
dim(N(Any)) > dim(N(Apm)) + 1

PRrROOF. By the definition of relaxation and Proposition 1.5, for M’ to be a
relaxation of M implies that there exists a set X ¢ M such that X is a circuit
and a hyperplane and such that Byny = Bag U X. Since X is a hyperplane it
implies that for any y ¢ X, rank(X U {y}) = rank(M) and since it is a circuit
X\ {z}U{y} is independent for all z € X and hence it is a basis, this implies that
the 1-neighborhood of X is complete. But this implies according Theorem 3.1 and
Equation 3.2 that the variable bx does not appear in any equation of the system
Ap X = 0 also any equation between four bases that were related only by X ¢ B
will not be in this system so rank(A s ) < rank(Apq), where “rank” refers to rank
of a matrix . But also the number of columns increases in one since X € B . So
then

dim(N(Ar)) = B | — rank(Ane)
= |Bm|+ 1 —rank(Aprr)
> |Bm| 4+ 1 —rank(Apn)
— dim(N(An)) + 1
(I

Conjecture 3.44. Let M be a matroid that has the wHPP. If M’ is a relaz-
ation of M then M’ has the wHPP.

If this conjecture is proven to be true then, for example, the non-Pappus ma-
troid will have the wHPP since Pappus has. In general, it is interesting to study
how is the relation between the dimension of N(A ) and the weak half-plane prop-
erty. We already know that if dim(N(Ax)) = n — z + 1, then wHPP=HPP. But
what does happen when dim(N(Aaq)) > n—2z+17 Is M always a wHPP-matroid?
or we can formulate the question:

Question 3.45. Is there any function g(n,z,r,m) such that M is a wHPP-
matroid whenever dim(N(An)) > g(n, z,7,m)%. Here n = |E|, z is the number of
connected components, r = rank(M) and m = |B].

We now know, from Theorem 3.41, that all the family of projective planes
PG(2,q) are excluded minors for wHPP-representability. Is this the complete set
of excluded minors?.

Question 3.46. What are the excluded minors for wHPP-representability?.
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